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§1. Introduction

All the graphs considered in this paper are simple and connected. For vertices u,v € V(G), the
distance between u and v in G, denoted by dg(u,v), is the length of a shortest (u,v)-path in
G and let dg(v) be the degree of a vertex v € V(G). The strong product of graphs G and H,
denoted by GX H, is the graph with vertex set V(G) x V(H) = {(u,v) : u € V(G),v € V(H)}
and (u, z)(v,y) is an edge whenever (i) u =v and zy € E(H), or (ii) wv € E(G) and z =y, or
(#4i) wv € E(GQ) and zy € E(H).

A topological index of a graph is a real number related to the graph; it does not depend
on labeling or pictorial representation of a graph. In theoretical chemistry, molecular structure
descriptors (also called topological indices) are used for modeling physicochemical, pharma-
cologic, toxicologic, biological and other properties of chemical compounds [12]. There exist
several types of such indices, especially those based on vertex and edge distances. One of the

most intensively studied topological indices is the Wiener index.

Let G be a connected graph. Then Wiener index of G is defined as

W(G) = = Z de(u,v)

u,v € V(G)

with the summation going over all pairs of distinct vertices of G. This definition can be further
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generalized in the following way:

M@ =5 Y o)

u,v € V(G)

where d,(u,v) = (dg(u,v))* and A is a real number [13, 14]. If A = —1, then W_1(G) = H(G),
where H(G) is Harary index of G. In the chemical literature also W% [29] as well as the general

case Wy were examined [10, 15].

Dobrynin and Kochetova [6] and Gutman [11] independently proposed a vertex-degree-
weighted version of Wiener index called degree distance, which is defined for a connected graph
G as )

DD(G) = 5 > (da(w) + da(v)de(u,v),
u, eV (G)
where dg(u) is the degree of the vertex v in G. Similarly, the product degree distance or Gutman

index of a connected graph G is defined as

DD*(G):% S da(u)de(v)de u,v).
u,veV(G)

The additively weighted Harary index(H ) or reciprocal degree distance(RDD) is defined

in [3] as
(da(u) + dag(v)) .

Hy(G) = RDD(G) = % Z dg(u,v)

u,veV(G)
Similarly, Su et al. [28] introduce the reciprocal product degree distance of graphs, which

can be seen as a product-degree-weight version of Harary index

dg(u)dg(v)
dg(u,v)

RDD,(G) = % >

u,veV(QG)

In [16], Hamzeh et al. recently introduced generalized degree distance of graphs. Hua and
Zhang [18] have obtained lower and upper bounds for the reciprocal degree distance of graph in
terms of other graph invariants. Pattabiraman et al. [22, 23] have obtained the reciprocal degree
distance of join, tensor product, strong product and wreath product of two connected graphs
in terms of other graph invariants. The chemical applications and mathematical properties of
the reciprocal degree distance are well studied in [3, 20, 27].

The generalized degree distance, denoted by H(G), is defined as

MG =5 Y (da(w)+da()d(wv)

u,veV(QG)

where X is a real number. If A = 1, then H)\(G) = DD(G) and if A = —1, then H)\(G) =
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RDD(G). Similarly, generalized product degree distance, denoted by H}(G), is defined as

H;(G):% > da(u)da(v)dy(u,v).
u,veV(G)

If X =1, then H{(G) = DD.(G) and if A = —1, then H}(G) = RDD,(G). Therefore the
study of the above topological indices are important and we try to obtain the results related
to these indices. The generalized degree distance of unicyclic and bicyclic graphs are studied
by Hamzeh et al. [16, 17]. Also they are given the generalized degree distance of Cartesian
product, join, symmetric difference, composition and disjunction of two graphs. The gener-
alized degree distance and generalized product degree distance of some classes of graphs are
obtained in [24, 25, 26]. In this paper, the exact formulae for the generalized product degree
distance, reciprocal product degree distance and product degree distance of strong product
GX Ky, mi, -, mr_q, Where Kooy .. m,_, is the complete multipartite graph with partite

sets of sizes mg, mq, ---, m,_1 are obtained.

