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Abstract: For a graph G, the first, second and third leap Zagreb indices are the sum of

squares of 2-distance degree of vertices of G; the sum of product of 2-distance degree of end
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§1. Introduction

Let G = (V, E) be a simple graph of order n and size m. The k-distance degree of a vertex

v ∈ V (G), denoted by dk(v/G) = |Nk(v/G)| where Nk(v/G) = {u ∈ V (G) : d(u, v) = k} [17]

in which d(u, v) is the distance between the vertices u and v in G that is the length of the

shortest path joining u and v in G. The degree of a vertex v in a graph G is the number of

edges incident to it in G and is denoted by dG(v). Here N1(v/G) is nothing but NG(v) and

d1(v/G) is same as dG(v). If u and v are two adjacent vertices of G, then the edge connecting

them will be denoted by uv. The degree of an edge e = uv in G, denoted by d1(e/G) (or dG(e)),

is defined by d1(e/G) = d1(u/G) + d1(v/G) − 2.

The complement of a graph G is denoted by G whose vertex set is V (G) and two vertices of

G are adjacent if and only if they are nonadjacent in G. G has n vertices and n(n−1)
2 −m edges.

The line graph L(G) of a graph G with vertex set as the edge set of G and two vertices of L(G)

are adjacent whenever the corresponding edges in G have a vertex incident in common. The

complement of line graph L(G) or jump graph J(G) of a graph G is a graph with vertex set as

the edge set of G and two vertices of J(G) are adjacent whenever the corresponding edges in G

have no vertex incident in common. The subdivision graph S(G) of a graph G whose vertex set

is V (G)
⋃

E(G) where two vertices are adjacent if and only if one is a vertex of G and other is
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an edge of G incident with it. The partial complement of subdivision graph S(G) of a graph G

whose vertex set is V (G)
⋃

E(G) where two vertices are adjacent if and only if one is a vertex

of G and the other is an edge of G non incident with it.

We follow [11] and [13] for unexplained graph theoretic terminologies and notations.

The first and second Zagreb indices [9] of a graph G are defined as follows:

M1(G) =
∑

v∈V (G)

dG(v)2 and M2(G) =
∑

uv∈E(G)

dG(u)dG(v),

respectively. These are widely studied degree based topological indices due to their applications

in chemistry. For details see the papers [5, 7, 8, 10, 18]. The first Zagreb index [15] can also be

expressed as

M1(G) =
∑

uv∈E(G)

[dG(u) + dG(v)]

Ashrafi et al. [1] defined the first and second Zagreb coindices as

M1(G) =
∑

uv 6∈E(G)

[dG(u) + dG(v)] and M2(G) =
∑

uv 6∈E(G)

[dG(u)dG(v)],

respectively.

In 2004, Milićević et al. [14] reformulated the Zagreb indices in terms of edge-degrees

instead of vertex-degrees. The first and second reformulated Zagreb indices are defined, respec-

tively, as

EM1(G) =
∑

e∈E(G)

dG(e)2 and EM2(G) =
∑

e∼f

[dG(e)dG(f)]

In [12], Hosamani and Trinajstić defined the first and second reformulated Zagreb coindices

respectively as

EM1(G) =
∑

e∼f

[dG(e) + dG(f)],

EM2(G) =
∑

e≁f

[dG(e) + dG(f)].

In 2017, Naji et al. [16] introduced the leap Zagreb indices. For a graph G, the first,

second, and third leap Zagreb indices [16] are denoted and defined respectively as:

LM1(G) =
∑

v∈V (G)

d2(v/G)2,

LM2(G) =
∑

uv∈E(G)

d2(u/G)d2(v/G),

LM3(G) =
∑

v∈V (G)

d1(v/G)d2(v/G).

Throughout this paper, in our results we write the notations d1(v) and d1(e) respectively

for degree of a vertex v and degree of an edge e of a graph.



46 B. Basavanagoud and Chitra E.

§2. Generalized xyz-Point-Line Transformation Graph T xyz(G)

The procedure of obtaining a new graph from a given graph by using incidence (or nonincidence)

relation between vertex and an edge and an adjacency (or nonadjacency) relation between two

vertices or two edges of a graph is known as graph transformation and the graph obtained by

doing so is called a transformation graph. For a graph G = (V, E), let G0 be the graph with

V (G0) = V (G) and with no edges, G1 the complete graph with V (G1) = V (G), G+ = G, and

G− = G. Let G denotes the set of simple graphs. The following graph operations depending on

x, y, z ∈ {0, 1, +,−} induce functions T xyz : G → G. These operations are introduced by Deng et

al. in [6]. They called these resulting graphs as xyz-transformations of G, denoted by T xyz(G) =

Gxyz and studied the Laplacian characteristic polynomials and some other Laplacian parameters

of xyz-transformations of an r-regular graph G. In [2], Wu Bayoindureng et al. introduced the

total transformation graphs and studied the basic properties of total transformation graphs.

Motivated by this, Basavanagoud [3] studied the basic properties of the xyz-transformation

graphs by calling them xyz-point-line transformation graphs by changing the notion of xyz-

transformations of a graph G as T xyz(G) to avoid confusion between parent graph G and its

xyz-transformations.

Definition 2.1([6]) Given a graph G with vertex set V (G) and edge set E(G) and three variables

x, y, z ∈ {0, 1, +,−}, the xyz-point-line transformation graph T xyz(G) of G is the graph with

vertex set V (T xyz(G)) = V (G)∪E(G) and the edge set E(T xyz(G)) = E((G)x)∪E((L(G))y)∪
E(W ) where W = S(G) if z = +, W = S(G) if z = −, W is the graph with V (W ) =

V (G)∪E(G) and with no edges if z = 0 and W is the complete bipartite graph with parts V (G)

and E(G) if z = 1.

