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Abstract: Let G be a graph with vertex set V(G), edge set E(G) and d; is the degree

of its i-th vertex v;, then the Randié¢ matrix R(G) of G is the square matrix of order n,
1

whose (i, j)-entry is equal to if the i-th vertex v; and j-th vertex v; of G are adjacent,

and zero otherwise. The Randig énergy [3] RE(G) of the graph G is defined as the sum of
the absolute values of the eigenvalues of the Randi¢ matrix R(G). A subset ED of V(G) is
called an equitable dominating set [11], if for every v; € V(G) — ED there exists a vertex
v; € ED such that v;v; € E(G) and |di(vi) —d;(v;)| < 1. In the contrast, such a dominating
set ED is Smarandachely if |d;(v;) — dj(v;)] > 1. Recently, Adiga, et.al. introduced, the
minimum covering energy Ec(G) of a graph [1] and S. Burcu Bozkurt, et.al. introduced,
Randié¢ Matrix and Randié Energy of a graph [3]. Motivated by these papers, Minimum
equitable dominating Randié¢ energy of a graph REgp(G) of some graphs are worked out

and bounds on REgp(G) are obtained.
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§1. Introduction

Let G be a graph with vertex set V(G) and edge set E(G). The adjacency matrix A(G) of
the graph G is a square matrix, whose (7, j)-entry is equal to 1 if the vertices v; and v; are
adjacent, otherwise zero [12]. Since A(G) is symmetric, its eigenvalues are all real. Denote them
by A1, Aa2,..., A\, and as a whole, they are called the spectrum of G and denoted by Spec(G).
The energy of graph [12] G is

e(G) =iy il

The literature on energy of a graph and its bounds can refer [4,8,9,10,12]. The Randié

matrix R(G) = (r;;) of G is the square matrix of order n, where
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, if v; and v; are adjacent vertices in G
(rij) = did;
0, otherwise.
The Randic energy [3] RE(G) of the graph G is defined as the sum of the absolute values of
the eigenvalues of the Randi¢ matrix R(G). Let p1, p2,- -+ , pn be the eigenvalues of the Randié
matrix R(G). Since R(G) is symmetric matrix, these eigenvalues are real numbers and their

sum is zero. Randié energy [3] can be defined as

RE(G) =", Ipil

For details of Randié energy and its bounds, can refer [2, 3, 5, 6, 7).

Let G be a graph with vertex set V(G) = {v1,v2, -+ ,v,} and ED is minimum equitable
dominating set of G. Minimum equitable dominating Randi¢ matrix of G is n X n matrix
Rep(G) = (r45), where

— if v; and v; are adjacent vertices in G;
id;

(rij) =19 1, if i = j and v; € ED;
0, otherwise.

The characteristic polynomial of Rgp(G) is denoted by det(pl— Rep(G)) = |pI—Rep(G)|.
Since Rpp(G) is symmetric, its eigenvalues are real numbers. If the distinct eigenvalues of
Rep(G) are p1 > pa > -+ > p, with their multiplicities are my,mg,--- ,m, then spectrum of
REep(G) is denoted by

SpecRpp(G) = pr P2 o Pr

mi mo .. my

The minimum equitable dominating Randi¢ energy of G is defined as
REpp(G) =) _ |pil-
i=1
Example 1.1 Let W5 be a wheel graph, with vertex set V(G) = {v1,v2,vs,v4,v5}, and let

its minimum equitable dominating set be ED = {v1}. Then minimum equitable dominating
Randié matrix Rgp(Ws) is

1 D L S
L 1 0 1
V12 3 3

Rep(Ws) = \/% : 0 : 0

1 1 1
m 0 3 0 3

1 1 1
L7z 3 0 3 0]

—0.6666 0 0.2324 1.4342

SpGCRED(W5) =

1 2 1 1
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The minimum equitable dominating Randié¢ energy of W5 is REgp(Ws) = 2.3332.

§2. Bounds for the Minimum Equitable Dominating Randi¢ Energy of a Graph

Lemma 2.1 If p1,pa,- -, pn are the eigenvalues of Rpp(G). Then

Z pi = |ED|
i=1

and

- 1
;P?: |ED|+2ZM’

1<j

where ED s minimum equitable dominating set.

