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§1. Introduction

Approaches to fuzzy boundary value problems can be of two types. The first approach as-
sumes that the derivative in the boundary value problem can be considered as a derivative of
fuzzy function. This derivative can be Hukuhara derivative or a derivative in generalized sense
[1,2,11,12]. The second approach is based on generating the fuzzy solution from crisp solution.
In particular case, this approach can be of three ways. The first one uses the extension principle
[3]. The second way uses the concept of differential inclusion [10]. In the third way the fuzzy
problem is considered to be a set of crisp problem [6,7].

In this paper, the eigenvalues and the eigenfunctions of the homogeneous fuzzy Sturm-
Liouville problem are examined under the approach of Hukuhara differentiability. It is seen
that applied method for this examination is different according to given boundary conditions.
Therefore, the eigenvalues and the eigenfunctions of the problem are examined under the three

different situation and the examples are given for this situations.

82. Preliminaries

In this section, we give some definitions and introduce the necessary notation which will be

used throughout the paper.
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Definition 2.1([11]) A fuzzy number is a function v : R — [0,1] satisfying the following

properties:
i) w is normal;
1) u is conver fuzzy set;

(
(
(4i1) u is upper semi-continuous on R;

(iv) cd{z e R|u(x) > 0} is compact where cl denotes the closure of a subset.

Let Ry denote the space of fuzzy numbers.

Definition 2.2([12]) Let u € Rp. The a-level set of u, denoted , [u]™, 0 < a < 1, is
[W]* ={z €eRJu(x) > 0}.
If a =0, the support of u is defined
W’ =cl{zr eR|u(z)>0}.

The notation, denotes explicitly the a-level set of w. The notation, [u]® = [u,,Us] de-
notes explicitly the a-level set of u.We refer to u and @ as the lower and upper branches of u,

respectively.
The following remark shows when [u,, %] is a valid a-level set.

Remark 2.3([11]) The sufficient and necessary conditions for [u,,, W] to define the parametric

form of a fuzzy number as follows:

(1) wu, is bounded monotonic increasing (nondecreasing) left-continuous function on (0, 1]
and right-continuous for « =0 ,

(49) Uy is bounded monotonic decreasing (nonincreasing) left-continuous function on (0, 1]
and right-continuous for a = 0,
(#91) uy < U, 0 < a < 1.

Definition 2.4([13]) If A is a symmetric triangular numbers with supports [a,al, the a—level
st of (A" is (41" = o+ (%52) 0 - (%5%) o]

Definition 2.5([12]) For u,v € Rp and A € R, the sum u + v and the product Au are defined
by [u+ 0" = [u]” + [v]%, [M]® = X[u]”, Va € [0,1] , where means the usual addition of two
intervals (subsets) of R and X [u]” means the usual product between a scalar and a subset of R.

The metric structure is given by the Hausdorff distance
D:Rp XRF—>R+U{O}, ([10])

by

D (u,v) = sup max{|u, — v,|,|Ua — Tal}-
a€l0,1]
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Definition 2.6([13]) Let u,v € Rp. If there exists w € Rp such that u = v + w, then w is

called the Hukuhara difference of fuzzy numbers u and v, and it is denoted by w = u & v.

Definition 2.7([11]) Let f : [a,b] — Rp and ty € [a,b] . We say that fis Hukuhara differential at
to, if there exists an element f (ty) € Rp such that for all h > 0 sufficiently small, 3f (to + h)©
f(to), f(to) © f (to — h) and the limits

g LTS0S lo=h) e

h—0+ h h—0+ h

Here the limits are taken in the metric space (Rp, D).

Theorem 2.8([5]) Let f : I — Rp be a function and denote [f (t)]” = [ia ), f, @], for
each a € [0,1]. If f is Hukuhara differentiable, then ia and f, are differentiable functions and

[ o] =] ®.7.0).

Definition 2.9([9]) Let f: A CR — R be a function. f+ and f~ are not the negative function
defined as

The function fT and f~ are called the positive piece and negative piece of f, respectively.