Since there are 64 distinct 3 - permutations of {0, 1, +,−}. Thus obtained 64 kinds of

generalized xyz-point-line transformation graphs. There are 16 different graphs for each case

when z = 0, z = 1, z = +, z = −.

In this paper, we consider the xyz-point-line transformation graphs T xyz(G) when z = 1.

Example 2.1 Let G = K2 · K3 be a graph. Then G0 be the graph with V (G0) = V (G) and

with no edges, G1 the complete graph with V (G1) = V (G), G+ = G, and G− = G which are

depicted in the following Figure 1.

Figure 1

The self-explanatory examples of the path P4 and its xyz-point-line transformation graphs

T xy1(P4) are depicted in Figure 2.
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Figure 2
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§3. Leap Zagreb Indices of T xy1(G)

Theorem 3.1([3]) Let G be a graph of order n and size m. Then

(1) |V (T xyz(G))| = n + m;

(2) |E(T xyz(G))| = |E(Gx)| + |E(L(G)y)| + |E(W )|, where

|E(Gx)|=



























0 if x = 0.
(

n
2

)

if x = 1.

m if x = +.
(

n
2

)

− m if x = −.

|E(L(G)y)|=



























0 if y = 0.
(

m
2

)

if y = 1.

−m + 1
2M1 if y = +.

(

m+1
2

)

− 1
2M1 if y = −.

|E(W )|=



























0 if z = 0.

mn if z = 1.

m if z = +.

m(n − 2) if z = −.

The following Propositions are useful for calculating d2(T
xy1(G)) in Observation 3.4.

Proposition 3.2([4]) Let G be a graph of order n and size m. Let v be a vertex of G. Then

dT xy1(G)(v) =



























m if x = 0, y ∈ {0, 1, +,−}
n + m − 1 if x = 1, y ∈ {0, 1, +,−}
m + dG(v) if x = +, y ∈ {0, 1, +,−}
n + m − 1 − dG(v) if x = −, y ∈ {0, 1, +,−}

Proposition 3.3([4]) Let G be a graph of order n and size m. Let e be an edge of G. Then

dT xy1(G)(e) =



























n if y = 0, x ∈ {0, 1, +,−}
n + m − 1 if y = 1, x ∈ {0, 1, +,−}
n + dG(e) if y = +, x ∈ {0, 1, +,−}
n + m − 1 − dG(e) if y = −, x ∈ {0, 1, +,−}

Observation 3.4 Let G be a connected (n, m) graph. Then

(1) d2(v/T 001)(G)=







(n − 1) if v ∈ V (G)

(m − 1) if v = e ∈ E(G)
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(2) d2(v/T 101)(G)=







0 if v ∈ V (G)

(m − 1) if v = e ∈ E(G)

(3) d2(v/T +01)(G)=







n − 1 − d1(v/G) if v ∈ V (G)

(m − 1) if v = e ∈ E(G)

(4) d2(v/T−01)(G)=







d1(v/G) if v ∈ V (G)

(m − 1) if v = e ∈ E(G)

(5) d2(v/T 011)(G)=







n − 1 if v ∈ V (G)

0 if v = e ∈ E(G)

(6) d2(v/T 111)(G)=







0 if v ∈ V (G)

0 if v = e ∈ E(G)

(7) d2(v/T +11)(G)=







n − 1 − d1(v/G) if v ∈ V (G)

0 if v = e ∈ E(G)

(8) d2(v/T−11)(G)=







d1(v/G) if v ∈ V (G)

0 if v = e ∈ E(G)

(9) d2(v/T 0+1)(G)=







n − 1 if v ∈ V (G)

m − 1 − d1(e/G) if v = e ∈ E(G)

(10) d2(v/T 1+1)(G)=







0 if v ∈ V (G)

m − 1 − d1(e/G) if v = e ∈ E(G)

(11) d2(v/T ++1)(G)=







n − 1 − d1(v/G) if v ∈ V (G)

m − 1 − d1(e/G) if v = e ∈ E(G)

(12) d2(v/T−+1)(G)=







d1(v/G) if v ∈ V (G)

m − 1 − d1(e/G) if v = e ∈ E(G)

(13) d2(v/T 0−1)(G)=







n − 1 if v ∈ V (G)

d1(e/G) if v = e ∈ E(G)

(14) d2(v/T 1−1)(G)=







0 if v ∈ V (G)

d1(e/G) if v = e ∈ E(G)

(15) d2(v/T +−1)(G)=







n − 1 − d1(v/G) if v ∈ V (G)

d1(e/G) if v = e ∈ E(G)

(16) d2(v/T +−1)(G)=







d1(v/G) if v ∈ V (G)

d1(e/G) if v = e ∈ E(G)

The above Observation 3.4 is useful for computing leap Zagreb indices of transformation

graphs T xy1(G) in the forthcoming theorems.

Theorem 3.5 Let G be (n, m) graph. Then
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(1) LM1(T
001(G)) = n(n − 1)2 + m(m − 1)2;

(2) LM2(T
001(G)) = mn(m − 1)(n − 1);

(3) LM3(T
001(G)) = mn(m + n − 2).

Proof The graph T 001(G) has n + m vertices and mn edges, refer Theorem 3.1. By

definitions of the first, second and the third leap Zagreb indices along with Propositions 3.2,

3.3 and Observation 3.4 we get the following.

LM1(T
001(G)) =

∑

v∈V (T 001(G))

d2(v/T 001(G))2

=
∑

v∈V (G)

d2(v/T 001(G))2 +
∑

e∈E(G)

d2(e/T 001(G))2

= n(n − 1)2 + m(m − 1)2.

