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Abstract

We will show interesting properties of two-sided Laplace transform, mainly of positive even
functions. Further, we will also prove that the Laguerre inequalities and generalized Laguerre
inequalities are true and finally, the Riemann hypothesis is true.

1. Introduction

Remark:

a‘l’l
ozm’

notation for the case.

We are using F'(2), F™(z) and DI as the differential operators and choosing the most suitable

We will begin with the definition of the two-sided Laplace transform.! The Laplace transform of a
real function f(t) is defined as:

F(z)=f f(t) e ?tdt (D
and the inverse transform is:
1 x+ioco
— . pZt
FO=5 | F@ etz @

where z = x + iy for x and y real.

If £(t) is even, then F(—z) = F(z) and we can write

F(z) = foof(t) ce~?tdt = foof(t) e?tdt = foof(t) - cosh(zt) dt = 2 foof(t) -cosh(zt)dt (3)
o —o —oo 0

From (3), we have the power series expansion of F(z), namely
F(2) :ZQZn'Zzn:ao+a222+a4z4+--- (4)
n=0

: °°oo t2" - f(t)dt. Note that if £(t) is non-negative, a,, is positive for all n.

where a,, = G-

F(z) can be separated into the real and imaginary part, namely, F(z) = u(x,y) + iv(x,y). Since
z = x + iy, if f(t) is an even function, we have

! Since we are only dealing with the two-sided Laplace transform, the term “two-sided” will be omitted afterward.



F(z) = j " F(6) - cosh(xt) - cos(yt) dt + i f " £(6) - sinh(xt) - sin(ye) dt )
Therefore,

u(x,y) = foof(t) - cosh(xt) - cos(yt) dt (6)

v(x,y) = f f(t) - sinh(xt) - sin(yt) dt (7)
Notice that u(x, y) is an even function and v(x, y) is an odd function for both x and y, hence

v(0,y) = v(x,0) = 0. Therefore, we have F(z) on the real axis, denoted F(x), and on the
imaginary axis, denoted F(iy) as follows

F(x) = foof(t) - cosh(xt) dt = u(x,0) (8)

The function F(x) is increasing log-convex and has a uniqgue minimum at x = 0.

F(iy) = f £(©) - cos(yt) dt = u(0,y) ©)

Thus, F(iy) is real if y is real and all derivatives of F(iy) are real if f(t) is non-negative and

even and since u(x,0) and u(0, y) are even, we have ;—xu(x, 0) o 0 and aa—yu(o, y) - = 0.
Since |F(2)| = Vu? + v2 and |F(2)|? = u? + v2, we have
IF(x+iy)| = [Fx —iy)| = [F(=x + iy)| = [F(—x —iy)| (10)
|F(x + iy)|? = [F(x — iy)|> = |[F(—x + iy)|? = |[F(—x — iy)|? (11)

The equalities (10) and (11) are valid if f(t) is even.

Another definition is f_°°00f(t) - e~tdt which can be often seen in the literature. It can be obtained
by replacing z to iz in (1), hence we have

F(iz) = foof(t) ceTi#tqt (12)
and if f(¢t) is even, from (12), we have
F(iz) = foof(t) - cos(zt) dt = 2 foof(t) - cos(zt) dt (13)
— 00 0
Note that F(iz) is only the rotated function of F(z) by 1t/2, thus we get |F(iz)| from |F(z)| by

swapping x and y if £(t) is even. This is also valid for |F(iz)|?.

2. The positive definiteness and co-positive definiteness

Now, we consider the Laplace transform of f(t) which is non-negative as well as even, meaning
f(=t) = f(t) and f(t) = 0 for all t.



Definition 1: Real-valued positive definiteness and co-positive definiteness

For real 8, a function ¢(8) is positive semi-definite if and only if ¥N_, ¥¥ ¢, ci@(8,, — 8;) = 0 for any
N which is non-zero positive integer, any complex value c,, and any real value 6,,. The star *
denotes the complex conjugate.