The first Zagreb index is defined as

and the second Zagreb index is defined as

MyG)= > da(u)dg(v).

weE(Q)

In fact, one can rewrite the first Zagreb index as

M(G) = > (de(w)+da(v)).

uwveE(G)

The Zagreb indices were found to be successful in chemical and physico-chemical applica-
tions, especially in QSPR/QSAR studies, see [8, 9].

For S C V(@G), (S) denotes the subgraph of G induced by S. For two subsets S,T C V(G),
not necessarily disjoint, by dg(S,T), we mean the sum of the distances in G from each vertex

of S to every vertex of T, that is, dg(S,T) = >  dg(s,t).
seS,teT

82. Generalized Product Degree Distance of Strong Product of Graphs

In this section, we obtain the Generalized product degree distance of GX K, my, -, m,._,- Let
G be a simple connected graph with V(G) = {vo,v1, -+ ,vn—1} and let Kpg omy, oo omp_qs 7 > 2,
be the complete multiparite graph with partite sets Vo, V4, -+, Vi1 and let |V;| = m;, 0 <
i <r —1.In the graph G® K,y my, o, mo_q, let Bij = v; x Vi, 0, € V(G) and 0 < j < r — 1.
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For our convenience, the vertex set of G X Ky my, -, m,_, iS written as

r—1 n—1

Let Z={Bi;}i—o0,1,-,n-1. Let X; = |J Bj; andY; = |J B;;; we call X; and Y; as layer
7=0,1,---,r—1 ji=0 i=0

and column of G ™ Ky m,...,m,_,, respectively. If we denote V(By;) = {xi1, Ti2, -+, Tim, }

and V(Bgp) = {#k1,2Zr2, -+, Thm, }, then x; and a2, 1 < £ < j, are called the corresponding
vertices of B;; and By,. Further, if v;v, € E(G), then the induced subgraph (B;; |J Bip) of GK
King, ma, -, m,_, is isomorphic to Ky, v,| or, m; independent edges joining the corresponding
vertices of B;; and By; according as j # p or j = p, respectively.

The following remark is follows from the structure of the graph Ky, my, -, mo_s-

Remark 2.1 Let ng and q be the number of vertices and edges of Ky my, -, m._,- Lhen the

SuUms
r—1
E m;m, = 2q,
J,p=0
Ji#p
r—1
2 _ 2
E mj = ng—2q,
j=0
r—1 r—1
m2m, = nog — 3t = m;m2
3 !tp — 0q - 31ps
J,p=0 J,p=0
Jj#p J#p
r—1
E m ng — 3noq + 3t
Jj=0
and
r—1

Z mt = ng — 4nq + 2¢° + dngt — 47,

. ’ .
where t and T are the number of triangles and K,* in Ky my, - m,_1-

The proof of the following lemma follows easily from the properties and structure of G X

Km07m17 oy Myp—1

Lemma 2.2 Let G be a connected graph and let B;;, By, € % of the graph G' = G X

Koo, ma, - ,me_y» Where v > 2. Then

(1) If vivg € E(G) and xiy € Byj, xre € By, then

1, if t=1,
2, if t#¢,

da (i, Tre) =
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and if zy € Byj, Tke € Bip, J # D, then dg(zi, Tre) = 1.

(13) If vivry ¢ E(QG), then for any two vertices x;y € Bij, Twe € Bup, dor(Tit, The) =
dG (’Ui, Uk).

(13¢) For any two distinct vertices in B;j;, their distance is 2.

The proof of the following lemma follows easily from Lemma 2.2, which is used in the proof

of the main theorems of this section.

Lemma 2.3 Let G be a connected graph and let B;j, By, € % of the graph G' = G K
Km(),mh...,mT,l, where r > 2.
(i) If vivx € E(G), then

m;mp, lf j#pu

H .. =
dg(Bij, Bip) mamatd) p =,

(1) If viug, ¢ E(G), then

mim . .
dc(;gﬁk)v if j# D,

A& (Bij, Brp) = m "y
Tty W I=P

m;myp, ij#p,

(iti) d&.(Bij, Bip) =, "0
M, ifj:p-

Lemma 2.4 Let G be a connected graph and let B;; in G' = G® Kpy my, -, m._,- Then the

degree of a vertex (v;,u;) € By; in G’ is

dar((visug)) = da(vi) + (no — my) + de(vi)(no — my),

r—1
where ng = Y m;.
=0

Now we obtain the generalized product degree distance of G X K my, o, moy -
Theorem 2.5 Let G be a connected graph with n vertices and m edges. Then
HY(G® Kong,my, - myy)

n
= (4¢> + n§ + 4noq) H5(G) + 4¢*°Wr(G) + (4¢° + 2n0q) HA(G) + 5(4(12 — noq — 3t)