LM2(T
001(G)) =

∑

uv∈E(T 001(G))

[

d2(u/T 001(G))
] [

d2(v/T 001(G))
]

=
∑

uv∈E(S(G))

[

d2(u/T 001(G))
] [

d2(v/T 001(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T 001(G))
] [

d2(v/T 001(G))
]

= (n − 1)(m − 1)2m + (n − 1)(m − 1)(mn − 2m) = mn(n − 1)(m − 1).

LM3(T
001(G)) =

∑

v∈V (T 001(G))

[

d1(v/T 001(G))
] [

d2(v/T 001(G))
]

=
∑

v∈V (G)

[

d1(v/T 001(G))
] [

d2(v/T 001(G))
]

+
∑

e∈E(G)

[

d1(e/T 001(G))
] [

d2(e/T 001(G))
]

= mn(n − 1) + mn(m − 1) = mn(m + n − 2). 2
Theorem 3.6 Let G be (n, m) graph. Then

(1) LM1(T
101(G)) = m(m − 1)2;

(2) LM2(T
101(G)) = 0;

(3) LM3(T
101(G)) = mn(m − 1).

Proof Notice that the graph T 101(G) has n + m vertices and mn + n(n−1)
2 edges by

Theorem 3.1. According to the definitions of first, second and third leap Zagreb indices along
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with Propositions 3.2, 3.3 and Observation 3.4, calculation shows the following.

LM1(T
101(G)) =

∑

v∈V (T 101(G))

d2(v/T 101(G))2

=
∑

v∈V (G)

d2(v/T 101(G))2 +
∑

e∈E(G)

d2(e/T 101(G))2

= m(m − 1)2.

LM2(T
101(G)) =

∑

uv∈E(T 101(G))

[

d2(u/T 101(G))
] [

d2(v/T 101(G))
]

=
∑

uv∈E(G)

[

d2(u/T 101(G))
] [

d2(v/T 101(G))
]

+
∑

uv/∈E(G)

[

d2(u/T 101(G))
] [

d2(v/T 101(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T 101(G))
] [

d2(v/T 101(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T 101(G))
] [

d2(v/T 101(G))
]

= 0.

LM3(T
101(G)) =

∑

v∈V (T 101(G))

[

d1(v/T 101(G))
] [

d2(v/T 101(G))
]

=
∑

v∈V (G)

[

d1(v/T 101(G))
] [

d2(v/T 101(G))
]

+
∑

e∈E(G)

[

d1(e/T 101(G))
] [

d2(e/T 101(G))
]

= mn(m − 1). 2
Theorem 3.7 Let G be (n, m) graph. Then

(1) LM1(T
+01(G)) = n(n − 1)2 + m(m − 1)2 + M1(G) − 4m(n − 1);

(2) LM2(T
+01(G)) = M2(G) − (n − 1)M1(G) + m[(n − 1)2 + (m − 1)(n2 − n − 2m)];

(3) LM3(T
+01(G)) = m[n(n + m) − 2(m + 1)] − M1(G).

Proof By Theorem 3.1, we know that the graph T +01(G) has n + m vertices and m(n + 1)

edges. By using the definitions of first, second and third leap Zagreb indices and applying
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Propositions 3.2, 3.3 and Observation 3.4 we get the following.

LM1(T
+01(G)) =

∑

v∈V (T+01(G))

d2(v/T +01(G))2

=
∑

v∈V (G)

d2(v/T +01(G))2 +
∑

e∈E(G)

d2(e/T+01(G))2

=
∑

v∈V (G)

(n − 1 − d1(v/G))
2

+
∑

e∈E(G)

(m − 1)2

=
∑

v∈V (G)

[

(n − 1)2 + d1(v/G)2 − 2(n − 1)d1(v/G)
]

+
∑

e∈E(G)

(m − 1)2

= n(n − 1)2 + m(m − 1)2 + M1(G) − 4m(n − 1).

LM2(T
+01(G)) =

∑

uv∈E(T+01(G))

[

d2(u/T +01(G))
] [

d2(v/T +01(G))
]

=
∑

uv∈E(G)

[

d2(u/T +01(G))
] [

d2(v/T +01(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T +01(G))
] [

d2(v/T +01(G))
]

+
∑

uv∈E(S(G))

[d2(u/T +01(G))][d2(v/T +01(G))]

=
∑

uv∈E(G)

[

(n − 1)2 − (n − 1)(d1(u/G) + d1(v/G)) + d1(u/G) · d1(v/G)
]

+
∑

uv∈E(S(G))

(m − 1)(n − 1 − d1(u/(G))

+
∑

uv∈E(S(G))

(m − 1)(n − 1 − d1(u/(G))

= M2(G) − (n − 1)M1(G) + m[(n − 1)2 + (m − 1)(n2 − n − 2m)].

LM3(T
+01(G)) =

∑

v∈V (T+01(G))

[

d1(v/T +01(G))
] [

d2(v/T +01(G))
]

=
∑

v∈V (G)

[

d1(v/T +01(G))
] [

d2(v/T +01(G))
]

+
∑

e∈E(G)

[

d1(e/T+01(G))
] [

d2(e/T+01(G))
]

=
∑

v∈V (G)

[(m + d1(v/G))(n − 1 − d1(v/G))] +
∑

e∈E(G)

n(m − 1)

= m[n(n + m) − 2(m + 1)] − M1(G). 2
Theorem 3.8 Let G be (n, m) graph. Then

(1) LM1(T
−01(G)) = M1(G) + m(m − 1)2;
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(2) LM2(T
−01(G)) = M2(G) + 2m2(m − 1);

(3) LM3(T
−01(G)) = m[n(m + 1) + 2(m − 1)] − M1(G).