Similarly, a function ¢(8) is co-positive semi-definite if and only if YN_, ¥¥ ¢, ci (8, + 6;) =0

Definition 2: Complex-valued positive definiteness and co-positive definiteness

A function ¢(z) is complex-valued positive semi-definite if and only if ¥N_, >¥ ¢, cio(z, — z;) = 0 for
any N which is non-zero positive integer, any complex value c,, and any complex value z,,.
Similarly, a function ¢(z) is co-positive semi-definite if and only if ¥N_, ¥¥ c.cio(z, + z;) = 0

For the sake of convenience, we define the differential operator Dg = %, thus Dg@(0) = %cp(e).

The positive semi-definite and co-positive semi-definite functions have many properties. Some of
them are:

For the positive-definite functions:

i. If @(8) is positive semi-definite, then (—1)"D§"¢(8) is also positive semi-definite.
ii. @(0)=0and|e(®)| < @(0).

For the co-positive-definite functions:
i. If @(8) is co-positive semi-definite, then D" (8) is also co-positive semi-definite.

ii. @(®) =0 andhence ¢(0) > 0. From the property of @(8) > 0, the real-valued co-positive
semi-definite functions are real when 0 real.

The properties of complex-valued (co-)positive semi-definite functions are similar to of the real-
valued ones.

Observing eq. (1), F(z) is clearly complex-valued co-positive semi-definite if f(t) = 0, since
YN SN CnciF(zn + i) = [ f(£) - IN_ TN cocre Cnedt dt = [ F(£) - |ZN_; ce 2t |2dt > 0.

Similarly, from (12), it can be shown that F(iz) is complex-valued positive semi-definite when

f(t) = 0.

Theorem 1:

Assuming f(t) is non-negative, not necessarily even, F(z) is entire if F(z) has no pole on the real
axis.

Proof

From (1), we have F(x + iy) = ffooof(t) -e~*t . e=tqt which is the Fourier transform of f(t) - e=*¢.
Since f(t) - e ** = 0 when f(t) = 0, For fixed x, F(x + iy) is positive semi-definite for y by the
Bochner’s theorem. Hence F(x) = |F(x + iy)| and if F(x) does not have any pole, |F(x + iy)| does
not have any pole. Therefore F(z) is entire.



Theorem 2:

Assuming f(t) is non-negative, not necessarily even, F(iz) is entire if F(iz) has no pole on the
imaginary axis.

Proof

Since F(iz) is the rotated function of F(z) by 1/2, the proof is straightforward from theorem 1.

We showed that F(x + iy) is positive semi-definite for y. About x, however, F(x + iy) is generally
neither positive semi-definite nor co-positive semi-definite. Since F(iy) can be negative, F(x + iy)
cannot be positive semi-definite for x, and F(x + iy) is generally complex-valued, hence F(x + iy)
cannot be co-positive semi-definite for x as well.

But how are |F(x + iy)| and |F(x + iy)|?? Since they are non-negative, they could be positive
semi-definite or co-positive semi-definite. Firstly, observing of F(x) is needed, since if |F(x + iy)|
is (co-)positive semi-definite for x, it must be (co-)positive semi-definite at any fixed y. Since F(x)
is a special case of |F(x + iy)| when y = 0, if F(x) is neither positive semi-definite nor co-positive
semi-definite, |F(x + iy)| and |F(x + iy)|? cannot be (co-)positive semi-definite.

From (1), we have F(x) = f_°°oof(t) -e~*tdt. This is not positive semi-definite, but it is co-positive
semi-definite if £(t) > 0. Therefore, |F(x + iy)| and |F(x + iy)|? may be co-positive semi-definite
for x, if f(t) is non-negative.

Theorem 3:

If £(t) is non-negative and even, |F(z)| = |F(re'®)| on the circle centered at the origin has maxima
at x-axis, thatis, 6 = 0 and . Moreover, |F(iz)| = |F(ire'?)| has maxima at iy-axis.