§3. The Eigenvalues and the Eigenfunctions of the Sturm-Liouville Fuzzy Problem
According to the Boundary Conditions

Let

Ly = p@)y +q(@)y, p (x)=0,
A,B,C,D > 0, A2+ B?+#0and C%+ D? #0.

(I) Consider the eigenvalues of the fuzzy boundary value problem

Ly+ X y=0, x € [a,}] (3.1)
Ay (a) + By (a) =0, (3.2)
Cy (b) + Dy’ (b) = 0. (3.3)

Let be functions ¢_, ¥, @4, ¥, the solution of the fuzzy boundary value problem (3.1)-
(3.3). The eigenvalues of the fuzzy boundary value problem (3.1)-(3.3) if and only if are consist
of the zeros of functions W, (\) and W, (A\) , where ([8])

W, () =W (6,%,) (#X) =6, (@), (#X) — b, (@) 6, (@),
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Wa (A) =W (da,¥a) (2,A) = dg (2,0) ¥ (2,0) = g (2, ) g (2, 1)
Example 3.1 Consider the fuzzy Sturm-Liouville problem
v+ =0, y(0)=0, y(1)+y (1) =0. (3.4)

Let be A= k2, k >0,
¢ (z,\) = sin (kz)

be the solution of the classical differential equation y” + Ay = 0 satisfying the condition y (0) = 0

" o) = (cosb) + 5 Yo+ (s = 5 ) in )

be the solution satisfying the condition y (1) =1, 3 (1) = —1. Then,
[0 @] = |8, (8X) 8o (2, 3)] = [,2 = o] sin (ka) (3.5)

is the solution of the fuzzy differential equation y// + Ay = 0 satisfying the condition y (0) = 0
and

[ (@, 0] = [, (@), (@ )] = 0,2 = a] ¥ (2,3) (3.6)

is the solution satisfying the condition y (1) = 1, y (1) = —1. Since the eigenvalues of the fuzzy
Sturm-Liouville problem (3.4) are zeros the functions W, (A\) and W, (), W, ()\) is obtained
as

W, (\) = a*{(—kcos (k) —sin (k))sin? (kz) + (ksin (k) — cos (k)) cos (kx) sin (kx) +

+ (—kcos (k) — sin (k)) cos? (kx) — (ksin (k) — cos (k)) cos (kz) sin (kx)}
W, (\) = —a? (kcos (k) + sin (k)

—

and similarly W, ()\) is obtained as
Wa(A) = — (2= ) (kcos (k) +sin (k)) .

From here, yields
W_, (X)) =0= kcos(k)+sin (k) =0,

—

Wa (A) =0 = kcos (k) +sin (k) = 0.

Computing the values k satisfying the equation k cos (k) + sin (k) = 0, we have
k1 = 2.028757838, ko = 4.913180439, ks = 7.978665712, ks = 11.08553841, - - -

We show that this values are k,, n = 1,2,--- Substituing this values in (3.5),(3.6), we
obtain

[P ()] = |0, (), Pna (ZC):| = [, 2 — o sin (k, ),
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[ (2)]% = |9 () g ()] = [@,2 — a (sin (kp) — %@) sin (knx) .

As
[, 2 — a] (sin (kpz)) T
and N
[, 2 — @] ((Sin (kn) — cosk(kn)) sin (kn:t)> , bn ()]
and [, (x)]" are a valid a—level set. Let be k,x € [(n— 1) m,nw], n=1,2,---

(i) If n is single, sin (k,x) > 0 . Then [¢, (z)]” is a valid a—level set.

(%) If n is double, sin (k,z) < 0. Also, since = € [0,1], k,, € [(n — 1) 7, n7], and according
Coi(f") < 0 for n is double. Then [¢),, (z)]” is a valid a—level set.

to Fig.1, sin (k) — =52
Consequently, k,z € [(n—1)m,nr|, n=1,2,---

(i) If n is single, the eigenvalues are \,, = k2, with associated eigenfunctions

[yin (@)]% = [0, 2 — o] sin (kna)

(i) If n is double, the eigenvalues are \,, = k2, with associated eigenfunctions

[y2n (2)]Y = [0, 2 — ] (sin (kn) — cosk(nkn)) sin (kn) ,

(iii) If a = 1, the eigenvalues are \,, = k2, with associated eigenfunctions

[y (2)]" = sin (knz) .