Proof We know the graph T−01(G) has n + m vertices and (n − 1)(n
2 + m) edges, refer

Theorem 3.1. By definitions of the first, second and third leap Zagreb indices and applying

Propositions 3.2, 3.3 and Observation 3.4 we have the following.

LM1(T
−01(G)) =

∑

v∈V (T−01(G))

d2(v/T−01(G))2

=
∑

v∈V (G)

d2(v/T−01(G))2 +
∑

e∈E(G)

d2(e/T−01(G))2

= M1(G) + m(m − 1)2.

LM2(T
−01(G)) =

∑

uv∈E(T−01(G))

[

d2(u/T−01(G))
] [

d2(v/T−01(G))
]

=
∑

uv /∈E(G)

[

d2(u/T−01(G))
] [

d2(v/T−01(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T−01(G))
] [

d2(v/T−01(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T−01(G))
] [

d2(v/T−01(G))
]

=
∑

uv /∈E(G)

[d1(u/G)] [d1(v/G)] +
∑

uv∈E(S(G))

(m − 1)d1(u/G)

+
∑

uv∈E(S(G))

(m − 1)d1(u/G)

= M2(G) + 2m2(m − 1).

LM3(T
−01(G)) =

∑

v∈V (T−01(G))

[

d1(v/T−01(G))
] [

d2(v/T−01(G))
]

=
∑

v∈V (G)

[

d1(v/T−01(G))
] [

d2(v/T−01(G))
]

+
∑

e∈E(G)

[

d1(e/T−01(G))
] [

d2(e/T−01(G))
]

= m[n(m + 1) + 2(m − 1)] − M1(G). 2
Theorem 3.9 Let G be (n, m) graph. Then

(1) LM1(T
011(G)) = n(n − 1)2;

(2) LM2(T
011(G)) = 0;

(3) LM3(T
011(G)) = mn(n − 1).

Proof We are easily know that the graph T 011(G) has n + m vertices and m(m−1
2 + n)
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edges by Theorem 3.1. By definitions of the first, second and the third leap Zagreb indices

along with Propositions 3.2, 3.3 and Observation 3.4 we know the following.

LM1(T
011(G)) =

∑

v∈V (T 011(G))

d2(v/T 011(G))2

=
∑

v∈V (G)

d2(v/T 011(G))2 +
∑

e∈E(G)

d2(e/T 011(G))2

= n(n − 1)2.

LM2(T
011(G)) =

∑

uv∈E(T 011(G))

[

d2(u/T 011(G))
] [

d2(v/T 011(G))
]

=
∑

uv∈E(L(G))

[

d2(u/T 011(G))
] [

d2(v/T 011(G))
]

+
∑

uv/∈E(L(G))

[

d2(u/T 011(G))
] [

d2(v/T 011(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T 011(G))
] [

d2(v/T 011(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T 011(G))
] [

d2(v/T 011(G))
]

= 0.

LM3(T
011(G)) =

∑

v∈V (T 011(G))

[

d1(v/T 011(G))
] [

d2(v/T 011(G))
]

=
∑

v∈V (G)

[

d1(v/T 011(G))
] [

d2(v/T 011(G))
]

+
∑

e∈E(G)

[

d1(e/T 011(G))
] [

d2(e/T 011(G))
]

= mn(n − 1). 2
Theorem 3.10 Let G be (n, m) graph. Then

LM1(T
111(G)) = LM2(T

111(G)) = LM3(T
111(G)) = 0.

Proof Notice that the graph T 111(G) has n + m vertices and n(n−1)
2 + m(m−1)

2 + mn edges

by Theorem 3.1. By definitions of the first, second and third leap Zagreb indices along with

Propositions 3.2, 3.3 and Observation 3.4, we get similarly the desired result as the proof of

above theorems. 2
Theorem 3.11 Let G be (n, m) graph. Then

(1) LM1(T
+11(G)) = (n − 1)(n2 − n − 4m) + M1(G);

(2) LM2(T
+11(G)) = m(n − 1)2 − (n − 1)M1(G) + M2(G);

(3) LM3(T
+11(G)) = m[(n − 1)(n + 2) − 2m] − M1(G).

Proof Clearly, the graph T +11(G) has n+m vertices and m(m+1)
2 +mn edges by Theorem
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3.1. By definitions of the first, second and the third leap Zagreb indices, we get the following

by applying Propositions 3.2, 3.3 and Observation 3.4.

LM1(T
+11(G)) =

∑

v∈V (T+11(G))

d2(v/T +11(G))2

=
∑

v∈V (G)

d2(v/T +11(G))2 +
∑

e∈E(G)

d2(e/T+11(G))2

=
∑

v∈V (G)

[(n − 1)2 + d1(v/G)2 − 2(n − 1)d1(v/G)]

= (n − 1)(n2 − n − 4m) + M1(G).

LM2(T
+11(G)) =

∑

uv∈E(T+11(G))

[

d2(u/T +11(G))
] [

d2(v/T +11(G))
]

=
∑

uv∈E(G)

[

d2(u/T +11(G))
] [

d2(v/T +11(G))
]

+
∑

uv∈E(L(G))

[

d2(u/T +11(G))
] [

d2(v/T +11(G))
]

+
∑

uv/∈E(L(G))

[

d2(u/T +11(G))
] [

d2(v/T +11(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T +11(G))
] [

d2(v/T +11(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T +11(G))
] [

d2(v/T +11(G))
]

= m(n − 1)2 − (n − 1)M1(G) + M2(G).

LM3(T
+11(G)) =

∑

v∈V (T+11(G))

[

d1(v/T +11(G))
] [

d2(v/T +11(G))
]

=
∑

v∈V (G)

[

d1(v/T +11(G))
] [

d2(v/T +11(G))
]

+
∑

e∈E(G)

[

d1(e/T+11(G))
] [

d2(e/T+11(G))
]

= m[(n − 1)(n + 2) − 2m] − M1(G). 2
Theorem 3.12 Let G be (n, m) graph. Then

(1) LM1(T
−11(G)) = M1(G);

(2) LM2(T
−11(G)) = M2(G);

(3) LM3(T
−11(G)) = 2m(n + m − 1) − M1(G).

