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“It is the spirit that quickeneth; the flesh profiteth nothing: the words that I speak unto you, they are spirit, and they are life.” - John 6:63.

ABSTRACT. I derive some Ser's infinite product for exponential function and exponential of the digamma
function; as well as an integral representation for the digamma function.
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1. INTRODUCTION

In this paper, I prove the following integral representation for digamma function:
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Hereafter, I demonstrate some infinite products of the Ser-type:
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2. PRELIMINARIES

and

Specifically, I derive

Lemma 1. For z>0, then
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where logx denotes the natural logarithm function and &, denotes the Kronecker delta, what for n=0, then
6, =1 and otherwise, then 6, =0.
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Proof. In [1, page 266], I meet with the integral representation

logv+ )= | *—dx, )
provided for v>—1. 0
Changing v=z+k—1 in (1), multiply by (- 1)"< ) and sum from 0 at n with respect to k
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which is the desired result. [l

Theorem 2. For Re(z) >0, then
x> —x’logx —x
v()= _/ (1—-x)xlogx T —xxlogx 9 3)

Proof. On the other hand, in [2, page 18], I encounter the infinite series

w(z)= ZHHZ( 1)A< >log(z+k) @)
valid for z>0.

Multiply the Lemma 1 by m and sum from O at infinity with respect to n and obtain
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which is the desired result. O
3. INFINITE SERIES AND INFINITE PRODUCT

Theorem 3. For a real number 7> 0, then
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Proof. Multiply the Lemma 1 by % and sum from 1 at infinity with respect to n and obtain
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which is the desired result.

Corollary 4. For a real number 7> 0, then

ﬁ (H b l)k(z)>vn.

n=1

Proof. The exponentiation of the Theorem 3.

Example 5. Set z=1 in Corollary 4
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Theorem 8. For a real number z> 1, then
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Proof. Multiply the Lemma 1 by 1 —% and sum from 1 at infinity with respect to n and obtain
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which is the desired result.

Corollary 9. For a real number z> 1, then
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Proof. The exponentiation of the Theorem 8.

Example 10. Set z=2 in Corollary 9
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Example 11. Set z=3 in Corollary 9
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Example 12. Set z=4 in Corollary 9
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Theorem 13. For a real number 7> 1, then
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Proof. Multiply the Lemma 1 by 1 +% and sum from 1 at infinity with respect to n and obtain
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which is the desired result.

Corollary 14. For a real number 7> 1, then
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Proof. The exponentiation of the Theorem 13.

Example 15. Set z=2 in Corollary 14
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Example 16. Set z=3 in Corollary 14
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Theorem 18. For a real number z> 1, then
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Proof. Multiply the Lemma 1 by
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which is the desired result.

Corollary 19. For a real number 7> 1, then

1 o n (_Dk(;z) Yhin1)
e ({1 TR

n=1 \ k=0
Corollary 20. [ have

l/n(n+l)

=ﬁ<H (k+1)( N(Z))

1\"% 1_3 /() 1-33\"%2 /1.36.5\'%
“\2) \ 27 2.4) \ 284t ) v

Proof. Set z=1 in Corollary 19.
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