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1 Riemann Integration

Throughout these discussions the numbers € > 0 and § > 0 should be thought of as very
small numbers. The aim of this part is to provide a working definition for the integral fab f(z)dz

of a bounded function f(x) on the interval [a, b]. We will see that the real number fab f(z)dz
is really the limit of sums of areas of rectangles.

1.1 Partitions and Riemann sums

1.1.1 Definition (Partition P; of size § > 0)

Given an interval [a,b] C R, a partition Ps denotes any finite ordered subset having the form
Pi=la=zg<z1 < - <xpq <y =10
where
d =max[z; —x;_1 |i=1,--+ n]
denotes the distance between any two adjacent partition point x;_; and x;, and where n denotes

the number of subintervals that [a, b] is partitioned into, with n depending on § so that n = n(J).

The simplest partitions have uniform spacing between partition points, in which case § = b’T“

or conversely, n(§) = ¢

1.1.2 Definition (Selection of evaluations points z;)

The evaluations points z; are a collection of n points in the interval [a, b] such that
(10 <21 <a1 <2< 2 <o <y < 2y < 1)

Having a partition Ps of the interval [a, b] and having chosen the set of n evaluation points
21,22, , Zn, We can now define the so-called Riemann sum.

1.1.3 Definition (Riemann sum for the function f(z))

Given a function f : [a,b] — R, a partition Ps, and a selection of evaluation points z;, the
Riemann sum of f is denoted by
N

Ss(f) =D f(z)(@: — i)

i=1
Again, note that since the choice of the evaluation points z; is arbitrary, there are infinitely
many Riemann sums associated with a single function and a partition Pj.

1.1.4 Definition (Integrability of the function f(z))

The function f : [a, b] — R is Riemann integrable if for all € > 0, we can choose ¢ > 0 sufficiently
small so that

155(f) = S(f)l <e
for any Riemann sum S;(f) with maximum partition width 6.
Whenever the limit S(f) exists we say that S(f) is the integral of f(z) over the interval [a, b
and write

/ F@)dz = S(f) = lim S(f)

6—0

Thus, ff f(z)dx is just a limit of Riemann sums Ss(f) whenever such a limit exists.
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1.1.5 Definition (Notation for integrable functions)

We let
R(a,b) = [f : [a,b] = R | f is Riemann integrable]

1.2 Upper and Lower Riemann Sums

The integrability requirement given above is too general, and we can redefine it so as to make
it more practical. This leads us to the concept of the lower and upper Riemann sum, known
also as the lower and upper Darboux sum. The notion is to fix the selection points z; so as to
select two particular Riemann sums.

1.2.1 Definition (M; and m;)
Given a partition Ps, for i =1,--- N(d), we set

M; = sup f(x)

T &€ [C(]Z‘_h ZL’Z]

and

m; = inf f(x)

T € [0, 7
1.2.2 Definition (Upper and Lower Riemann Sums)
Given a partition Ps, we let

and
N

Lé(f) = Z mi(xi - xifl)
i=1
denote the upper and lower Riemann sums respectively.

1.2.3 Definition (Integrability of f(z) in terms of L(f) and U(f))

f € R(a, b) if L(f) = U(f). In this case,

/ f(x)dz = L(f) = U(f)

While this definition may be different from our former definition, on the other hand, this
definition is much easier to compute with.



1.2.4 Example (Compute fol xdr)

We subdivide [0, 1] into n subintervals, with partition width ¢ = % It follows that for ¢ =

1,2,-..”)], ml:.ﬂfz_lz%andMl:ng:% ’I‘hen7
L(f)_zn:i—ll_(n—l)n
b _izl n n  2n2
and

~il (n+1)n

L~ nn 2n2
=1

Since L(f) :}Sing(f) =1 and U(f) :(lsi_I)I(l)Ug(f) = 1, we see that folxdm =L(f)=U(f)=14%

—0 2

Us(f) =

1.2.5 Definition (Refinement of Partitions)

If Ps C Qs, then Qs is a refinement of P

1.3 Properties of Upper and Lower Sums

1. If f:[a,b] — R is bounded and Py and Q)5 are two partitions of [a,b] such that Ps C Qs,
then
Ls(P) < Ls(Q) < Us(Q) < Us(P)

2. If f : [a,b] — R is bounded, then for any two partitions Ps and Qs,

Ls(P) < Us(Q)

3. If f:[a,b] — R is bounded, then
L(f) <U(f)

1.3.1 Theorem (Cauchy Criterion for Integrability in Terms of Upper and Lower
Sums)

A bounded function f € R(a,b) if for each € > 0, there exists ¢ > 0 such that

Us(f) — Ls(f) <€
1.4 The Riemann Integral is Linear

Since the Riemann integral is defined as the infinite limit of a sequence of finite sums, and as
summation is linear operation, we expect that limiting integral should also be linear.

