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ABSTRACT

The Kerr—Newman metric describes a special rotating charged mass and is the most general solution for the
asymptotically stable “black-hole” solution in the Einstein—Maxwell equations in general relativity. Because
these are nonlinear partial differential equations, it is difficult to find an exact analytical solution other than
spherical symmetry. This study presented a new derivation of the Kerr—Newman metric which is an extension of
the authors’ previous research. Using the ellipsoid symmetry of space-time in the Kerr metric, an ellipsoidal
coordinate transformation method was performed and the Kerr-Newman metric was more intuitively obtained.

Keywords: Einstein-Maxwell equations; exact solutions; Kerr—Newman black holes.

1. INTRODUCTION rotating  axisymmetric  generalization of the

Schwarzschild metric is the Kerr metric [4], whereas
According to the no-hair theorem of black hole, the  the charged rotating generalization of the Reissner—
only physical characteristics of the Einstein-Maxwell  Nordstr metric is the Kerr—Newman metric [5]. These
equations are three quantities: mass (M), electric  four metrics are often referred to as the “black hole”

charge (Q), and angular momentum (J). In a static  exact solutions of general relativity.
case, the angular momentum vanishes and a spherical

symmetry, well-known as Schwarzschild metric, is The Einstein field equations are a set of nonlinear
present [1]. The Reissner—Nordstr metric [2,3] differential equations, where finding an exact
depends on whether there is an electric charge. The analytical solution has proven to be difficult.
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Numerous methods for solving the Einstein field
equations have been proposed [6,7] (e.g., the
Newman—Janis algorithm using complex transforma-
tion [8,9], the Newman—Penrose formalism [10,11],
and Bécklund transformations [12,13]). The solution
of the rotating Einstein equation has axis symmetry,
and the physical derivation can be made from the
Ernst equation [14,15]. Despite their great success in
dealing with Einstein’s equations, these methods are
technically complex and expert-oriented.

The Kerr—Newman metric is the most general
static/stationary black-hole solution of the Einstein—
Maxwell equations. Therefore, it is obviously
pertinent to the mathematical framework of general
relativity. Traditionally, the general method of the
Kerr—Newman solution can be found in The
Mathematical Theory of Black Holes written by
Chandrasekhar [16]. However, the calculation is
based on familiarity with spin coefficients and the
Newman—Penrose formalism for general relativity,
meaning that college students find it too difficult to
understand. A concise method for solving the
Einstein—Maxwell equations is required.

One study showed that space-time in the Kerr metric
has ellipsoid symmetry [17]. Using the oblate
coordinate transformation, it is possible to derive the
Kerr metric [18]. Another study further rewrote the
empty ellipsoidal coordinate into an orthogonal metric
form [19]. Our previous research proved that the Kerr
metric can be obtained from the ellipsoidal metric
ansats in orthogonal form [20]. The aim of this study
was to extend our previous research to derive the
Kerr—Newman metric by using ellipsoid coordinate
transformation. The proposed derivation is similar to
that by Schwarzschild, but different from that by
Newman and Chandrasekhar.

2. EINSTEIN-MAXWELL EQUATIONS

For all physical quality detailed in this paper, we have
adopted ¢ = G = 1. Einstein’s equation of general
relativity is as follows:

1
Raﬁ — Eg“ﬁR = 87TTa[; (1)

Ryp is the Ricci tensor, which can be obtained from
the Riemann tensor:

_ p p A P A
=0,1%, T2 T = Tk

p
— 0pT, + T

— ph
RaB - Ra#ﬁ (2)
Typ is the energy-momentum tensor, which in our
problem is electromagnetism.

1
Ta/i’ = ZgaﬁF;wF’w - ngFaquﬂ 3
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Where F,, is the electromagnetic field strength tensor
(note the T, has a zero trace)

T:gaBT = lg gaﬁp FW —g gaﬁp FVi =
ap 4 af uw Bv au
C))

Because there are four dimensions gaﬁg“ﬁ =4,

Chrostoffel symbols TI's are the connection
coefficients obtained through

1
F;ﬁ/ = Egaﬁ(augvﬁ + avg[?u - aﬂguv) ®)

Einstein’s equation can be rewritten in the following
form (See Appendix A)

