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“It is the spirit that quickeneth; the flesh profiteth nothing: the words that I speak unto you, they are spirit, and they are life.” - John 6:63.

ABSTRACT. I derive a integral representation for the Barnes G-function among other things.

1. INTRODUCTION

In complex analysis, the K-function is defined by

z—1
K(2): (271') exp [( 5 >+/ ln(t!)dt].
0

This function has a simple and fascinating closed form
K(z)=exp[{(-1,2) - (=D,

where {(a, z) denotes the derivative of the Hurwitz zeta function and {'(a) denotes the derivative of the
Euler-Riemann zeta function.

Another expression for K-function, derived from the Victor S. Adamchik work [1], is given by the
polygamma function of negative order:

K(z)=exp [w

Thus, I prove the following integral representations for Barnes G-function:

logG(Z)+ logl"( )_log(z27r) / [w(zx+1)—x qj(zx + 1)]xdx
and
11—y X

In addition, I propose the infinite series:

log(2
logG(z)+ logF( )— og(zzr) 4Z+Z=

2k—z+2 1 (k+ 1)2(k+1)2
— k R
nzon+lz( 1)( >l 2 +szlg{(k+z+1)zuk+1>2—f] :

2. THE BARNES G-FUNCTION

Theorem 2.1. For 0<z<1, then

|
10gF(z)+ 1ogG()—l°g(§”) 4i+%= /0 [w(zx+ 1) — x> y(zx + Dxdx, 2.1)
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where G(z) denotes the Barnes G-function, T'(z) denotes the gamma function and w=(z) denotes the
polygamma function of negative order.

Proof. In [2, page 3], I encounter the following power series involving the Riemann zeta function:

22 (—z)"%:%log Gz+ D) +z(y+1)—log(2m)+1, (2.2)
k=2

valid for |z] < 1 and y denotes the Euler-Mascheroni constant.
On the other hand, in [3, page 1], I prove the integral representation

1
%=2/ X711 = xMydx, (2.3)
0
therefrom, replace k by k+1 in (2.3)
1 I
— k(1 _ yk+1
. 2/))6(1 x*THdx, 2.4)

Taking the right hand side of (2.4) in the left hand side of (2.2), I obtain

glogG(z+1)+z(}/+1)—log(2n')+1—42 (—z)ké’(k)/ (1 =x**+dx
k=2

=4 / lZ (=)l —xk“>]dx
0 k=2
1
=4/ [—yzx +yzx+zxyp(zr + 1) =z wi(zx® + D]dx
0

1
=—4/ [yzx —yzx + 233 w(zx® + 1) — zx w(zx + D]dx
0

(2.5)
1 1
=—4zy/ (%= 1)xdx — 4z/ [P ywx®+ D —w(zx + Dlxdx
0 0
1 1
=—427<—Z> —42/ [P yx®+ 1) —wzx+ D]xdx
0
1
=7y +4z / [w(zx+1)—x y/(zx2+ Dlxdx
1 10g(27r) 1.1
2 55logG(z+1) - —=— 4z 4 4 [w(zx+1) x>y (zx® + D]xdx.
On the other hand, the Barnes G-function satisfies the functional equation
G(z+1)=I'(z) G(2), (2.6)
provided for zeC.
From (2.5) and (2.6), I find the desired result. [l
Corollary 2.2. For 0<z< 1, then
1—y=* 1 -
log G(2) +5 1og I'(z)— log(zzﬂ) =T 1 + ! / / ( )xl — ) dxdy. (2.7)

where G(z) denotes the Barnes G-function, I'(z) denotes the gamma function, log (z) denotes the natural
logarithm function.