Proof Obviously, the graph T−11(G) has n+m vertices and n(n−1)
2 + m(m−3)

2 +mn edges,

refer Theorem 3.1. Similarly, by definitions of the first, second and the third leap Zagreb indices
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along with Propositions 3.2, 3.3 and Observation 3.4 we know the following.

LM1(T
−11(G)) =

∑

v∈V (T−11(G))

d2(v/T−11(G))2

=
∑

v∈V (G)

d2(v/T−11(G))2 +
∑

e∈E(G)

d2(e/T−11(G))2

= M1(G).

LM2(T
−11(G)) =

∑

uv∈E(T−11(G))

[

d2(u/T−11(G))
] [

d2(v/T−11(G))
]

=
∑

uv /∈E(G)

[

d2(u/T−11(G))
] [

d2(v/T−11(G))
]

+
∑

uv∈E(L(G))

[

d2(u/T−11(G))
] [

d2(v/T−11(G))
]

+
∑

uv/∈E(L(G))

[

d2(u/T−11(G))
] [

d2(v/T−11(G))
]

+
∑

uv∈E(S(G))

[d2(u/T−11(G))][d2(v/T−11(G))]

+
∑

uv∈E(S(G))

[d2(u/T−11(G))][d2(v/T−11(G))]

= M2(G).

LM3(T
−11(G)) =

∑

v∈V (T−11(G))

[

d1(v/T−11(G))
] [

d2(v/T−11(G))
]

=
∑

v∈V (G)

[

d1(v/T−11(G))
] [

d2(v/T−11(G))
]

+
∑

e∈E(G)

[

d1(e/T−11(G))
] [

d2(e/T−11(G))
]

= 2m(n + m − 1) − M1(G). 2
Theorem 3.13 Let G be (n, m) graph. Then

(1) LM1(T
0+1(G)) = n(n − 1)2 + m(m − 1)(m + 3) − 2(m − 1)M1(G) + EM1(G);

(2) LM2(T
0+1(G)) = [ (m−1)2

2 − n(n − 1)]M1(G) − (m − 1)EM1(G) + EM2(G)

+ m(m − 1)[n(n − 1) − (m − 1)] + 2mn(n − 1);

(3) LM3(T
0+1(G)) = (m + n − 1)M1(G) − EM1(G) + m[n(n + m) − 2(m − 1)].

Proof Notice that the graph T 0+1(G) has n + m vertices and m(n − 1) + M1(G)
2 edges by

Theorem 3.1. By definitions of the first, second and the third leap Zagreb indices we get the
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following by applying Propositions 3.2, 3.3 and Observation 3.4.

LM1(T
0+1(G)) =

∑

v∈V (T 0+1(G))

d2(v/T 0+1(G))2

=
∑

v∈V (G)

d2(v/T 0+1(G))2 +
∑

e∈E(G)

d2(e/T 0+1(G))2

=
∑

v∈V (G)

(n − 1)2 +
∑

e∈E(G)

[(m − 1)2 + d1(e/G)2 − 2(m − 1)d1(e/G)]

= n(n − 1)2 + m(m − 1)(m + 3) − 2(m − 1)M1(G) + EM1(G).

LM2(T
0+1(G)) =

∑

uv∈E(T 0+1(G))

[

d2(u/T 0+1(G))
] [

d2(v/T 0+1(G))
]

=
∑

uv∈E(L(G))

[

d2(u/T 0+1(G))
] [

d2(v/T 0+1(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T 0+1(G))
] [

d2(v/T 0+1(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T 0+1(G))
] [

d2(v/T 0+1(G))
]

=
∑

uv∈E(L(G))

[

(m − 1)2 − (m − 1)(d1(u/G) + d1(v/G)) + d1(u/G) · d1(v/G)
]

+
∑

uv∈E(S(G))

[(n − 1)(m − 1 − d1(v/G))]

+
∑

uv∈E(S(G))

[(n − 1)(m − 1 − d1(v/G))]

= [
(m − 1)2

2
− n(n − 1)]M1(G) − (m − 1)EM1(G) + EM2(G)

+m(m − 1)[n(n − 1) − (m − 1)] + 2mn(n − 1).

LM3(T
0+1(G)) =

∑

v∈V (T 0+1(G))

[

d1(v/T 0+1(G))
] [

d2(v/T 0+1(G))
]

=
∑

v∈V (G)

[

d1(v/T 0+1(G))
] [

d2(v/T 0+1(G))
]

+
∑

e∈E(G)

[

d1(e/T 0+1(G))
] [

d2(e/T 0+1(G))
]

=
∑

v∈V (G)

[m(n − 1)] +
∑

e∈E(G)

[(n + d1(e/G))(m − 1 − d1(e/G))]

= (m + n − 1)M1(G) − EM1(G) + m[n(n + m) − 2(m − 1)]. 2
Theorem 3.14 Let G be (n, m) graph. Then

(1) LM1(T
1+1(G)) = m(m − 1)(m + 3) − 2(m − 1)M1(G) + EM1(G);

(2) LM2(T
1+1(G)) = (m−1)2

2 M1(G) − (m − 1)EM1(G) + EM2(G) − m(m − 1)2;
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(3) LM3(T
1+1(G)) = (m − n − 1)M1(G) − EM1(G) + m[n(m + 1) − 2(m − 1)].