Suppose f,g € R(a,b). Then
1. f+g€ R(a,b) and fab[f(a:) + g(x)]dz = fab f(x)dz + fabg(x)da:

2. For all c € R, ¢f € R(a,b) and fab cf(z)dx = cf;f(x)dx



1.5 Further Properties of the Riemann Integral

1. If f,g € R(a,b) and f(x) < g(x) for all z € [a, ], then

[ st < jgbg<x>dx

2. Suppose f : [a,b] — R. Let ¢ be any point in (a,b). If f € R(a,b) and f € R(c,b), then

f € Rla,b) and b b
/af(x)dx:/acf(x)der/c f(w)dz

1.5.1 Theorem (Fundamental Theorem of Calculus)

Let f : [a,b] — R be a continuous function. Then f has an anti-derivative, F' and

F(b) — F(a) = / f(x)dx

If G is any other anti-derivative of f, then the identity

G@—m@:/fmw

also holds.



2 Preliminaries

2.1 Definition(An interval)

A connected subset I of the topological space R is called an interval.

2.2 Definition
We shall say that an interval I is

(
(

a) non-degenerate if a < b

)
b) open if I = (a,b)
(c) closed if I = [a, b]
)

(d) bounded if —oco < a and b < oo

2.3 Definition(Length of Interval)

The length of I = [a, b] will be denoted by /| = b — a where a < b

2.4 Definition(J- neighborhood of an Interval)
For an interval I = [a,b] and § > 0, we shall denote by I, the - neighborhood of I:

Is=(a—05,b+96)

2.5 Cells
2.5.1 Definition(n-cell)

An n-cell is the Cartesian product of n intervals [ = I1 X Iy X I3 X -+ X I,,.
It is naturally a subset of metric space R™. A cell is the same as an interval.

2.5.2 Definition
We say that an n-cell is

(
(

a) non-degenerate if each I; is non-degenerate.

)
b) open if each /; is open.
(c) closed if each I; is closed.
)

(d) bounded if each I; is bounded.



3 The Riemann Integral In n-Variables

We define the Riemann integral of a bounded function f : R — R, where R C R" is a
cell. Recall that a partition of an interval I = [a, ] is a finite collection of subintervals. The
Iy x Iy x -+ - x I, of subsets Iy, I, ..., I, of R is the set of points (21, xs, ..., z,) in R™ such that
x1 € I1,x9 € I5,...,z, € I,. For example, the Cartesian product of the two closed intervals

[a1,b1] X [az,be] = {(7,y)lar <z < by, ay <y <y}
The Cartesian product of three closed intervals
[a1, b1] X [az, bo] X [a3,b3] = {(7,y,2)|as <@ < by, ap <y <by, az3<2z<bs)

If n=1,2,3,...,n, then V(R) is, respectively, the length of an interval.
If R = [ay,b1] X [ag, bs] X [ag, bs] and P, : a, = a,, < a, < a, < -+ < a,, = b, is a partition of
[a,,b.], 1 <r < n, then the set of all rectangles in R” that can be written as

[aLji—Naljl] X [aQ,j%l? a2j2] X X [a/nvjn717anjn]7 1< jT <m,, I1<r<n

is a partition of R. We denote this partition by P = P; X P, x --- X P, and define its norm to
be the maximum of the norms of Py, Ps, ..., P,,as defined in the previous section; thus,

1P| = maz{[[PA[], [P, [ Pl I}

fP=P xP,x---xP,and P = P x Pj x--- x P are partitions of the same rectangle,
then P’ is a refinement of P. If P] is a refinement of P;, 1 < i < n, as defined in the previous
section.

Suppose that f is a real-valued function defined in R", P = {Ry, Ry, ..., Ry} is a partition of
R, and X; is an arbitrary point in R;, 1 < j < k. Then

o= Z f(X5V(R;)

is a Riemann sum of f over P. Since X; can be chosen arbitrarily in R;, there are infinitely
many Riemann sums for a given function f over any partition P of R.

3.1 Definition

Let f be a real-valued function defined on a rectangle R in R™. We say that f is Riemann
integrable if there is a number L with the following property:

For every € > 0, there is a 6 > 0 such that |0 — L| < € if ¢ is any Riemann sum of f over a
partition P of R such that ||P|| < J. In this case, we say that L is the Riemann integral of f
over R, and write

/R F@)dX = L

If R is degenerate, it implies that [ » f(2)dX = 0 for any function f defined on R. Therefore,
it should be understood henceforth that whenever we speak of a rectangle in R” we mean a
non-degenerate rectangle, unless it is stated to the contrary.

The integral [, f(x)dX is also written as

/R f@p)d,y) (n=2), / f(a.y,2)d(z,y.2) (n=3)

/ flxy, 29, .. xp)d(xy, 29, ... x,) (n arbitrary)
R



3.2 Upper and Lower Integrals
3.2.1 Theorem

If f is unbounded on the non-degenerate rectangle R in R", then f is not integrable on R.