+M1(G)

[471(2)(] — 2¢° + 4not + 9t + Tnogq — ng — 3n(2) — an + 87'}
+m {Bnoq + 2not — 2¢% — 3t — 4q + 47
+2) [Ml(G)(2q2 — 2t — 6t — 2q — 47) + m(2¢ — 2not — noq — 3t — 47)}

(2 = 1)My(G) [2¢2 — 2not — 3n + 10nq + n2 — 18 — 6q — ng — 47} .



72 K.Pattabiraman

Proof Let G' = GX Ky, m,.....m,_,- Clearly,

. 1
HY(@) = 5 > da(Bij)da (Biy)d (Bij, Biy)
Bij,Brp €A

n—1 r—1

1

5(2 >~ dor(Bij)der(Bip)d (Bij, Biy)
i=0j,p=0
j#p

n—1 r—1

+ Y Y da(Bij)der (Biy)des (Bij, Bj)
i k=05=0
i k
n—1 r—1

+ > > da(By)der(Bip)dg (Bij, Bip)
i k=04,p=0
itk j#p

+ i i der (Bij)der (Bij)dgy (Bij, Bz‘j))- (2.1)

i=0j=0

We shall obtain the sums of (2.1) are separately.

n—1 r—1
First we calculate A; = > > der(Bij)der (Bip)de. (Bij, Bip). For that first we find T7.
i=04,p=0

By Lemma 2.4, we have

Ti = do(Bij)de (Bip)
(dG(Ui)(no —mj+1)+ (no — mj)) (dG(Uz‘)(no —myp + 1)+ (no — m,,))

= (0 + 12 = (no + L)m; = (no + Lymy, + mym, )d(v:)
+(2n0(n0 +1)— (2no + 1)m; — (2ng + 1)m, + 2mjmp) da(v;)
—i—(ng — ngmy — NoMm; + mjmp).
From Lemma 2.3, we have d, (Bij, Bip) = m;jm,. Thus
Tidgy (Bij, Bip) = Timjmy,
= ((no +1)%m;m, — (no + 1)m§mp — (ng + 1)mjm§ + m?mi) d2(v;)
—|—(2n0(n0 + 1)mjmy — (2no + L)m3my, — (2no + 1)mym? + 2m§m§) da(v;)

2 2 2 2,2
—i—(nomjmp — MMMy — NN My, + mjmp).



A Generalization on Product Degree Distance of Strong Product of Graphs 73

By Remark 2.1, we have

r—1
Ty = Y T{d(Bij Bip)
3, p=0
i#p
— (2q2 + 2gno + 2n0t + 2 + 47 + Gt) &2 (v;)
+ (2an + 4dngt — 4¢* + 6t + 87-) da(vs)

+ (2n0t +2¢% + 47) .
From the definition of the first Zagreb index, we have
n—1
A4 = > T
i=0
- (2q2 4 2qno + 2not + 2 + 47 + 6t) My (@)

+2m (Qqno + dngt — 4¢> + 6t + 87)

+n (2n0t +2¢% + 47').

Next we obtain As = > > dar(Bij)dg: (Bxj)dy (Bij, Bi;). For that first we find 5.

i,k=0353=0
ik
By Lemma 2.4, we have
Ty, = de/(Bij)de (Brj)

(da (o = m; +1) + (ng = my)) (da(vr) (no —m; + 1) + (no — m;))
(no — m; +1)%de (vi)de (ve) + (no —m;)(no — m; + 1)(de(v:) + de(vk))

+(no —my)*.