Proof Clearly, the graph T 1+1(G) has n+m vertices and (n−1)(n
2 +m)+ M1(G)

2 edges by

Theorem 3.1. By definitions of the first, second and the third leap Zagreb indices we therefore

get the following by Propositions 3.2, 3.3 and Observation 3.4.

LM1(T
1+1(G)) =

∑

v∈V (T 1+1(G))

d2(v/T 1+1(G))2

=
∑

v∈V (G)

d2(v/T 1+1(G))2 +
∑

e∈E(G)

d2(e/T 1+1(G))2

=
∑

e∈E(G)

[

(m − 1)2 + d1(e/G)2 − 2(m − 1)d1(e/G)
]

= m(m − 1)(m + 3) − 2(m − 1)M1(G) + EM1(G).

LM2(T
1+1(G)) =

∑

uv∈E(T 1+1(G))

[

d2(u/T 1+1(G))
] [

d2(v/T 1+1(G))
]

=
∑

uv∈E(G)

[

d2(u/T 1+1(G))
] [

d2(v/T 1+1(G))
]

+
∑

uv/∈E(G)

[

d2(u/T 1+1(G))
] [

d2(v/T 1+1(G))
]

+
∑

uv∈E(L(G))

[

d2(u/T 1+1(G))
] [

d2(v/T 1+1(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T 1+1(G))
] [

d2(v/T 1+1(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T 1+1(G))
] [

d2(v/T 1+1(G))
]

=
∑

uv∈E(L(G))

[

(m − 1)2 − (m − 1)(d1(u/G) + d1(v/G)) + d1(u/G) · d1(v/G)
]

=
(m − 1)2

2
M1(G) − (m − 1)EM1(G) + EM2(G) − m(m − 1)2.

LM3(T
1+1(G)) =

∑

v∈V (T 1+1(G))

[

d1(v/T 1+1(G))
] [

d2(v/T 1+1(G))
]

=
∑

v∈V (G)

[

d1(v/T 1+1(G))
] [

d2(v/T 1+1(G))
]

+
∑

e∈E(G)

[

d1(e/T 1+1(G))
] [

d2(e/T 1+1(G))
]

= (m − n − 1)M1(G) − EM1(G) + m[n(m + 1) − 2(m − 1)]. 2
Theorem 3.15 Let G be (n, m) graph. Then

(1) LM1(T
++1(G)) = (n − 1)[n(n − 1) − 4m] + m(m − 1)(m + 3)
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− (2m − 3)M1(G) + EM1(G);

(2) LM2(T
++1(G)) =

[

(m−1)2

2 − (n − 1)(n + 1)
)

M1(G) + M2(G) − (m − 1)EM1(G)

+EM2(G) + m[n(2n − 3) − m(3m − 4) + mn(n − 1)]

+
∑

u∈V (G),v∈E(G),u∼v

d2(u/G)d2(v/G)

+
∑

u∈V (G),v∈E(G),u≁v

d2(u/G)d2(v/G);

(3) LM3(T
++1(G)) = mn(m + n − 2) + (m − n − 2)M1(G) − EM1(G).

Proof Clearly, the graph T ++1(G) has n+m vertices and mn+ M1(G)
2 edges by Theorem 3.1.

Now by definitions of the first, second and the third leap Zagreb indices, applying Propositions

3.2, 3.3 and Observation 3.4 we have the following.

LM1(T
++1(G)) =

∑

v∈V (T++1(G))

d2(v/T ++1(G))2

=
∑

v∈V (G)

d2(v/T ++1(G))2 +
∑

e∈E(G)

d2(e/T++1(G))2

=
∑

v∈V (G)

[n − 1 − d1(v/G)]2 +
∑

e∈E(G)

[m − 1 − d1(e/G)]2

= (n − 1)[n(n − 1) − 4m] + m(m − 1)(m + 3) − (2m − 3)M1(G)

+EM1(G).

LM2(T
++1(G)) =

∑

uv∈E(T++1(G))

[

d2(u/T ++1(G))
] [

d2(v/T ++1(G))
]

=
∑

uv∈E(G)

[

d2(u/T ++1(G))
] [

d2(v/T ++1(G))
]

+
∑

uv∈E(L(G))

[

d2(u/T ++1(G))
] [

d2(v/T ++1(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T ++1(G))
] [

d2(v/T ++1(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T ++1(G))
] [

d2(v/T ++1(G))
]

=

(

(m − 1)2

2
− (n − 1)(n + 1)

)

M1(G) + M2(G) − (m − 1)EM1(G)

+EM2(G) + m[n(2n − 3) − m(3m − 4) + mn(n − 1)]

+
∑

u∈V (G),v∈E(G),u∼v

d2(u/G)d2(v/G)

+
∑

u∈V (G),v∈E(G),u≁v

d2(u/G)d2(v/G).
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LM3(T
++1(G)) =

∑

v∈V (T++1(G))

[

d1(v/T ++1(G))
] [

d2(v/T ++1(G))
]

=
∑

v∈V (G)

[

d1(v/T ++1(G))
] [

d2(v/T ++1(G))
]

+
∑

e∈E(G)

[

d1(e/T++1(G))
] [

d2(e/T++1(G))
]

= mn(m + n − 2) + (m − n − 2)M1(G) − EM1(G). 2
Theorem 3.16 Let G be (n, m) graph. Then

(1) LM1(T
−+1(G)) = m(m − 1)(m + 3) − (2m − 3)M1(G) + EM1(G);

(2) LM2(T
−+1(G)) = (m−1)2

2
M1(G) + M2(G) − (m − 1)EM1(G) + EM2(G) + m(m − 1)(m + 1)

−

[

∑

u∈V (G),v∈E(G),u∼v

d2(u/G)d2(v/G) +
∑

u∈V (G),v∈E(G),u≁v

d2(u/G)d2(v/G)

]

;

(3) LM3(T
−+1(G)) = (m − n − 2)M1(G) − EM1(G) + mn(m + 3).