3.2.2 Theorems

Let f be bounded on a rectangle R and let P be a partition of R.
Then

(a) The upper sum S(P) of f over P is the supremum of the set of all Riemann sums of f over
P:

(b) The lower sum s(P) of f over P is the infimum of the set of all Riemann sums of f over P

Theorem

If f is integrable on a rectangle R, then
/f(X)dX = / f(X)dX = / f(X)dX
JR R R

Theorem

If f is integrable on a rectangle R, then

é fax = [ )X = L

then f is integrable on R, and

/R (X)X = L,

Theorem

A bounded function f is integrable on a rectangle R if and only if

Theorem

If f is bounded on a rectangle R, then f is integrable on R if and only if for every € > 0, there
is a partition P of R such that

S(P)—s(P) <e.
Theorem

If f is continuous on a rectangle R in R", then f is integrable on R.



3.3 Properties of Riemann Integral in n Variables
(a) If f and g are integrable, then so is f + ¢, and
[ +ae0ix = [ r0ax + [ gxax
(b) If f is integrable and c is a constant, then c¢f is integrable S, and

Jeneax = [ fenax

(c) If f and g are integrable and f(X) < g(X) for X, then

/f dX</ (X)dX

(d) If f is integrable, then so is |f|, and

[ reoix| < [1sooix

(e) If f and g are integrable, then so is the product fg

3.4 Iterated Integrals and Multiple Integrals

Except for very simple examples, it is tedious to evaluate multiple integrals from definitions.
Fortunately, this can usually be accomplished by evaluating n successive ordinary integrals. To
build the method, let us first assume that f is continuous on R=[a,b] x [c,d]. Then, for each y
in [c,d], f(x,y) is continuous with respect to x on [a,b], so the integral

= /abf(:v,y)dx

exists. Moreover, the uniform continuity of f on R implies that F is continuous and therefore
integrable on [c,d]. We say that

= o= ([ )

is an iterated integral of f over R. We will usually write it as

I = /cddy/abf(x,y)dfv

Another iterated integral can be defined by writing

d
Z/f(x,y)dy , a<z<b

L= /abG(:v)d:E - /ab(/cdf(:v,y)dy)dx
IQZ/abdx/cdf(x,y)dy

and defining

which we usually write as



3.4.1 Example

Let f(x,y)=x+4+y and R=10,1] x[1,2].

Then
1 1 [[2 1 1
1= [ Separ= [@roar= (G ) b= 5+
0 0
and , - 2
I = / Fly)dy = / (5 +)dy = (% n %) 2= 9
1 1
Also,
’ ¥2 2 1 3
G(x) :/ (z +y)dy = (:r:y+§) y—1= (2x+2)—(x—|—§) :x—|—§
1
and

1 1 2
]2:/ G(m)dm:/ (x+§)dx:(x_+3_x)|(1):2
; ; 2 2 "2

In this example, I} = I

3.4.2 Corollary
If f is integrable on |[a, b] X [c,d], then

/abdx/cdf(:c,y)dyz/cddy/abf(x,y)dx

provided that fcdf(x,y)dy exists for a < x < b and f:f(x,y)dx exists for ¢ < y < d. In
particular, these hypotheses hold if f is continuous on [a, b] X [¢, d].

3.4.3 Theorem

Suppose that f is integrable on R = [a,b] X [¢,d] and F(y) = f:f(x, y)dz exists for each y in
[c,d]. Then F is integrable on [c,d] and

[ Fwar= [ s

/cddy/abf(m’wdx: /Rf(x’y)d(fr,y)

That is,

Proof : Let
Pa=xy<r1<---<x,=b and Pr:c=y<y <---<ys,=d
be partitions of [a,b] and [c,d], and P = P; x P,. Suppose that
Yyi1<n<y; , 1<j<s

SO

o= Zf(ﬁj)(yj — Yj-1)
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is a typical Riemann sum of f over P,. Since

F(n;) = /abf(%??j)dx = g/:_l f(x,n;)dz

= M;; = sup{f(z,y)|wic1 <z <z yj—1 <y<vy;}

and
mi; = inf{f(z,y)|zic1 <z <z, yi—1 <y <y}

Zmlj — Ti— 1 < f 77] < Z 1’1;1)

Multiplying this by y; — y;—1 and summing from j =1 to j = s yields

szlﬁ = Zi1)(Ys = Ys-1) Zf 1) (Y5 — Yi-1 <ZZM’J —2i1)(Yi — Yi-1)

Jj=11i=1 j=1 i=1

then

which can be written as
sp(P) <o < S5¢(P)

Since f is integrable on R, there is for each € > 0 a partition P of R such that S;(P)—s;(P) < e.
It remains to verify that there is for each € > 0, a 6 > 0 such that

|/' (Wdy—o| <e if ||P|| <0

In consequence,

Since

ZJ@WW%@=7JWWW%w

and e can be made arbitrarily small.
Then, by interchanging x and y in the theorem, we see that

/abdg:/cdf(%y)dy:/Rf(x’y)d@’y)
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4 Note

A more detailed note was submitted with the lecturer in charge of the course which can be
requested for at the Department of Mathematics, University of Ibadan, Ibadan, Oyo State,
Nigeria.
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