Proof (i) The sum of eigenvalues of Rgp(G) is

i=1

i=1

(ii) Consider, the sum of squares of p1, pa, ..., pp is,
n n n n
Dt = DD mu i = e+ 3 vy
i=1 i=1 j=1 i=1 i#]
n
= > (ri)?+2> (i)
=1 1<J
- 1
2
= |ED|+2 O
2ot = 1BDI+2) o
=1 1<J

Upper and lower bounds for REgp(G) is similar proof to McClelland’s inequalities [10],
are given below

Theorem 2.2(Upper Bound) Let G be a graph with ED is minimum equitable dominating set.
Then

REpp(G) < |n||[ED|+2)

i<j

1
did;

Proof Let p1,pa,---,pn be the eigenvalues of Rgp(G). By Cauchy-Schwartz inequality,

we have
(5] = () (%)

where a and b are any real numbers.
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Ifa; =1, b; = |pi| in (1), we get

<zn:|pz> <Zl ) <Z|m ) [REEp(G)]* <n IED|+2de

=1 =1 i<j

by Lemma 2.1,

REpp(G) < |n ||[ED|+2)

1<j

dd

Theorem 2.3(Lower Bound) Let G be a graph with |ED| is minimum equitable dominating
set and d; is degree of v;. Then

REsp(G) = \/IEDI+2ZM (n - 1)D3,

1<J

where D = [T, |pil-

Proof Consider

[REpp(G))* = lz Ipi] Z il + > Il 1pj- (2)

i#]

By using arithmetic and geometric mean inequality, we have

1
n(n—1)

\

lezl ol = [ [I el 105l

1757 i#]
1
n(n—1)
Slpil lpsl = nn—1) <H|p |2 1’)
i#]

2/n
Slpil lpsl = nn-1) <H|pz> : (3)

i#]

Now using (3) in (2), we get

2/n
[REED >Z|p1| +nn_1 <H|p1> )

[REEp(G)]? >|ED|+2Zd (n—1)D%, where D =]]|pil,

i<j i=1

REpp(G) > \/|ED|+2de (n—1)Dx.

1<J
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§3. Bounds for Largest Eigenvalue of Rgp(G) and its Energy

Proposition 3.1 Let G be a graph and p1(G) = mazi<i<n{|pi|} be the largest eigenvalue of
RED(G) Then

1
did;”

1 1
— ||ED|+2 < < [|ED|+2
2| 1ED 2 g | <@ < EDl 2y

Proof Consider,

1
did;

PG = manicicn {Ipi’} <) loil* = |ED|+2)

i=1 i<j

|ED|+2) !

p1(G) dod.
i<j Y

IN

Next,

- 1
npAG) = Yo p = |ED|+2Y ]
i=1 ()

i<j

>
=
8
\Y
|

1 1
ED| +2
> — ||ED[+ ;did‘j

=2
B
Y,

1 1
~ ||ED| +2
~ ||EDI+ ;didj

Therefore,

1 1 1
— ||ED|+ 2 < G)< [|[ED|+2 .
L iEDI+2 Y | < o >_\/| +2Y o

i<J i<j

Proposition 3.2 If G is a graph and n < |ED| + 2Zi<j ﬁ, then
. iQj

2
1 |[ED|+2%,_; 74
|ED|+2Zd-d-_< - <j d;d; )
iy

i<j

|[ED]+23;; #dj

REED(G) <
n

(n—1)

Proof We know that,

;ﬁamu&f@_, ;p3=|ED|+2Zdjdj—p% (1)

i<j i<j
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By Cauchy-Schwarz inequality, we have

(£0) < (8) (8%)

If a; = 1 and b; = |p;|, we have

<Z Ipi|> < (=1 ol
=2 i=2
[REgp(G) — |pul” < (n—1) [|ED[+2) dildj _p?

i<j

1
REpp(G) < pi+ |(n—1) |ED|+2Zd_d_—p%
1%y

i<j

Consider the function,

1
Fl@)=z+ |(n—1) |ED|+2Zd‘d‘—a:2 .
i<j
Then,
x4/ (n—1)

Fl(z)=1- - .
VIEDI +2%; g — a2

Here F(x) is decreasing in

1 1 1
— ||ED|+ 2 — | ,|ED|+2
o |[EPI+ Zdidj |ED|+ Z_didj
1<J - 1<jJ
We know that F'(z) <0,
xy/(n—1) <o.

\/|ED| +2%; o — 2

We have

1
. \/|ED|+2zi<<jm

n

Since,
ED|+2%,;
J a;a; S p17

1
n§|ED|+2§ T and
it

i<j

n
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we have

& §01§|ED|+2Z

i<j

\/|ED| t25,a _ 1EDI4 25 7y

1
n n di dj '

Then, equation (5) become

REgp(G) <

2
|[ED[+237,_; e 1 |[ED|+23,; LT
~ + (n—DIEDHag;m%- ~

84. Minimum Equitable Dominating Randié¢ Energy of Some Graphs

Theorem 4.1 If K,, is complete graph with n vertices, then minimum equitable dominating

Randi¢ energy of Ky, is
3n—295
REgp(K,) =

n—1"