Proof Notice that the graph T−+1(G) has n + m vertices and n(n−1)
2 + m(n− 2) + M1(G)

2

edges, refer Theorem 3.1. We are easily get the following by definitions of the first, second and

the third leap Zagreb indices along with Propositions 3.2, 3.3 and Observation 3.4.

LM1(T
−+1(G)) =

∑

v∈V (T−+1(G))

d2(v/T−+1(G))2

=
∑

v∈V (G)

d2(v/T−+1(G))2 +
∑

e∈E(G)

d2(e/T−+1(G))2

= m(m − 1)(m + 3) − (2m − 3)M1(G) + EM1(G).

LM2(T
−+1(G)) =

∑

uv∈E(T−+1(G))

[

d2(u/T−+1(G))
] [

d2(v/T−+1(G))
]

=
∑

uv/∈E(G)

[

d2(u/T−+1(G))
] [

d2(v/T−+1(G))
]

+
∑

uv∈E(L(G))

[

d2(u/T−+1(G))
] [

d2(v/T−+1(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T−+1(G))
] [

d2(v/T−+1(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T−+1(G))
] [

d2(v/T−+1(G))
]

=
(m − 1)2

2
M1(G) + M2(G) − (m − 1)EM1(G)

+EM2(G) + m(m − 1)(m + 1)

−





∑

u∈V (G),v∈E(G),u∼v

d2(u/G)d2(v/G) +
∑

u∈V (G),v∈E(G),u≁v

d2(u/G)d2(v/G)



 .
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LM3(T
−+1(G)) =

∑

v∈V (T−+1(G))

[

d1(v/T−+1(G))
] [

d2(v/T−+1(G))
]

=
∑

v∈V (G)

[

d1(v/T−+1(G))
] [

d2(v/T−+1(G))
]

+
∑

e∈E(G)

[

d1(e/T−+1(G))
] [

d2(e/T−+1(G))
]

= (m − n − 2)M1(G) − EM1(G) + mn(m + 3). 2
Theorem 3.17 Let G be (n, m) graph. Then

(1) LM1(T
0−1(G)) = n(n − 1)2 + EM1(G);

(2) LM2(T
0−1(G)) = EM2(G) + n(n − 1)M1(G) − 2mn(n − 1);

(3) LM3(T
0−1(G)) = (n + m − 1)M1(G) − EM1(G) + m(n2 − 3n − 2m + 2).

Proof Notice that the graph T 0−1(G) has n + m vertices and m(m+1
2 + n)− M1(G)

2 edges,

refer Theorem 3.1. By definitions of the first, second and the third leap Zagreb indices along

with Propositions 3.2, 3.3 and Observation 3.4 we get the following.

LM1(T
0−1(G)) =

∑

v∈V (T 0−1(G))

d2(v/T 0−1(G))2

=
∑

v∈V (G)

d2(v/T 0−1(G))2 +
∑

e∈E(G)

d2(e/T 0−1(G))2

= n(n − 1)2 + EM1(G).

LM2(T
0−1(G)) =

∑

uv∈E(T 0−1(G))

[

d2(u/T 0−1(G))
] [

d2(v/T 0−1(G))
]

=
∑

uv /∈E(L(G))

[

d2(u/T 0−1(G))
] [

d2(v/T 0−1(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T 0−1(G))
] [

d2(v/T 0−1(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T 0−1(G))
] [

d2(v/T 0−1(G))
]

=
∑

uv /∈E(L(G))

[d1(u/G) · d1(v/G)] +
∑

uv∈E(S(G))

(n − 1)d1(v/G)

+
∑

uv∈E(S(G))

(n − 1)d1(v/G)

= EM2(G) + n(n − 1)M1(G) − 2mn(n − 1).
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LM3(T
0−1(G)) =

∑

v∈V (T 0−1(G))

[

d1(v/T 0−1(G))
] [

d2(v/T 0−1(G))
]

=
∑

v∈V (G)

[

d1(v/T 0−1(G))
] [

d2(v/T 0−1(G))
]

+
∑

e∈E(G)

[

d1(e/T 0−1(G))
] [

d2(e/T 0−1(G))
]

= (n + m − 1)M1(G) − EM1(G) + m(n2 − 3n− 2m + 2). 2
Theorem 3.18 Let G be (n, m) graph. Then

(1) LM1(T
1−1(G)) = EM1(G);

(2) LM2(T
1−1(G)) = EM2(G);

(3) LM3(T
1−1(G)) = (n + m − 1)M1(G) − EM1(G) − 2m(n + m − 1).

Proof Clearly, the graph T 1−1(G) has n + m vertices and n(n−1)
2 + m(m+1

2 + n) − M1(G)
2

edges by Theorem 3.1. Whence, by definitions of the first, second and the third leap Zagreb

indices along with Propositions 3.2, 3.3 and Observation 3.4 we get the following.

LM1(T
1−1(G)) =

∑

v∈V (T 1−1(G))

d2(v/T 1−1(G))2

=
∑

v∈V (G)

d2(v/T 1−1(G))2 +
∑

e∈E(G)

d2(e/T 1−1(G))2

= EM1(G).