. . . . s(k
Fig.1 The graphic of the function f (k) = sin (k) — %
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(IT) Consider the eigenvalues of the fuzzy boundary value problem,

Ly+Xy=0, x € (a,b) (3.7)
Ay (a) = By (a), (3.8)
Cy (b) = Dy (b). (3.9)

0@ M) = [8, @2),8, @3]

is the solution of the fuzzy differential equation (3.7) satisfying the conditions y(a) = B ,
y (a) = A and
[ (2 M) = |8, (.0) W (2, )]

is the solution satisfying the conditions
y(b)=D, y (b)=C.

Hence, the method which is applied for the fuzzy boundary value problem (3.1)-(3.3) is valid
for the problem (3.7)-(3.9).

Example 3.2 Consider the fuzzy Sturm-Liouville problem

’

y +dy=0,y50)=0y (1)=y(1). (3.10)

Let A = k2, k > 0. Then,
6 (z, \)]* = {Qa (2, \), 8., (z, A)] = [0, 2 — a] sin (kz) (3.11)

is the solution of the fuzzy differential equation y// + Ay = 0 satisfying the condition y (0) = 0
and

[ (@, W] = [, (@), (@ 0)] = 0,2 = a] ¥ (2,3) (3.12)

is the solution satisfying the condition 3 (1) = y (1), where
b (2, \) = (cos (k) — w> cos (k) + <sin (k) + C"s‘kﬂ) sin (kz) .

Since the eigenvalues of the fuzzy Sturm-Liouville problem (3.10) are zeros the functions
W, (A\) and W, ()), we obtained

W, () = —a? (kcos (k) —sin (k)), Wa (A) = — (2 —a)® (kcos (k) — sin (k)).
Computing the values k satisfying the equation k cos (k) — sin (k) = 0, we have
k1 = 4.493409458, ki = 7.725251837, k3 = 10.90412166, k4 = 14.06619391, ...

We show that this values are k,, n = 1,2,---. Substituting this values in (3.11), (3.12),
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we obtain

[6n @) = |9n,, (¥), Fue (0)] = 0,2 = a] sin (kna)
cos (k)

n

[V (2)]" = {w_"a (), ng, (x)] =[a,2 — (sin (kn) + ) sin (k,x) .

Let kpz € [(n—1)m,nn], n=1,2,---

(i) If m is single, sin (k,z) > 0 . Then [¢, (z)]” is a valid a—level set.

(7) If n is double, sin (k,z) < 0. Also, since z € [0,1], k,, € [(n — 1) 7, n7] and according
to Fig.2, sin (k,) + %f") < 0 for n is double. Then [, (x)]” is a valid a—level set.

Consequently, k,xz € [(n—1)m,n7], n=1,2,---

i) If n is single, the eigenvalues are \,, = k2, with associated eigenfunctions
n
[y1n (2)]" = [, 2 — a] sin (kn)
(i) If n is double, the eigenvalues are )\, = k2, with associated eigenfunctions

cos (ky)

n

[Yon (7)) = [, 2 — a] (sin (kn) + ) sin (knz) ,

(iii) If a = 1, the eigenvalues are \,, = k2, with associated eigenfunctions

[y (2)]" = sin (knz) .

Fig.2 The graphic of the function f (k) = sin (k) + #

(ITI) Consider the eigenvalues of the fuzzy boundary value problem

Ly+ XMy =0, z € (a,b), (3.13)

—Ay(a)+ By (a) =0, (3.14)
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—Cy (b) + Dy (b) = 0. (3.15)

Let be [y]* = [ga,ya} the general solution of the fuzzy differential equation (3.13). From
the boundary condition (3.14)

’

—A {ga (a,N),7, (a, /\)] + B {ga (a,N),7, (a, )\)] =0.