Proof

Since F(x + iy) is positive semi-definite for y, |F(x + iy)| < F(x) on the vertical line and hence,
|[F(re®®)| < F[r - cos(8)] and since f(t) is non-negative and even, F(x) has unique minimum at

x = 0 and is increasing when x > 0, therefore |F(re?¥)| has maximum at 8 = 0. Similarly, if x < 0,
the maximum of |F(re'®)| is 6 = m.

|F(iz)| is positive semi-definite for x on the horizontal line, and in the same way, we can prove
that |F(ire®)| has maxima at iy-axis.

3. The minima of |F(z)|

If £(t) is even, from (8) we have F(z) on the real axis
F(x) = foof(t) - cosh(xt)dt

Let a, be f_°°oof(t)dt and define G(x) = F(x)/a, to normalize F(x), i.e. F(0) = 1.Therefore, we
have



G(x) = aio f " £(0) - cosh(xt) dt (14)

where a, = [*._f(t)dt.

Further, if £(t) is also non-negative, by the mean-value theorem of integration, we have
1 (o]
G(x) = a—cosh[P(x)] . f f(t)dt = cosh[P(x)] (15)
0 -0

where P(x) is a function depending on x and f(t) which is arcosh[G(x)]. By letting x ~ z, we have
G(z) = cosh[P(z)] (16)
where P(z) = arcosh[G(2)].

Since |cosh(z)| has the global minimum on the imaginal axis of the horizontal line as well as on
a circle centered at the origin, |cosh[P(z)]| has, at least, local minima when P(z) is purely

imaginary. Since P(z) = arcosh[G(z)] = In [G(z) +/G?%(2) — 1], P(z) is purely imaginary if

6(2) +V6@ —1|=1.
The Taylor series of In [G(z) +G?(z) — 1] is

(0]

- | 1 ecnt .
In [G(z) ++G2%(z) — 1] =i [E_ A ESNCOE G? 1(2)] (17)

From (17), to be P(z) purely imaginary, G(z) must be real. Clearly, if P(z) is purely imaginary,
cosh[P(z)] is real, and therefore G(z) is real. Since F(z) = u(x,y) + iv(x,y), v(x, y) must be zero to
be P(z) purely imaginary.

From the equations G(z) = F(z2)/ ap = ai u(x,y) + iaiv(x, y) and v(x,y) = 0, we have
0 0

|G(z)+\/62(z)—1|= u(z;y)+ /uz(axz’y)—1 -1 (18)
0

and find out u(x, y) according to (18). We will consider three cases, i.e. u(x,y) < —ay, u(x,y) > a,

and |u(x,y)| < a,. Clearly, |u(x, y)/a, + \/uz(x, y)/a3 — 1| > 1 when u(x,y) < —ay and u(x,y) >
a,. In the case of |u(x,y)| < a,, since u?(x,y)/a3 < 1, we have

u(x,y)/ao +Ju2(x,y)/a — 1| = |u(x,y)/a0 +iy1—u2(x,y)/a?| = 1.

Hence the necessary condition to be |F(z)| minimum is v(x,y) = 0 and |u(x,y)| < a,. However,
they are only the necessary condition, not sufficient since P(z) is a series of z and therefore there
can exist some points where v(x,y) = 0 and |u(x,y)| < a,. Thus, we need to add another

condition, that is, %u(x, y) = 0. Tosum up, |F(z)| is minimum (global or local) if and only if

v(x,y) =0, |lu(x,y)| < ap and aa—xu(x,y) =02

21f both u(x, y) and v(x, y) are zero, |F(z)| is not differentiable but since |F (z)| is zero, it is global
minimum anyway.



Now, we will consider F(z) on the imaginary axis which is F(iy). From (9), we have F(iy) =
u(0,y) and therefore v(x,y) = 0. Moreover, since |F(z)| is symmetric by iy-axis,

%F(x + iy) = 0 and also |F(iy)| < a,, therefore F(iy) is at least local minimum for all y on
x=0

the horizontal line.