LM2(T
1−1(G)) =

∑

uv∈E(T 1−1(G))

[

d2(u/T 1−1(G))
] [

d2(v/T 1−1(G))
]

=
∑

uv∈E(G)

[

d2(u/T 1−1(G))
] [

d2(v/T 1−1(G))
]

+
∑

uv/∈E(G)

[

d2(u/T 1−1(G))
] [

d2(v/T 1−1(G))
]

+
∑

uv/∈E(L(G))

[

d2(u/T 1−1(G))
] [

d2(v/T 1−1(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T 1−1(G))
] [

d2(v/T 1−1(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T 1−1(G))
] [

d2(v/T 1−1(G))
]

= EM2(G).
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LM3(T
1−1(G)) =

∑

v∈V (T 1−1(G))

[

d1(v/T 1−1(G))
] [

d2(v/T 1−1(G))
]

=
∑

v∈V (G)

[

d1(v/T 1−1(G))
] [

d2(v/T 1−1(G))
]

+
∑

e∈E(G)

[

d1(e/T 1−1(G))
] [

d2(e/T 1−1(G))
]

= (n + m − 1)M1(G) − EM1(G) − 2m(n + m − 1). 2
Theorem 3.19 Let G be (n, m) graph. Then

(1) LM1(T
+−1(G)) = M1(G) + EM1(G) + (n − 1)[n(n − 1) − 4m];

(2) LM2(T
+−1(G)) = (n − 1)2M1(G) + M2(G) + EM2(G) − m(n − 1)(n + 1)

−

[

∑

u∈V (G),v∈E(G),u∼v

d2(u/G)d2(v/G) +
∑

u∈V (G),v∈E(G),u≁v

d2(u/G)d2(v/G)

]

;

(3) LM3(T
+−1(G)) = (n + m− 2)M1(G) − EM1(G) + m[(n− 1)(n + 2)− 2(2m + n − 1)].

Proof Clearly, the graph T +−1(G) has n + m vertices and m(m+3
2 + n) − M1(G)

2 edges by

Theorem 3.1. By definitions of the first, second and the third leap Zagreb indices along with

Propositions 3.2, 3.3 and Observation 3.4 we therefore get the following.

LM1(T
+−1(G)) =

∑

v∈V (T+−1(G))

d2(v/T +−1(G))2

=
∑

v∈V (G)

d2(v/T +−1(G))2 +
∑

e∈E(G)

d2(e/T+−1(G))2

= M1(G) + EM1(G) + (n − 1)[n(n − 1) − 4m].

LM2(T
+−1(G)) =

∑

uv∈E(T+−1(G))

[

d2(u/T+−1(G))
] [

d2(v/T+−1(G))
]

=
∑

uv∈E(G)

[

d2(u/T+−1(G))
] [

d2(v/T+−1(G))
]

+
∑

uv/∈E(L(G))

[

d2(u/T+−1(G))
] [

d2(v/T+−1(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T+−1(G))
] [

d2(v/T+−1(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T+−1(G))
] [

d2(v/T+−1(G))
]

= (n − 1)2M1(G) + M2(G) + EM2(G) − m(n − 1)(n + 1)

−





∑

u∈V (G),v∈E(G),u∼v

d2(u/G)d2(v/G) +
∑

u∈V (G),v∈E(G),u≁v

d2(u/G)d2(v/G)



 .
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LM3(T
+−1(G)) =

∑

v∈V (T+−1(G))

[

d1(v/T +−1(G))
] [

d2(v/T +−1(G))
]

=
∑

v∈V (G)

[

d1(v/T +−1(G))
] [

d2(v/T +−1(G))
]

+
∑

e∈E(G)

[

d1(e/T+−1(G))
] [

d2(e/T+−1(G))
]

= (n + m − 2)M1(G) − EM1(G) + m[(n − 1)(n + 2) − 2(2m + n − 1)]. 2
Theorem 3.20 Let G be (n, m) graph. Then

(1) LM1(T
−−1(G)) = M1(G) + EM1(G);

(2) LM2(T
−−1(G)) = M1(G) + EM2(G) +

∑

u∈V (G),v∈E(G),u∼v

d2(u/G)d2(v/G)

+
∑

u∈V (G),v∈E(G),u≁v

d2(u/G)d2(v/G);

(3) LM3(T
−−1(G)) = (n + m − 2)M1(G) − EM1(G).

Proof Notice that the graph T−−1(G) has n+m vertices and n(n−1)
2 +m(m−1

2 +n)− M1(G)
2

edges by Theorem 3.1. By definitions of the first, second and the third leap Zagreb indices,

Propositions 3.2, 3.3 and Observation 3.4, we are easily get the following.

LM1(T
−−1(G)) =

∑

v∈V (T−−1(G))

d2(v/T−−1(G))2

=
∑

v∈V (G)

d2(v/T−−1(G))2 +
∑

e∈E(G)

d2(e/T−−1(G))2

= M1(G) + EM1(G).

LM2(T
−−1(G)) =

∑

uv∈E(T−−1(G))

[

d2(u/T−−1(G))
] [

d2(v/T−−1(G))
]

=
∑

uv /∈E(G)

[

d2(u/T−−1(G))
] [

d2(v/T−−1(G))
]

+
∑

uv /∈E(L(G))

[

d2(u/T−−1(G))
] [

d2(v/T−−1(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T−−1(G))
] [

d2(v/T−−1(G))
]

+
∑

uv∈E(S(G))

[

d2(u/T−−1(G))
] [

d2(v/T−−1(G))
]

= M1(G) + EM2(G) +
∑

u∈V (G),v∈E(G),u∼v

d2(u/G)d2(v/G)

+
∑

u∈V (G),v∈E(G),u≁v

d2(u/G)d2(v/G).
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LM3(T
−−1(G)) =

∑

v∈V (T−−1(G))

[

d1(v/T−−1(G))
] [

d2(v/T−−1(G))
]

=
∑

v∈V (G)

[

d1(v/T−−1(G))
] [

d2(v/T−−1(G))
]

+
∑

e∈E(G)

[

d1(e/T−−1(G))
] [

d2(e/T−−1(G))
]

= (n + m − 2)M1(G) − EM1(G). 2
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