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Abstract

We derive an identity connecting any two Horadam sequences having the same re-
currence relation but whose initial terms may be different. Binomial and ordinary
summation identities arising from the identity are developed.

1 Introduction

This paper is concerned with establishing an identity connecting any two Horadam se-
quences, (G, )nez and (H,)nez, having the same recurrence relation but whose initial terms
may be different. Thus, for n > 2 and with p and ¢ arbitrary fixed non-zero complex

constants, we define
Gn = panl + an72 5 (11)

where the initial terms Gy and G are given arbitrary integers, not both zero; and
Hn = pHn—l + an—2 ) (12)

with initial terms Hy and H; given arbitrary integers, not both zero.

Extension of the definition of G,, and H,, to negative subscripts is provided by writing the
recurrence relation as

G_p = (Gons2 — PG -nt1)/4q (1.3)

and
H_, = <H7n+2 _prnJrl)/Q- (1'4)

In section 2, we will derive an identity connecting (G,) and (H,,), for arbitrary integers.
We will illustrate the results by deriving identities for six well-known Horadam sequences,
namely, Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal and Jacobsthal-Lucas sequences.
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1.1 Notation and definitions

The Fibonacci numbers, F),, and the Lucas numbers, L,, are defined, for n € 7Z, as usual,
through the recurrence relations F,, = F,, 1 + F,,_ o (n > 2), Fy, =0, Fy = land L, = L, 1 + L,
(n>2), Ly =2, L =1, with F_,, = (=1)"'F, and L_,, = (—=1)"L,. Exhaustive dis-
cussion of the properties of Fibonacci and Lucas numbers can be found in Vajda [9] and

in Koshy [6]. Generalized Fibonacci numbers having the same recurrence as the Fibonacci

and Lucas numbers but with arbitrary initial values will be denoted F,.

The Jacobsthal numbers, J,,, and the Jacobsthal-Lucas numbers, j,, are defined, for n € Z,
through the recurrence relations J,, = J,,_1 + 2J, 2 (n > 2), Jo =0, J; = land j, = jn_1 + 2jn_2
(n>2),jo=2,j1=1,with J_, = (=1)""'27"J, and j_,, = (—1)"27"j,. Horadam [5] and
Aydin [2] are good reference materials on the Jacobsthal and associated sequences. General-

ized Jacobsthal numbers having the same recurrence as the Jacobsthal and Jacbsthal-Lucas
numbers but with arbitrary initial values will be denoted 7,,.

The Pell numbers, P,, and Pell-Lucas numbers, @), are defined, for n € Z, through the
recurrence relations P, = 2P, 1+ P, 2 (n > 2), B =0, P =1 and Q, =2Q, 1+ Qn_2
(n >2), Q= 2, Qy = 2, with P, = (-=1)"'P, and Q_,, = (—1)"Q,. Koshy |7],
Horadam [4] and Patel and Shrivastava [8] are useful source materials on Pell and Pell-
Lucas numbers. Generalized Pell numbers having the same recurrence as the Pell and
Pell-Lucas numbers but with arbitrary initial values will be denoted P,,.

For reference, the first few values of the six sequences are given below:

n:  —b 4 -3 -2 -1 012 3 4 5 6 7 8
F: 5 -3 2 -1 1 011 2 3 5 8 13 21
L,: —11 7 —4 3 -1 21 3 4 7 11 18 29 47
P 29 ~12 5 -2 1 01 2 5 12 29 70 169 408
Qun:  —82 3 —14 6 -2 2 2 6 14 34 82 198 478 1154
J.o 1132 —5/16 3/8 —1/4 1/2 0 1 1 3 5 11 21 43 85
ju: —31/32 17/16 —7/8 5/4 —1/2 2 1 5 7 17 31 65 127 257

2 Main results

2.1 Recurrence relations

Theorem 1. Let (Gy)nez and (Hp)nez be any two Horadam sequences having the same
recurrence relation. Then, the following identity holds for arbitrary integers n, m, a, b, ¢
and d:
(GitGe—a — GaaGep)Hpym
= (Gu-sCin-s — Ca-aGons) Hose
+ (GeeoGmb — GeetG—o)Hpva -

In particular, we have

(Gd—ch—a - Gd—aGc—b)Gn+m
= (Gd—me—a - Gd—aGm—b)Gn—i-c (21)
+ (GcfaGmfb - Gcbemfa)Gner )

for any Horadam sequence, (G,,)nez.