Since |F(x + iy)| has local minima at x = 0, |F(x + iy)|? has also local minima at x = 0.
|F(x + iy)|? is differentiable by x even if F(x + iy) = 0 unlike |F(x + iy)|. Since |F(x + iy)|? has
local minima at x = 0, its second derivate at x = 0 must be positive, i.e. DZ|F(x + iy)|?|,=¢ > 0

where D? denotes % and since |F(x + iy)|? = u?(x,y) + v23(x,y), we have
DZIF(x + i) |xmo = 2 [u(0,) - D2u(0,y) + (D,u(0,))° +v(0,) - DZv(0,) + (Dv(0,))°] >0 (19)
and v(0,y) = 0, D,u(0,y) = 0, thus we have
u(0,y) - D2u(0,y) + (Dyv(0,%))* > 0 (20)
and since D,v(0,y) = —D,u(0,y), DZu(0,y) = —D{u(0,y) and F(iy) = F(y) = u(0,y) 3 we have
(,F ) —F) - D3F() >0 21)

The inequality (21) implies that F(y) is log-concave, meaning F2(y) - D3[In(F(y))] < 0. Since F(y)
is log-concave,

_DyF(y)
D)’[ln(F(y))] - F(y) (22)
and
FO) DIF() — (D))
d [D,F(y) Y)Dyby) — Dy’ (y
D%[In(F =—|= = <0 23
J/[ Tl( (y))] dy[ F(y) Fz(y) ( )
Therefore, if F(y) has zeros on iy-axis, %y()y) is monotonically decreasing and F(y) has a unique

extremum between the two contiguous zeros.

4. The co-positive definiteness of |F(x + iy)|?

We have shown that |F(x + iy)| has minima at x = 0 but it is unknow that the minima are local or
global on the horizontal line where y is fixed. We will show that |F(x + iy)|? is co-positive semi-
definite for x.

Theorem 4:

Let¥(0) = f: (6, t)dt, then W(0) is (co-)positive semi-definite for 6 if and only if ¢(6,t) is
(co-)positive semi-definite for 8 for all t.

3Since F(iy) is real and all the derivatives of F(iy) are also real, afterward, we omit i from F(iy) unless
needed. Hence F(y) refers to F(iy).



Proof

The proof is straightforward. If ¥(8) is positive semi-definite, then ¥N_, ¥¥ ¢,.c;¥(6,, — 8;) = 0 for
any N (N > 1), ¢, and 8,,, and since YN_, ¥ c,c;¥(0,, — 6;) = f: YN YN cip(8, — 8, t)dt, to
be ¥N_ YN c,ci®(0, —0;) =0, XN_ YN c,cip(8, — 8, t) must be non-negative for all t. Hence

@(6,t) must be positive semi-definite for 8 for all t. The proof of co-positive definiteness is same.
Note that it does not hold for the double integral.

From (1) and z = x + iy, we have
F(x +iy) = foof(t) ce Xt TVt (24)
which is the Fourier transform of f(t) - e *t. Hence by the Parseval’ theorem, we have
[ @-era= | po-ea=o | G+ oray (25)

Since ffooofz(t) - e~ 2t dt is clearly co-positive semi-definite for x, ffooolF(x + iy)|*dy must be also
co-positive semi-definite for x, and therefore, |F(x + iy)|? is co-positive semi-definite for x for all y
by the theorem 4.

However, |F(x + iy)| and |F(x + iy)|? are only co-positive semi-definite if F(x) is co-positive
semi-definite. Hence the necessary and sufficient condition to be |F(x + iy)|? co-positive semi-
definite is f(t) is non-negative.

Assuming f(t) is an even function, F(x + iy) = Yo_, azy, - (x + iy)?™ from (4) and we have

IFGe+)I2 = Flx + 1) F*(x + iy) = (Z g (x + iy)zn) - (2 g (x = ty)zn) (26)

n=0 n=0

and since |F(x + iy)|? has only even powers of x, the power series expansion of |F(x + iy)|? is
FGe+ )P = ) gy 22" @)
n=0

where A,,, depends on y and since D2"|F(x + iy)|?|,=¢ = 0, A4, iS non-negative for all n. Since
|[F(x + iy)|? = F(x + iy) - F(x — iy), we have