Raﬁ’ = 87TT0£B (6)
Maxwell’s equations are as follows:

gV E, =0 @)
V[MFVP] = O (8)

Where V is the covariant derivative operator, and the

covariant derivative of a rank two tensor TV is

defined as

VTV = 9,T" + TGTY + Ty T )

3. SCHWARZSCHILD, REISSNER-
NORDSTR, AND KERR SOLUTIONS

The Schwarzschild metric is the first exact solution
for the Einstein field equations of general relatively.
Although the metric has spherical symmetry, it cannot
be used to describe rotation or a charged heavenly
body. The Schwarzschild metric is as follows:

-1

as* = (1 —g) ar* - (1 —?) dr? — 12d6? — 12 si AOdg?
(10)

Where, M is the mass of a celestial body.

The Reissner—Nordstr metric is another exact solution
for the Einstein field equations, which describe a
spherically charged celestial body, as shown in Eq.

(11):

2M 2
ds? =<1—T+Q

r2

2\ 1
>dt2—<1—¥+g > dr? —r2de?

7z
—1r?si h0d¢?

(11)
Where, Q is the charge of a celestial body.

When @ approaches zero, the Reissner—Nordstr
metric becomes the Schwarzschild metric. When M



approaches zero, the Reissner—Nordstr metric
becomes Minkowski space-time with an electric field,
as shown in Eq. (12)

@ AN
d52=<1 +—2>dt2—<1 +—2> dTZ—TdeZ_rZSiﬁQdd)z
r r
(12)

The Kerr metric is a generalized form of the
Schwarzschild metric and another exact solution for
general relativity. It is used to describe a vacuum
space-time near a rotational, spherical, symmetrical
heavenly body. The Kerr metric in the Boyer—
Lindquist coordinate system can be expressed as

2Mr 4Mrasing 2
ds* = (1- = )ar? b dedg — 2 dr? — p*do?
K
2Mra?sin@
~ (et T s Redg?

(13)

Where, p?2 =12+ a?cos?0 and Ay =12 —2Mr +
a? is the delta function of the Kerr metric. a is the
spin parameter or specific angular momentum, which
is related to the angular momentum J by a =J /M.

The Kerr metric has been rewritten in an orthogonal
form in some studies [21] as

A 2
ds? :p—lz((dt—asi RO dg)? —Z—drz — p%d6?

K
( 2 + 2)2 1219 2
_ r ap2 S1 (d —rziazdt)
(14
4. TRANSFORMATION OF THE
ELLIPSOID SYMMETRICAL

ORTHOGONAL COORDINATE

According to the covariance principle of general
relativity covariance, the gravity equation remains
unchanged in the coordinate transformation. Thus,
Minkowski space-time can be applied as a beginning
coordinate:

ds? = dt? —dx? — dy? — dz* (15)
Applying the following ellipsoid to coordinate
changes to Eq. (15), with a being the coordinate
transformation parameter [22]

1 1
x-> (r?+a?)zsiBcosp,y - (r?+a?)zsi@sinp,
z->rcosh,t >t (16)

The metric under the new coordinate system becomes

2
i —dr? = p?d6? — (* + a?)si R 0dg?

(17)

ds? =dt? —

r2
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Eq. (17) represents an empty space-time of ellipsoid
symmetry. If a approaches zero, it morphs into a polar
coordinate with spherical symmetry, as shown in Eq.
(18):

ds? =dt? —dr? —r?d6? — r?si AOd¢p? (18)
To eliminate the off-diagonal terms (dtd¢) in Kerr
metric or Kerr-Newman metric and to let ggog11 =
—1, we can refer to Eq. (14) to define a new
coordinate system (dTd®) as follows:

dT = dt —asi k6 de (19a)

a

do = d¢ —

de (19b)

r2+a?