Using the Hukuhara differentiability, the fuzzy arithmetic and -[y]* = {—ya, —ga}, we
obtained
|47, (@, X) + By, (a,3),~ Ay, (a,)) + BT, (a,\)] = 0.

From here, the equations
— A7, (a,)) + By (a,\) =0 (3.16)

—Ay_(a,\) + BY, (a,\) =0 (3.17)

are obtained. So we can not decompose the lower solution and upper solution. Therefore we
can not find the function ¢_(x,A) satisfying the condition (3.16) and the function D (2, N)
satisfying the condition (3.17) of the fuzzy differential equation (3.13). Consequently, there is
not the function

0@ M) = [8, @), 8a @)

satisfying the condition (3.14) of the fuzzy differential equation (3.13). Similarly, there is not

the function

[ @ N = [, @), P (@)

satisfying the condition (3.15) of the fuzzy differential equation (3.13).

Therefore, the method which is applied for the fuzzy boundary value problem (3.1)-(3.3)
is not valid for the problem (3.13)-(3.15).

Example 3.3 Consider the fuzzy Sturm-Liouville problem

’

y +dy=0,y(0)=0,y (1)—y(1)=0. (3.18)

Let be [y]* = [ya,ya} and A = k%, k > 0. Then, the lower and upper solutions of the

fuzzy diferential equation in (3.18) are
y (2,A) = c1 (o) cos (kx) + 2 (a) sin (kz) , (3.19)

Ty (@, A) = e3 (@) cos (kx) + ¢4 (o) sin (kz) . (3.20)

From the boundary conditon y (0) = 0

y, (0,3) =c1(a) =0, Fo (0,A) = c3 () = 0.
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From the boundary conditon y (1) —y (1) = 0,

Y (L) =Ta (LX) =0, Ty (1LA) — g, (1,X) =0

and from here, we obtain the system of equations

y; (L,A) =7, (1,\) = kea () cos (k) — cq () sin (k) =0,
o (1LA) —y_ (1)) = kea (a) cos (k) — ¢z (a) sin (k) = 0.

If
kcos(k) —sin(k) 2 o i _
—sin (k) kcos (k) = koo™ (B) —sin” (k) =0,

there is the non-zero solution of the system of equation. Computing the values k satisfying this

equation, we have

k1 = 2.028757838, ko = 4.493409458, k3 = 4.913180439, k4 = 7.725251837, - - -

We show that this values are k,,, n = 1,2, --- Substituing this values in (3.19), (3.20), we obtain
Y (@) =c2(a)sin(kn), Ypo (¥) = ca () sin (kpz)

[y ()] = [9,, (@) T ()]

As
9, (@) 07,0 ()
e 2 0, S < Oandy (z) < Tpq (),

[yn (x)]" is valid a—level set. Then k,z € [mm, (m + 1)7], m =0,1,---

(7) If m is double, since sin (k,z) > 0, it must be ac;gl) >0, acgéo‘) <0and ¢z (a) < eq (),

(i) If m is single, since sin (k,z) < 0, it must be 8cgéa) <0, ac(;gx) >0 and ¢z (@) > ¢4 ().
Consequently, k,x € [mm,(m+ 1) x|, m=0,1,---
(i) If m is double, the eigenvalues are \,, = k2, with associated eigenfunctions

[y1n (2)]% = [c2 (a) sin (k) cq (a) sin (knz)],

for ¢z (o) and ¢4 (o) satisfying the inequalities 8cgéa) >0, 605(

%) <0 and ¢; (@) < ¢4 ().

(63

(i) If m is single, the eigenvalues are \,, = k2, with associated eigenfunctions

[y2n (2)]* = [c2 (a) sin (k) ca (o) sin (knz)],

for ¢z (o) and ¢4 (o) satisfying the inequalities 8cgéa) <0, Bcé;(ia) > 0 and ¢z () > ¢4 ().

(u31) If 8cgéa) =0, 8c§éa) =0 and ¢ (@) = c2 = ¢4 = ¢4 (), the eigenvalues are \,, = k2,
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with associated eigenfunctions

[yn (2)]" = sin (knz) .
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