Proof. Since both sequences (G,,) and (H,,) have the same recurrence relation we choose a
basis set in one and express the other in this basis. We write

Hner = Alefa + )\ZGmfb ) (22)

where a, b, n and m are arbitrary integers and the coefficients \; and A\, are to be deter-
mined. Setting m = ¢ and m = d, in turn, produces two simultaneous equations:

Hn+c - >\1Gcfa + )\QGcflM Hner = >\1Gd7a + )\2Gd7b .

The identity of Theorem 1 is established by solving these equations for A; and Ay and
substituting the solutions into identity (2.2). O

Corollary 2. The following identity holds for integers a, b, n and m:

(Ga—bi a G2 ) n+m
= (Gb—aGm—b - GOGm—a>Hn+a
+ (Gabemfa - GOGmfb)Hner .

In particular,
(Ga—bi—a - Gg )Gn+m
= (Gb—aGm—b - GOGm—a>Gn+a (23)
+ (Gabemfa - GOGmfb)GrH»b .

2.2 Summation identities
2.2.1 Summation identities not involving binomial coefficients

Lemma 1 (|1, Lemma 1]). Let {X,} and {Y,} be any two sequences such that X,, and Yy,
n € 7Z, are connected by a three-term recurrence relation X, = f1X,_o + foY,_p, where fi
and fo are arbitrary non-vanishing complex functions, not dependent on r, and a and b are
integers. Then,

—ka—b+aj Xn
f2 Z = Tr len—(k+1)a ’
= fr? bil

for k a non-negative integer.

Lemma 2 (|1, Lemma 2|). Let {X,,} be any arbitrary sequence, where X,,, n € Z, satisfies
a three-term recurrence relation X,, = f1X,_o + fo Xy, where fi and fo are arbitrary
non-vanishing complex functions, not dependent on r, and a and b are integers. Then, the
following identities hold for integer k:

b Xokacs
s w___f 2.4
; fi g5~ Dt (2.4)
k
ankb7a+b]
g 2.5
=, f2 = foXam g (2.5)
and .
Xn (a a— X
Z ;1k/+;2+) S _( ];i/f) + iXn- (ki 1)(a-b) - (2.6)



In order to state the next two theorems in a compact form, we introduce the following
notation:

fG(ua (N t) = Gustvft - Gufthfs s
with the following symmetry properties:
fG(u7 A ta S) = _fG<u7 v; s, t) ) fG(U7 u; s, t) = _fG(u7 v; s, t) )

and
fG(u7u;87t>:O7 fG<u7U;Svs>:O’

In this notation, the identity of Theorem 1 becomes
fa(d,e;b,a)Hyy = fa(d,m;bya)Hy o + falc,m;a,b)H, g . (2.7)

The results in the next theorem follow from direct substitutions from identity (2.7) into
Lemma 2.

Theorem 3. The following identities hold for arbitrary integers a, b, ¢, d and m for which
.fG’(d7 m; b> CL) 7é 0 and fG(Q m; b7 a) 7& 0:

k
fa(d,c;b,a)
C m;a, b Z <fG d m b a) Hn—(m—c)k—(m—d)+(m—6)j
= (2.8)

n — fa(d,m;b,a)Hy,—(m—c)(k41)

k
fG(da & b7 CZ) !
fG(d, m; b, a) Z <m an(mfd)kf(mfc)Jr(mfd)j
7=0 o (2.9)
_ fG'(d7 G, ba a)kJrl H

fa(e,m;a,b)"

— fale,m;a,b)Hy— (m—ay(kt1)

and

k
(d,m;b,a)
d C; b a Z ( m) Hn—(c—d)k—l—(m—c)-‘r(c—d)j
Jj=

1 ka<d7 m; ba a>k+1
fa(e,m;a,b)*

(2.10)

= (-

H, + fG(C mia b)Hn— (c—d)(k+1) -

2.2.2 Binomial summation identities

Lemma 3 (|1, Lemma 3]). Let {X,} be any arbitrary sequence. Let X,,, n € Z, satisfy a
three-term recurrence relation X,, = f1X,_o + foX,_p, where fi and fy are non-vanishing
complex functions, not dependent on n, and a and b are integers. Then,

k J
SO@ vy e

J=0



OB () e

J=

and
k k n+(b—a)k+aj f2 F
ZJ (J)—) N (_E) A (213)

for k a non-negative integer.

Substituting from identity (2.7) into Lemma 3, we have the results stated in the next
theorem.