|F(x + iy)|? = <foof(t) ce Xt e‘iytdt> . (foof(t) ce Xt eiytdt> (28)
and from (28)
|F(x +iy)|? = JOO foof(tl) f(ty) e Xttt . o=v(ti=t) gy dt, (29)
By letting t = t; + t, and T = t;, we have

|F(x +iy)|? = foo Joof(r) ft—1)-e Xt eWE-Dgrqt (30)



which can be written

|F(x + iy)|? = J-°° Uoof(r) ft—1) e 7. e"y(t‘f)drl e Xt dt (3D
Letting T » —1, and assuming f(t) is even, we have
|F(x +iy)|? = .[-00 Uoof(r) ft+1)-eVr- eiy<t+f)drl e Xt dt (32)
or simply,
|F(x +iy)|? = foory(t) e *tdt (33)
where

r,(t) = foof(r) ft—1) e 7. e¥EDgr = foof(r) f(t+71) eV et (34)

The conjugate of r, (t)
ry () = foof(T) ft+71) eV et gy (35)
and by letting T = 7 — t, and assuming f(t) is even, we have
ry(t) = foof(‘r —t) f(r) - e VD . e~y = foof(r) ft—1) e V7. eWED . dr

which is the equation (34), therefore, 7, (t) is real. Moreover, 7, (t) is an even function which can
be easily proved. The function r, (t) is real and even but does not hold the positivity, namely, It can
be negative.

The coefficients 4,,, in (27) can be described with the function r, (¢), that is,

Azn

- o j e (e de (36)

Since A, is |F(iy)|?, A, can be zero, but can A, be also zero? By twice differentiating
|F(x + iy)|? and letting x = 0, we get 24,, that is

24; = DZIF(x + iy)|*|x=0 (37)
We have derived D2|F(x + iy)|?|,=o in (19) and the result was that (DyF(y))2 —F(y)"DjF(y) >0
in (21). If A, is zero, then it implies that (DyF(y))2 —F(y)-DJF(y) =0, i.e.
(i F(y)>2 FO) LRy = 0 39)
dx dx?

The differential equation (38) is easily solvable by letting P(y) = :—yF(Y) and we get F(y) = c,e“?Y

where the constants ¢, and c, are to be determined by the initial conditions. Since F(y) is an even



function, din(y)| =0 and F(0) = a, in (4). Thus, we get ¢; = a, and ¢, = 0, and therefore
y=0

F(y) = ay, which means F(y) is a constant. Since F(y) = ffooof(t) ce Yt = ay, f(t) = ay - 5(t)
where §(t) denotes the Dirac delta function. If f(t) = a, - §(t), F(z) is constant in the whole z-
plane. However, since F(z) is different from a constant, A, cannot be zero and it should be strictly
positive. As a result, A, > 0 and 4,,, = 0 (n # 1), and hence, if y is fixed, |F(x + iy)|* has a
unique global minimum at x = 0 and monotonically increasing when x > 0. Therefore, |F(x + iy)|?
can have zeros only at x = 0 if it has any.

Since x = 7 - cos(0), |F(x + iy)|? is co-positive semi-definite for r - cos(8). However, how is it
when @ is fixed or r is fixed. Firstly, we consider when 6 is fixed assuming cos(6) is non-zero.
Since 6 is fixed, cos(0) is constant. Letting ¢ = cos(8), where c is a non-zero constant, and hence,
x = c-r. Putting it to (27), we have

IF@+ )12 = ) Bon 12" (39)
n=0

where B,,, = Ay, - ¢,

Since c is non-zero, ¢?™ > 0, and since 4, > 0, B, is strictly positive and other coefficients B,,,
are non-negative. Thus, when 8 is fixed, |F(r + iy)|? behaves like |F(x + iy)|?, meaning, it has a
unique minimum at » = 0 and monotonically increasing when r > 0.

Secondly, we will consider the case when r is fixed and 6 varies. It is the behavior of |F(x + iy)|?
on a circle centered at the origin. By changing the variable in the eq. (27), namely, x = r - cos(0),
we have

|F(r - cos(0) +iy)|* = Z Cyp, - c0S?™(0) (40)

n=0
where Cy,, = Ay, - T2™.