Proof Let K, be the complete graph with vertex set V(G) = {v1, va, ..., v, } and minimum

equitable dominating set is ED = {v;}, we have characteristic polynomial of Rgp(K,) is

-1 —1 -1 —1 -1
p_l n—1 n—1 n—1 n—1 n—1
n—1 P n—1 n—1 n—1 n—1
n—1 n—1 P n—1 n—1 n—1
lpI — Rep(Kn)| =
—1 -1 —1 —1 -1
n—1 n—1 n—1 P n—1 n—1
—1 -1 —1 -1 -1
n—1 n—1 n—1 n—1 P n—1
—1 1 1 -1 —1
n—1 n—1 n—1 n—1 n—1 P

nxn

R, = Ry, — R, k =3,4,--- ,n— 1,n. Then, we get (p—i— ﬁ) common from R3 to R,

and we have

p=1 = o o e
—1 —1 -1 —1 —1
n—1 Pon=T 7 w=1 W=l a1
0 -1 1 0 0 0
1 n—2

I — Rep(K,)| =

o1 = Rip ()| = (p+ 2 )
0 -1 0 1 0 0
0 -1 0 0 1 0
0 -1 0 0 0 1

nxn
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CL=Cy+ C5+4 -+ Cp, we get the characteristic polynomial

n—2
1 2 2n —3 n—3
ol el (p+n—1> {p _(n—1>p+(n—1)]’
—1 (2n—3)—v4n—3  (2n—3)++4n—3
SpecRep(K,) = n—1 2(n-1) 2(n—1)

n—2 1 1

The minimum equitable dominating Randié energy of K, is

3n—5
REpp(K,) = 2 O

n—1"

Theorem 4.2 If S,,(n > 4) is star graph with n vertices, then minimum equitable dominating
Randi¢ energy of S, is
REED(Sn) =n.

Proof Let S,,(n > 4) be the star graph with vertex set V(G) = {v1,v2, -+ ,v,} and

minimum equitable dominating set is ED = {v1, v, -+ ,v,}, we have characteristic polynomial
of RED (Sn) is

-1 —1 —1 —1 —1 —1
p nT Vil Vil Vil Vil
L p-1 0 - 0 0 0
- 0 p-1 - 0 0 0
lpI — Rep(Sn)| =| :
L 0 0 p—1 0 0
- 0 0 0 p—1 0
—L 0 0 0 0 p—1
nxn

. = Rr — Ro, k=3,4,--- ,n. Then taking (p — 1) common from R3 to R,, we get

p—1 ;il % o ;171 ;171 ;il
L p-1 0 0 0 0
0 -1 1 0 0 0
lpI = Rep(Sa)| = (p—1)"°
-1 0 1 0 0
0 —1 0 0 1 0
0 -1 0 0 0 1

nxn

CL=Cy+ Cs3+---+ C,. Then, the characteristic polynomial

lpI — Rep(Sn)| = p(p—1)"2(p - 2),
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0 1 2
SpGCRED(Sn) =
1 n—-2 1
The minimum equitable dominating Randié¢ energy of S,, is REgp(S,) = n. O

Theorem 4.3 If Ky, n, where m < n and |m — n| > 2 is complete bipartite graph with m +n

vertices, then minimum equitable dominating Randié¢ energy of K is REgp(Kmn) = m+n.

Proof Let Ky, n, where m < n and |m — n| > 2 be the complete bipartite graph with
vertex set V(G) = {v1,va,...,0m,u1,u2, - ,U,} and minimum equitable dominating set is

ED = V(G), we have characteristic polynomial of Rgp (K, ») is

B -1 -1 -1 —1
p—1 0 0 0 7= v Vmn  Jmn

—1 —1 -1 —1

0 p—1 0 0 Jmn i Vmn mn

-1 - | —1

0 0 p=1 0 == s Jmn  Jmn

0 0 0 -1 =L ot S —1

|pI — Rep(Kmpn)| = 1 1 1 g 1 v v e
T T v v el 0 00

\/_77111 :rin \/_77?;" \/_WLL” 0 p_l 0 0

Jm% L =L JT% 0 o - 0 p-1

r=Rr—Rm, k=1,2,3,--- , m—land R, =Rq— Rpm41, d=m+2,m+3,--- ,m+n.
Then, taking (p — 1) common from R; to R,,—1 and Ry, 42 t0 Ryyqn, we get

1 0 0 -1 0 0 0 0
0 1 0 -1 0 0 0 0
0 0 1 -1 0 0 0 0
—1 -1 -1 —1
(p— 1) 0 0 0 =1 7o T Jmn  Vmn
—1 —1 —1 —1 p—l 0 0 0
vmn  y/mn Vvmn - /mn
0 0 -1 1 0 0
0 0 0 0 -1 0 1 0
0 0 0 0 -1 0 0 1