Theorem 4. The following identities hold for positive integer k and arbitrary integers a,
b, ¢, d and m for which fg(d,m;b,a) # 0 and fe(c,m;b,a) # 0:

"Ik [ fold,mb,a))’ fo(d,c;ba) \*
> () (Fema) o= (Fimay) 0 09

J=0

- k
fa(d,c;b,a) B fold, m; b, a)
;( ) ( m) Ho—(e-ajp+om—a)j = (‘m) H, (2.15)

and

L (k fa(d,e;b,a) \’ fale,m;a,b)\"
> () (Tetamaa) oo = (fama) e 09

=0
3 Application

3.1 Identities involving generalized Fibonacci numbers

In Corollary 2, let (G,) = (F,) be the Fibonacci sequence and let (H,) = (F,) be the
generalized Fibonacci sequence. Then, the identity of Corollary 2 reduces to

Fafbfner == mfbfnJra - <_1)a_mefaFn+b . (31)

The presumably new identity (3.1) subsumes most known three term recurrence relations
involving Fibonacci numbers, Lucas numbers and the generalized Fibonacci numbers. We
will give a couple of examples to illustrate this point.

Incidentally, identity (3.1) can also be written as
FoyFrim = FmoFnia— (1) FruaFpis . (3.2)
Setting a = 0, b = m — n in identity (3.1) gives
FonFoim = EnFn — (1) " EFon (3.3)
which is a generalization of Catalan’s identity:

FomFogm = Ef + (1) (3.4)



Setting b = —a in identity (3.1) gives

EooFoim = FontaFnta — Fo—aFn—a, (3.5)
with the special case
Fosm = Fn1Fop1 — FnoaFuoa (3.6)
which is a generalization of the following known identity (Halton [3, Identity (63)]):
Fyim = Fos1Foit — Fy 1 Fo s . (3.7)
Setting b = 2k, a = 1 and b = 2k, a = 0, in turn, in identity (3.1) produces
Fop1Fnim = Fo—oxFnr + Fm1 Frgon (3.8)
and
ForFrim = FnFntor — Fr—opFn . (3.9)
Identity (3.9) is a generalization of the known identity (Vajda |9, Formula (8)]):
Foim = FnrFou+ FypFosr - (3.10)
Setting a = n and b = —m in (3.1) produces
ForFon = FrymFrsm — FoemFnm - (3.11)

3.2 Identities involving generalized Pell numbers

Since Py = 0 and P,_, = (—=1)2"1P,; for all a,b € Z just like in the Fibonacci case; we
find that the Pell relations derived from the identity of Corollary 2, (with (G,) = (P,),
the Pell sequence, and (H,) = (P,), the generalized Pell sequence), are identical to those
derived in section 3.1. Thus, we have

Pafbpn+m = mbenJra - (_1)a_me—aPn+b7 (312)

and a couple of special instances:

Py Ppsm = PyPn — (1) " PP s (3.13)
PooPrtm = Pm+aPnta — Pm—aPr—a (3.14)
Py 1Ppim = P2k Prg1 + Po—1Pryor (3.15)
PorPrvm = Pp'Praok — Pr—2kPhn (3.16)
and
PorPon = PoymPrim — P Prm - (3.17)
From identity (3.13), we see that Pell numbers also obey Catalan’s identity:
Py Py = P24 (—1)"tmHIp2 (3.18)
We have the following particular cases of identity (3.14):
PP = PoivaPrva — Pr—aPr—a (3.19)
and
PouQnim = PrtaQnta — Pr—aln—a (3'20)
with the special evaluations:
2Py m = Ppi1Poy1 — Pro1 Py (3.21)
and
2Qn+m = Prg1Qni1 — Prc1@Qn—1 - (3.22)



3.3 Identities involving generalized Jacobsthal numbers

With (G,) = (J,), the Jacobsthal sequence, and (H,) = (7,), the generalized Jacobsthal
sequence, the identity of Corollary 2 reduces to

Ja—bjn-l—m = m—bjn—&—a - (_1)a_b2a_bjm—a\7n+b . (323)

Proceeding as in section 3.1, we have the following particular instances of identity (3.23):

Jn—mjn—‘rm - Jnjn - (_1>n—m2n—mjmjm7 (324)
J2ajn+m - JerajnJra - Jmfajnfaa (325)
JZk—ljn+m = m—2k\7n+1 + Jm—ljn+2k ) (326)
Jijn—‘rm = ijn-l—Qk - Jm—ijn (327)
and

J2ms72n = Jn+m\7n+m - Jn—mjn—m- (3'28)

Identity (3.24) is a generalization of
Jnomdpym = J2 4 (=1)ntmtignom g2 (3.29)

which is the Jacobsthal version of Catalan’s identity.
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