After the coordinate transformation, Eq. (17) is
transformed into a simplified orthogonal metric, as
presented in Eq. (20):

_ r?+a? dT? p? (r?+a?)?sirt 0
= —

p? r2+a

dSZ dQ)Z

(20

~dr? — p?df? —

5. CALCULATING THE RICCI TENSOR

To solve the Kerr—Newman metric, this study started
from the ansats of equation Eq. (21) and introduced
two new terms e2¥T), @24 1),

h?sid@
2

dSZ — eZv(T,T)dTZ _ eZ/l(T,T)er _ p2d92 _ dwz

21
Where p2 =12 + a’cos? 8, h =12 +a?

The metric tensor in the matrix form is as follows:

eZv(T,T) 0 0 0
0 -2 9 0
I = 0 0 —p? 0 (22)
0 0 e
Chrostoffel symbols and the Ricci tensor

can be calculated via Eq. (5) and Eq. (2). In
this research, we use the Wolfram Cloud to ensure
the correctness of calculations. Totally 14
non-zero Chrostoffel symbols are listed in Egs. (23)—
(32):

Il =e*Ma v (23)
L =0,1 (24)
I =T% =0,v (25)
l"122 = l"221 == (26)

o2
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2
My =Th=7-2 @7)
I3 = —re? (28)
h
3, =T% = cotd (p—z) (29)
1,20 2h _ k%
Il = —re Slﬁ@(pz ‘ﬂ) (30)
h? siné cos 6
FZZZ — _ S1 1;2 cos (31)
. h3
Dé=—ﬂlﬁc%9&a (32)
After such calculations, the Ricci tensor of
all non-zero components can be obtained as
follows:

Roo = [034 + (31)% — 9 A05v] + €700 -0, v 8,2 +

(0,v) +ofv + 20,7 (33)
Roy = Ryg = %6‘02 34
Ry = €2 V[924 + (954)% — BgAdgv] + d,v 3,4 —
(0,v)? = 03v+220,2 (35)
Ry, = e (r(ala —av)—1 +2§ - 2%2) +;(5r2 ; 4p2)
(36)
Ras = sin20 (i—h - ;‘—2) [f'” (r(aa—0y) - ;—2) +
h? (5r2—4p®\ f2h  hZ\ ™
L) (-5 ] G7)
6. COMPONENTS OF THE
ELECTROMAGNETIC FIELD

STRENGTH TENSOR AND THE
STRESS TENSOR

Because of spherical symmetry, the only non-zero
components of the electric and magnetic field are the
radial components, which should be independent of 8
and ¢. Therefore, the radial component of the electric
field has a form of

E. =E =Fy =—Fy=f(rT) (38)
The other components are zero because there are no

currents or magnetic monopoles. In the matrix form,
we have
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0 f@,T) 0 0
—f(,T 0 0 0

Fog=| OO0 00 (39)
0 0 00

The components of the stress-energy tensor can now
be computed using Eq. (3). By considering the first
term in parenthesis, conducting the summation gives

1 U 1 uo ul
79apF P = 7 0ap(FuoF"® + Fu ')
1
= Zgaﬁ(Fme + F01F01)

1 1
= ZgaB(ZFmFOl) = EgaBFmFOl

(40)
For the second term, we get
g[a’vFaquu = gﬂvFaOFVO + gEvFalFV1 =
gﬁ1FaoF10 + gﬁoFmFOl 41

Thus, we can write Eq. (3) as
1
Top = ;gaﬁFmFOl - 931Fa0F10 - g[f’OFalFOl (42)

The components of the stress-energy tensor can now
be easily obtained. We have

Too = _%900F01F01 = %ezv(r’ﬂf(r, T)? (43)
Ty = _%911F01F01 = _;ezx(r,r)f(r’ T)? (44)
Ty = %922F01F01 = %sz(r' T)? (45)

Tyy = 2 gasFor F* = 1 p? (Z—)Sl ROF(r,T)? = Tyy (/’;—) si Ao

(46)
T01 = 0 (47)
From, Ry; = 8nTy; = 0, we get %001 =0,1=A(r)
A is time dependent.

Using the results and adding them to Egs. (33) and
(35), we obtain

e?MRy, + DR, = %(311/(7‘, T)+0,4(r)) =0

(48)
Solving this equation yields v(r,T) + A(r) = const
Next, the time coordinate is redefined in Eq. (21) by
replacing dT — e°™tdT, so that v(r,T) = v(r) =
—A(r).