Thus

r—1 n-—1

Ay = > > Tydi (B, Byy)

j=0i,k=0
itk
r—1 n—1 r—1 n—1
= Y. > Tdy(BiyBi)+ Y, Y. Tidy(Bij, Bi))
j=0 4i,k=0 i=0 k=0

itk ik
v;iv, €E(G) vivp EE(G)
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By Lemma 2.3, we have

r—1 n—1 r—1 n—1
Ay = T, (1 -2 4 2>‘mj>mj + Z Z Tglmf dX (vi, vg),
j=0 4,k=0 j=0 i,k=0
itk iFk
v v €EE(G) v; v, ¢ E(G)
r—1 n—1 r—1 n—1
- T((1-2*+ 2 my )y +md—md) 4 >0 N Tym? d(vi,v)
7=0 4,k=0 7=0 4, k=0
ik ik
v;vL €E(G) v v ¢ E(G)
r—1 n—1 r—1 n-—1

Ty(2* — 1)(m§ - mj) + Z Z Tém? d3 (vi, vy,)

Il
7™

j=0 1 0 j=0i,k=0
i#£k i#k
Ui’UkEE(G)
= S1+ 59, (22)

where S; and S are the sums of the terms of the above expression, in order.

Now we calculate S;. For that first we find the following.

2 — 1T} (m§ - mj) — (2 1) [(m;* — (2n0 + 3)m? + (n2 + 4ng + 3)m?
—(no + 1)2mj)dg(vi)dg(vk)
+ (i = (2 +2)m + (03 + 3no + V2 = (13 + no)m; ) (e (v1) + da(vr)
+(m4 — (2ng + 1)m? + (n§ 4 2no)m7 — n?)mj)]

J

By Remark 2.1, we have

r—1
Ty = S (2 - 1T (m;% - mj)
j=0
= (2*-1) [(2{12 — 2ngt — 47 — 3n3 + 10ngq — 18t +ni — 6g — no)dg(’l}i)dg(’vk)

+(2q2 — 47 — 2not — 6t — Qq) (da(vi) + da(vr))
+(

2¢% — 41 — 2not — noq — 3t)} .

Hence
n—1
D D &
i, k=0
itk
v, EE(G)

= 2-1) {(2(;2 — 2ngt — 47 — 30 + 10n0q — 18t + n2 — 6g — no) 20Ms(G)
+(24% = 4 — 2ngt — 6t — 29) 204, (G)

-i-2m(2q2 — 41 — 2not — npq — 3t)} .
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Next we calculate Ss. For that we need the following.

Tym? = ( - (2no+2)mg+(no+1)2m§)dg(vi)dg(vk)
+(m = 2o + 1ym3 + (18 + no)m? ) (ds(v3) + da(v))

—|—(m§ — 2n0m§ + ngmf).

By Remark 2.1, we have

r—1
A
j=0
= (2(]2 — 471 — 2ngt — 6t + 2ngq — 2q + n%)dg(vi)dg(vk)
+(2q2 A7 — 2ot — 3t + noq) (de(vs) + der(vi))

+ (2q2 o 2n0t).

From the definitions of H},Hy and W), we obtain

n—1
SQ = Z TQdé;(Ui, ’Uk)
k=0
i#£k

= 2(2¢> — 47 — 2not — 6t + 2n0g — 2q + 13 ) H3(G)
+2(2q2 A7 — 2ngt — 3t + noq) Hy\(G)

+2(2q2 47— 2n0t) Wi (G).

Now we calculate A3 = nz_:l TZ_:I de(Bij)dg: (Brp)dp (Bij, Brp). For that first we com-
R
pute T4. By Lemma 2.4, we have
T; = da(Bij)de (Bp)
= (da)(no —m; + 1)+ (o = m;)) (do(ve) (no = my +1) + (no = m,))
= da(vi)da(vr)(no —m; +1)(no —myp + 1) +da(vi)(no — my +1)(no — myp)

+da(vk)(no —mp + 1)(no — my;) + (no — m;)(no —my).
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Since the distance between B;; and By, is mjmy,dg (vi, vy,). Thus

Tsm;m, = dg(vi)de(vk) ((n% + 2no + 1)m;my, — (ng + 1)mimy, — (no + 1)m;m2 + m?mf))
+deg(v;) ((n% + ng)m;m, — (ng + 1)mjm12) — nomimp + m?mi)

+de(vg) ((ng + no)m;m, — nomjmf) — (no + l)m?mp + m?mf))

2. 2 2 2,2
—l—(nomjmp — NgM;My, — NoM;My + mjmp).