106 Rajendra P. and R.Rangarajan

C;n+1 - Cm+1 + Cm+2 +--- 4+ Cm-i—nu

1 0 0 -1 0 0 0 0
0 1 0 -1 0 0 0 0
0 0 1 —1 0 0 0 0
—n —1 —1 —1
(p— 1) 0 0 0 rp-1 7= 7 Jmn v
—1 —1 —1 —1 -1 O O O
Jmn  Vmn Vmn Vmn P
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

The characteristic polynomial [pI — Rgp(EKmn)l = p(p—1)""""% (p - 2),

0 1 2
1 m+n—-2 1

SpecREp(Kmn) =

The minimum equitable dominating Randié energy of K, », is REgp(Kmn) =m+n. O

Theorem 4.4 If K, x2, (n > 3) is cocktail party graph with 2n vertices, then minimum equitable

4n—6
n—1

dominating Randi¢ energy of K,x2 is

Proof Let K, x2, (n > 3) be the cocktail party graph with vertex set V(G) = {v1,va, -+ , U,
U1, U2, , Uy} and minimum equitable dominating set is ED = {v1, u1 }, we have characteristic
polynomial of Rgp(K,x2) is

—1 —1 —1 —1 —1 —1
A=l 0 2n—2  2n—2 2n—2 2n—2 2n—2  2n-2
1 —1 1 1 1 —1
0 A=l 2n—2  2n—2 2n—2 2n—2 2n—2 2n—2
—1 —1 A 1 1 0 1 —1
2n—2 2n—2 2n—2 2n—2 2n—2 2n—2
-1 -1 -1 A -1 -1 1 1
2n—2 2n—2 2n—2 2n—2 2n—2 2n—2 2n—2
lpI — Rep(Knx2)| =
—1 —1 —1 —1 A —1 —1 0
2n—2 2n—2 2n—2 2n—2 2n—2 2n—2
1 1 0 1 —1 A 1 —1
2n—2 2n—2 2n—2 2n—2 2n—2 2n—2
-1 -1 -1 -1 -1 -1 A -1
2n—2 2n—2 2n—2 2n—2 2n—2 2n—2 2n—2
—1 —1 —1 —1 0 —1 —1 A
2n—2 2n—2 2n—2 2n—2 2n—2 2n—2
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v =Rk — Rz, k=4,5,--- ,nand R, = Ry — Ry1, k=2,3,--- ,n, we get

-1 — -1 -1 -1 -1
A-1 0 2n—2 2nE2 2n—2 2n—2 2n—2 2n—2
1 — -1 1 1 -1
0 A-1 2n—2 2nE2 2n—2 2n—2 2n—2 2n—2
-1 —1 1 1 1 1
2n—2 2n—2 A 2n—2 2n—2 0 2n—2 2n—2
-1 1 —1
0 0 2n—2 A A+ 2n—2 0 2n—2 0 0
IpI—Rep(Knxz2)| = . L . L
0 0 2n—2 A A+ 2n—2 2n—2 0 2n—2
0 0 —A 0 0 A 0 0
0 0 0 0 0 0 A
0 0 0 0 - 0 A
Cl=C3+Cy+-+Cp+Cpy1+-- -+ Cay and C,/C = Ok+Cn+(k_1), k=4,5,---,n+1.
We get
— -1 — — -1
A-1 0 -1 n_711 e n—1 2nE2 e 2ni2 2n—2
—1 —1 —1 —1 —1
0 A-1 -1 n—1 e n—1 2n—2  2n—2 2n—2
-1 -1 (2n—4) -1 -1 -1 -1
2n—2 2n—-2 A= (2n—2) n—1 I n—1 0 T 2n—2  2n—2
0 0 0 A5 0 s 0 0
IpI—Rep(Knxz2)| = L L
0 0 0 0 A+ n—1 2n-2 0 2n—2
0 0 0 0 0 A 0 0
0 0 0 0 s 0 0 s A
0 0 0 0 s 0 0 s 0 A

The characteristic polynomial

|pI = Rep(Kuxo)| = p" Hp—1) <p+ L)HZ [p2 a (2”_3) e <n_3>] 7

n—1 n—1 n—1

—1 0 1 (@n=3)—vIn=3  (2n-3)+VIn—3
SpeCRED(Knx2) = n—1 2(n—1) 2(n—1)
n—2 n—1 1 1 1

The minimum equitable dominating Randi¢ energy of K« is

4n — 6

REgp(Kpx2) = o1

where n > 3. O
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