Therefore, e = ¢4 (49)
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7. SOLVING
EQUATIONS

To solve the Maxwell equations for the form of the
electromagnetic field strength tensor in Eq. (41), the r
component of Eq. (9) gives us

THE MAXWELL

00Fo1 — T50Fa1 — Tg1F1e = 0

09Fo1 — TgoFo1 — T Fio = 0oFo1 — Fo1 (Tgp + T1) = 0
(50

Because I'5, = 0 and T§; = 394 = 0 from the above
equation, we have dyFy; = 0, implying that the time-
radial component of the electromagnetic field strength
tensor is not time dependent:

For = f(r) (5D

To find the explicit form of f, we use the following
identity: for any given antisymmetric rank two tensor,
T# , and diagonal metric, the following identity is
true

wo— 1 / uv
v,.T mau( |gIT*") (52)
In our metric, we have \/|g| = r2si #. If we apply
the aforementioned identity to Eq. (9), we obtain

VPR = n98!‘(1"251 0T*) =0 (53)
For the t component, we have
0,(r2F1%) = 3,(r2g"1g*Fy0) = 0,(2f) = 0 (54)
Therefore,

const.
fa) =<2 (55)

The Gauss flux theorem gives . = Q/v4m , where Q is
the total electric charge of a black hole. Finally, the
electromagnetic field strength tensor is obtained as

0 Qr=2 0 0
_1[-Qr* 0 00
Far =7\ 0 00 (56)
0 o 00
Only one unknown variable is left, v(r) ,

which is obtained by Eq. (49). To solve this, one
equation is enough to determine the unknown. Let us
consider

lim,o Ry, =11,,8nT,, (57)
We also need the following limit conditions
lim,oh=7%lig,p=r (58)
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1inRy, = e (r(@A—0,v) — 1) +1=e?(-2rd,v —
a—
1)+1 (59)

Q

amr?

8w Q?
= —7"2 -
2

r2

(60)

() =

Combining Egs. (59) and (60), we obtain the
following equation

1i8nT,,
a—-0

QZ
0,(re?”) =1-— = (61)
After integrating and solving Eq.(61), we get
2
lim¥=1+542% letC=—2M (62)
a-0 r r
2 2_ 2

L™ =14 =t (©3)

.oy _ r?-2Mr+a?®
(lgio  r2+q2cos20 (64)

oy _ T2-2Mr+a®+Q? —AKN 22 _ v — i
e = r2+a2cos2 ~ p?’ er=e = AgN 65)

Where, Agy =712 —2Mr +a?+ Q% is the delta
function of the Kerr—Newman metric.

Finally, we obtain the Kerr—Newman metric through

_r?=2Mr+a*+Q?

ds? = Tt aTcod0 (dt —asiffde)?

r?+a’cos 0
r? —2Mr + a* + Q?
(r?+a?)?sing
_ 2 (d(j)

dr? — p%de?
2
dt)

(66)

a
r? +a?

8. DISCUSSION

Two axi-symmetric rotation solutions of general
relativity, the Kerr metric and Kerr—Newman metric,
have the same ellipsoid orthogonal coordinates
embedded delta function (Ag and Agy ). When mass
M and charge Q approach zero, both delta functions
degenerate to r? + a?, and two rotation solutions
degenerate to vacuum ellipsoidal coordinates, as
shown in Eq. (20).

From the aforementioned discussion, we can see that
the Kerr metric and Kerr—Newman metric have an
ellipsoid, space-time geometry. This geometry can
be obtained through the proposed ellipsoid coordinate
transformation or the Newman—Janis algorithm
complex transformation coordinates [23]. In 1965,
Newman used this algorithm to obtain the Kerr—
Newman metric. This close association led us to
speculate that all axi-symmetric rotation solutions



can be
coordinate.

represented in the same ellipsoidal

In summary, the coupled Einstein—-Maxwell equations
have been solved and a metric has been presented that
describes the geometry of the space-time surrounding
a rotating black hole with a static electric charge. The
proposed metric is a straightforward derivation, which
deserves further study to determine whether this
method could be extended to other rotating Einstein
field equations.
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Appendix A Derivation of Eq. (6)

Apply g% to Einstein’s field equation of general relativity to obtain

1
9% (Rap — 3 9apR) = B1Tapg™ (A1)
R-— %(412) = 8nT (A.2)
—R =8aT (A.3)

Because the trace T = 0, Therefore

1
Rap == GapR + 8TTyp (A4)
1
=2 9ap(=87T) + 81Ty (A.5)
1
= 8n (Taﬁ -2 gaBT) (A.6)
= 81Ty (A7)
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