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Abstract

In this work, we apply the fixed point theorems, we study the existence and uniqueness of solutions
for Langevin differential equations involving two fractional orders with multi point boundary conditions
on the half-line.
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1 Introduction

...... To be completed.
In this paper, we investigate the existence and uniqueness of solutions for the following fractional
Langevin equations with multi point boundary conditions

D (DF+ N y(t)=f(ty®), 0<t<+oo,

y(0) = DPy (0) =0, 1
m—1 ( )
lim D 'y (t) = lim DP=1y(t) = 3 ay(E;),
t—4o00 ( ) t—-+4o0 ( ) 7,;1 ( )

where 1 <o <2and 0 <8< 1,such that 1 <a+ 3 <2, witha,beR & eRT,i=1,...,m—1, and
D%, DP are the Riemman-Liouville fractional derivative. By a classical fixed point theorems, several new
existence results of solutions are obtained.

2 Preliminaries

Definition 1 /2] The Riemann-Liouville fractional integral of ordre o € R* .for a function f € L'[a,b]

is defined as

(1) (1) = %a) / (t— )" f (r) dr, @)

where T is Gamma FEuler function.



Definition 2 [2] Let f € L'[a,b] and o € RT where n —1 < a < n with n € N*. The Riemann-Liouville
direvative of ordre a.for a function f is defined as

DEf() = DI (0 = ey g |, =7 T () 3)

Remark 1 We have the following properties:

Let § >0 and B > 0, for all f € L[a,b]. Then

i) PIOf(t) = TP f(t) = YO f(t), and I°¢° = 2525 t040, v > -1
ii) If B> 0> 0. Then DOIPf(t) = P9 f(t).

Lemma 1 [2/Let o € RT where n—1 < a < n, wiht n € N*. Then the differential equation D*y(t) = 0,
has this general solution
y(t) = c1t® et 4 L et (4)

where ¢; € R, with1=0,1,2,...,n.
Lemma 2 [2/Let a > 0. Then
ID%y(t) = y(t) + c1t® P 4+ ot 2 4 . F et (5)

where ¢; € R, withi1=10,1,2,....,.n, andn —1 < a < n.

3 Preliminary results
Lemma 3 Let h(t) e C(RT,R), 1 <a<2and0< B <1, withl < a+ < 2. The following problem

D> (DP + N y(t)=h(t), t € (0;+00),

y(0) = Dy (0) = 0,

m—1 (6)
lim D1y (t) = lim D=1y (t) = Y a;y(§,),
dim Dy (t) = lim y() = 2 ay(&)

has equivalent to the fractional integral equation

v = 55 | t (=9 y () ds+ 5 | (5 — 9 h(s)ds — o0 / " hs)ds
A * (Aﬁ),)gaw_lrgai /Oai €y (s
sz:ai /0 6 ) (s, 7
where L ) N

m—

Dla+8) - (14+1) 5 a1

i=1

Proof. We applied the operartor I* on D“ (DB + )\) y (t) = h(t), we get

(DP + X))y (t) = I*h(t) + c1t* " + cat™ 2, (9)



where cq,c € R,
by the boundary condition y(0) = 0 and D?y (0) = 0, we get c3 = 0, thus

DPy(t) = =My (t) + I“h(t) + c1t* 1, (10)
applied the operartor I
y(t) = =XPy (t) + I°TPh(t) + e TPt + egtP 1, (11)

where c3 € R
by the boundary condition y(0) = 0 we have ¢ = 0, therefore

y(t) = —AIPy (t) + I“TPh(t) + ¢ P(E(Jo‘r)ﬂ)taw—l. (12)
Applied the operator D*TP~1 we get
DAtB=Ly (1) = —ADPLIPy (t) + Th(t) + o1 T (). (13)
We have
D Py () = %Il—ww—”lﬁy(t)
= %I Ty ()
= Sy
= D" 'y(t). (14)

Substituting (14) into (13), we obtain

DOFB=Yy (1) = =AD" Yy () + Ih(t) + e1T (), (15)
which yields
: a+p-1 _ . a—1 .
ti1+mooD y(t) = >\t~11+mooD y(t) + tll?oolh(t) + (). (16)

m—1
Using the boundary conditions lim D* 1y (t) = lim D=1y (t) = 3 a;y(€;) and Eq. (12) we get
i=1

t—+oo t——+oo

= F(Fa(;r)ﬁ) (—,u/\(l + )\)mz_: ailPy (&) + p(1 + /\)mz_: a; I*"Ph(g;) — Htii+moofh(t)> . (17)

i=1 =1

where p defined as in (8).
Substituting the value of ¢; in (12), we get

m—1

y(t) = =M%y (t) + I*TPh(t) — pA(1+ PN " a0y (&)
1=1
m—1
a+p-1 JatBR(e Y — it tBL )5
(1 + At > a I*TPh(E;) — pt Jim Ih(t). (18)

i=1



Therefore
o0 = s [ s o [ hsas
e [ a

The proof is complete W
Consider the space defined by

_ + ly(®)] -
B= {yEC(R ,R), iglglthﬁ*‘l*l exist ¢, (20)
and with the norm ()|
Y
= S _— 21
Iyl 5 SUD T o (21)
Lemma 4 [1] The space (B, ||.||z) is Banach space.
We define the operator T : E — E by
1y = g [ e s+ [ e
I'(8) Jo I'(a+8)Jo ’
+oo atp—1m=1 &;
- pA(L 4+ ) B-1
— ot 1/ f(s,y(s))ds — a; & —s y(s)ds
; (s,9(s)) T03) ; ; ( ) (s)
m—1
= /fi i
F(O[—f—ﬁ) Zaz 0 (51 S) f(S,y(S))dS, (22)

i=1

where p is given by (8).
To be completed.
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