Proof. I know the infinite sum representation for the digamma function [4]:

-y

(2.8)

1
y(s+)=-r+
0



From the right hand side of the Theorem 2.1 and (2.8), it follows that
I
/ [w(zx+ 1) — x> y(zx*>+ 1)]xdx
1 1 2
Ty 1- yzx
= v+ -r+ / dy
(1 - 'x)x (2.9
yxdx + ————dydx+ yx 3dx— dy dx :

__+ +/ / a- x)xl_l_ - d dx
Ly (1 =y = (1=y™)s?
= 4+/0/0 T—y dxdy,

From (2.1) and (2.9), it follows that

10gG(Z)+ logF( )_log(27r) E IT //(1_ 'X)xl_(l— ) dx dy,

4z

which is the desired result. [l

Theorem 2.3. For 0<z<1, then

1 1 log2z) 1 1 _
2210gG(z)+ s—logl'(z)— 4z +E+4_

5 (1) e e e @10
n+1 872 & (k+z+ DG+ [

n=0

where G(z) denotes the Barnes G-function, I'(z) denotes the gamma function, log (z) denotes the natural
logarithm function.

Proof. In [5, p.18, (55), Theorem 5.1], T have the infinite series representation for the digamma function

w(u)= Z +12( 1)k< >10g(u+k) 2.11)

valid for u>0. n=0

From (2.11) and the right hand side of the Theorem 2.1, I obtain
1
/ [w(zx+ 1) —x>w(zx’ + D]xdx
0
1 1
=/ xy(zx+ l)dx—/ Byz®+ 1 dx
0 0
— k .
—z:,) n+12( 1) < >/ xlog(zx+k+1)dx

_Z n+12< 1)k< )/ log(zx® +k+1)dx
n=0
=Z Z( Dk( >[/ xk)g(zx+k+1)dx—/1x3log(zx2+k+1)dx] 2.12)
n+1 i

n=0
SRS
[z(2k—z+2)—2(k—z+ 1)(k+z+ l)log(k+z+ 1)+ 2(k + 1)’log(k + 1)]
872

2% — z+2 1 (k + 1)2k+1?
— k _—
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From Theorem 2.1 and (2.12), I find the desired result. O
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3. APPENDIX

n e (ko 12017 1/822 (_Dk(z) Yoty .
/\11 © | gt AR ’ G

where G(z) denotes the Barnes G-function, I'(z) denotes the gamma function, log (z) denotes the natural
logarithm function.

Corollary 3.1. For 0<z<1, then

(T(2)G(z)) 27 e+ Dz
(2m)

—1s

Il
o

n

Proof. The exponentiation of both members of (2.10) give me the desired result. O

Theorem 3.2. For 0<z<1, then

G(1—z) _ [® 1+sinh(zr) [zt+coth(%)] —cosh(z?) [ztcoth(%) +1] q
Ga+2)~ J, 2 .

zlog(2x)+1log 3.2)

where log(z) denotes the natural logarithm, G(z) denotes the Barnes G-function, sinh(z) denotes the sine
hyperbolic function, cosh(z) denotes the cosine hyperbolic function and coth(z) denotes the cotangent
hyperbolic function.

Proof. The following integral representation is due originally by Kinkelin [6] and Choi and Srivistava [7]:

z _ G(1-2)
/0 rmteotmtdr=zlog(2x)+log G(l+2)

(3.3)

In the Treatise on the Integral Calculus [8, p. 273], the author Joseph Edward give the integral repre-
sentation for cotangent function as follows

Uo—1_ —t
/ Y "X ix=rcotxt, (3.4)
0 1—x



provided for 0<#< 1.
Multiply (3.4) by ¢, integrate from O at z with respect to ¢ and encounter

4 Z 1 -1 —t
X't —x
/mootmdt:/t/ . dxdr
0 o Jo -X

1 -
_ ! RV
_A l—xA t(x x Ndedx (3.5)

_ [1 e e nlogr— (= D)
i 0 (1 _x)xz+llog2x .

So, from (3.3) and (3.5), I conclude that

! z(xF 4+ x)logx — (xF = D(x% +x)
0 (1 =x)x**!log?x

G(1—2)
G(1+2z2)

dx=zlog(2x)+log
With the substitution x=¢~" and dx = —e~'d¢ in previous equation, I obtain

—t
) dr

_ 0 -2zt —t -zt _ -zt
zlog(2ﬂ)+10gG(1 7) / Ze 2 e N+ (e D(e ¥ +e
0

G(l+z) (1—e e 7
_/°° 1 +sinh(zf)[zt+coth(3)] — cosh(zf) [zt coth (3) +1] y
=/ 5

s

which is the desired result. [l
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