Assuming that r is non-zero, then C, is strictly positive and other coefficients C,,, are non-
negative. By differentiating eq. (40) by 6, we have

— sin(6) Z 2n+ Cyp - cos*™~1(0) = —sin(20) z n - Cyp * c0s*™2(0)
n=1 n=1

Since C, is strictly positive and n - C,,, - cos?™*~2(8) is non-negative when n > 2, the slop is only
depending on —sin(20). In the interval of 0 < 6 < /2, —sin(20) is negative and hence, the slop
is negative, therefore, |F(6 + iy)|? is monotonically decreasing. In the interval of /2 < 08 <,

— sin(20) and the slop are positive and thus, |F(8 + iy)|? is monotonically increasing. Note that
the slop is zero when 6 = 0 and 6 = /2.

By the Paley-Wiener theorem, to be F(z) entire, f(t) must be decreasing rapidly and F(z) does
not have any poles on x-axis as mentioned. Moreover, if F(z) has zeros only on the iy-axis, that
is, F(z) has only real zeros, F(z) must be entire.

We conclude with the theorem.



Theorem 5:

If a function f(t) is non-negative and even and its two-sided Laplace transform is denoted by F(z),
then |F(x + iy)| and |F(x + iy)|? have a uniqgue minimum at x = 0 on the horizontal line when y is
fixed and monotonically increasing in the region of convergence, and therefore, |F(x + iy)| and
|F(x + iy)|?, and thus F(x + iy) can have zeros only at x = 0, and since F(iy) is real when y is
real, F(x + iy) have only real zeros. Moreover, F(iz) has zeros only on the x-axis and
consequently, only real zeros, if f(t) is a rapidly decreasing non-negative even function.

5. The Laguerre inequalities and generalized Laguerre inequalities

We have shown that the two-sided Laplace transform of an even and non-negative functions have
only real zeros. We will show that the Laguerre inequalities and generalized Laguerre inequalities
are true for the two-sided Laplace transform of an even and non-negative functions.

Theorem 6: The convexity

1) A function f(x) is convex if and only if f"'(x) = 0 for all x.
2) The sufficient but not necessary condition to be a function f(x) strictly convexis f"'(x) > 0
for all x.

Theorem 7: The concavity

1) A function f(x) is concave if and only if f"(x) < 0 for all x.
2) The sufficient but not necessary condition to be a function f(x) strictly concave is f"'(x) < 0
for all x.

Theorem 8: The log- convexity and log-concavity

A function f(x) is log-convex if In[f (x)] is convex. Similarly, a function f(x) is log-concave if
In[f(x)] is concave.

1) A function f(x) is log-convex, if
fAxy + pxp) < [f ()]t - [f ()]
where L, u>0and A+ u=1.

2) A function f(x) is log-concave, if
fAxy + pxp) = [f ()]t - [f ()]
where A, u >0and A+ pu = 1.

3) If f(x) and g(x) are both log-convex, then f(x) - g(x) is also log-convex. Similarly, if f(x)
and g(x) are both log-concave, then f(x) - g(x) is also log-concave.

The necessary but not sufficient condition to have F(y) only real zeros is that F(y) and all the
derivatives of F(y) are log-concave, hence we have the theorem.

Theorem 9: The Laguerre inequalities

F(y) belongs to the Laguerre-Pdlya class if



[F®®)]" = FAD () - Feb(y) > 0 (41)
wheren =1,2,3,...and for all y € R.

Note that the theorem 9 is the necessary conditions, not sufficient.

Theorem 10:

Let be F(x) = ffooof(t) - e *tdt where f(t) is non-negative and x is real, then F(x) is log-convex.
If £(¢) is non-negative, then t2" - f(t) is also non-negative. Consequently, (2n)" derivative of
F(x), thatis, FCM(x) = f_°°oo t2" - f£(t) - e~ *tdt is also log-convex for n = 0,1, 2, ... It can be easily
proved using theorem 8 and the Holder inequality. Since F®™(x) is log-convex, we have

Fzn (x) - F(2n+2)(x) - [F(Zn"‘l) (x)]z >0 (42)

Note that (2n + 1)** derivative of F(x), that is, FC™*D(x) = [* t2"*1. £(t) - e *dt is generally
not log-convex.