By Remark 2.1, we obtain

r—1

o= Y Tymym, = da(v)de(v) (2n0q + 2not + 2q + 2¢% + 6t + 47)

J,p=0,
J#p

+(da(v;) + da(vg)) (qno + 2not + 3t + 2¢% + 47')

n (2n0t +24% + 47).

Hence
n—1
Az = ) Tsdy(vi,vr) = 2H(G) (2n0q + 2not + 2q + 2¢% + 6t + 47)

i k=0
itk

+2H,\(G) (qno + 2not + 3t + 2% + 47)

F2WA(G) (2n0t +24° + 47).

n—1r—1
Finally, we obtain Ay = Y. " dg/(Bij)de (Bij)d} (Bij, Bij). For that first we calculate

i=0j=0
T;. By Lemma 2.4, we have

Ty = dg/(Bij)dc(Bij)
= (dolo)n0 —m; +1) + (g — ;)
= dé(vi)(no —m; + 1)2 + 2dg(vi)(n0 - mj)(no —m; + 1) + (TLQ - mj)Q.

From Lemma 2.3, the distance between (B;; and (B;; is mj(m; — 1). Thus

Tymj(m; —1) = dé(vi)(m? — (2ng + 3)m§? + ((no +1)* + 2)m? — (no + 1)2mj>
+2dg(v:) (m = (2n0 + 2)m3 + (nF + 31 + 1)m? = (g + no)m; )

—i—(m? — (2no + 1)m3 + (ng + 2ng)m? — n%mj).
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By Remark 2.1, we obtain

r—1
T, = Y Timj(m;—1)

j=0

= di(v) (4n3q — 2n — 3nd — 2ngt + Snog — 9t — 6q — ng — 47)
+2dg(v;) (2q2 — 2ot — 2q — 6t — 47)

+(2q2 — 2not — noq — 3t — 47').

Hence
n—1
Ay = ) Tudy (B, Bij)
i=0
= Mi(G) (4ngq —2n3 — 3n — 2ngt + 5npq — 9t — 6 — ng — 47')
dm (2q2 ~ 2not — 2q — 6t — 47)
+n (2q2 — 2not — npq — 3t — 47).
Adding A;,51,59,A3 and A4 we get the required result. O

If we set A = 1in Theorem 2.5, we obtain the product degree distance of GRK ) my, - m,_ ;-

Theorem 2.6 Let G be a connected graph with n vertices and m edges. Then

DD,.(GK Koy, ma, - 7mr—1)
= (4¢* + n3 + 4noq) DD.(G) + 4¢*W (G)
+(4¢°% + 2n0q)DD(G) + g(4q2 — noq — 3t)

M (G)
2
+m {noq — Ongt + 247 — 9t — 4q — 47}

+

{4n3q + 6¢% — dngt — 15t + Tnog — no — 3ng — 2nj — 87}

+My(G) [2q2 — 2ngt — 3n3 + 10ngq +n2 — 18t — 6 — ng — 47}
forr > 2.

Setting A = —1 in Theorem 2.5, we obtain the reciprocal product degree distance of
GK Kmo;ml, sy Mp—1

Theorem 2.7 Let G be a connected graph with n vertices and m edges. Then

RDD.(G® Kung,my, o, my_y)
= (4¢® + n? + 4noq) RDD.(G) + 4¢*H(G)
+(4¢® + 2noq)RDD(G) + g(4q2 —nog — 3t)
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My (G
++) [4113(] + 2not + 3t + Tnoq — ng — 3na — 2nj — 2q + 47}
5 ot
—i—m[ T;Oq +not — ¢* — 0} —4q+27}
My (G
—%) [2q2 — 2ngt — 3n3 + 10noq +n2 — 18t — 6¢ — ng — 47}
forr>2.
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