Theorem 11:

Letbe F(x) = ffzof(t) e *tdt where f(t) is a continuous non-negative function and x is real,
then we have the inequalities:

[Fom (0)]* < F@M (x) - F@m) (x) (43)
Proof

Since FM(x) = [7 t™m. f(¢) - e"*tdt, we have

o) 2 1) 1 2
[F(”+m)(x)]2=<f t”+m-f(t)-e"“dt> =<f t"-\/fT-e‘Ext-tm-\/m-e‘%xtdt>

By the Cauchy-Schwarz inequality, we have

- 2
<f tn.\/ﬁ-e‘%’“-t’"-\/f(t)-e‘%’“dt> s(f

— 00

o)

t2n - f(t) - e‘xtdt> - (footm f()- e‘xtdt>

Hence, [F(n+m)(x)]2 < F(Zn)(x) . f(2m) (x).

Now, we consider the theorem (9) in the case of n = 0. Since F(x) is log-convex,
F(x)-F"(x) = [F'(x)]>*=0 (44)

and if f(t) is non-negative and even, then we have
F(x) = f f(t) - cosh(xt) dt
F'(x) = J t-f(t)-sinh(xt)dt



F'(x) = f €2 - £(t) - cosh(uxct) dt
From eq. (9), we have

F(iy) = f £(6) - cos(yt) dt
F'(iy) = —foot-f(t) -sin(yt) dt

F'"(iy) = —f t2- f(t) - cos(yt) dt
By letting x ~ iy, we have

FOlaty = | £+ cos(y) de = F(iy)
F0ley = [ 670 sin(ye) dt = i+ F'(i)

F')lmy = [ 620 - costye) de = ~F"(iy)

Therefore, by letting x ~ iy, we get the inequality (43) with the function of F(iy), that is,
(FG) - F"(x) = [F' (O] )iy = —F(@@y) - F"(iy) = [i - F'(iy)]> 2 0
From this inequality, we have
[F'(iy)]? — F(iy) - F"(iy) 2 0

More intuitively, the inequality (44) is

d? d 2
F() 2P = [ F @) 20
and by changing the variable x ~ iy we have
d? d 2
Fy) - g5 ) [ g F| 20
and the inequality (46) is
B Fi) — ez [ )| = P P+ [P )] 2 0
Ok dy? (D2 ldy dy? dy
and since F(iy) and all the derivatives of F(iy) are real, we have
[F'(iy)]? — F(iy) - F"(iy) = 0

which is the same result in (45).

(45)

(46)



Generally, we get the theorem:
Theorem 12:

If F(x) does not have any pole on the x-axis, that is, F(z) is entire, and F(iy) is real when y real,
then

FWG)-FM™W@)| = (l.)im F®™ (iy) - FO (iy) (47)

where n and m are non-negative integer.

Proof

m

By changing the variable x to iy, we have

dn m n m n m
@F(x) : dx_mF(x) — = WF(U’) : WF(W) = WWF(W) 'Wdy—mF(iY)
and therefore, eq. (47) is valid.
In general, if
N
Z F (x) - Fmid (x) = 0
k=1
then
N N
; F (o) (x) . F(my) (x) — kzl(i)nﬁp(nk)(y) . F(my) (y)=0 (48)

x=iy
The inequality does not change since we have only changed the variable.

The theorem 12 is very useful, since we can prove some inequalities on the x-axis more easily
than on the iy-axis.

Theorem 13:
We get the inequality below by applying (47) to (42) 4
[Fem D] = FED(y) - FEM2(y) = 0 (49)

which are the even terms of the Laguerre inequalities.

Theorem 14:

We get the inequality below by applying eq. (47) to (43)

“Since F(iy) and all the derivatives of F(iy) are real when y is real, for the sake of convenience, i is
omitted afterward, i.e. F(y) means F(iy).



[F(n+m) (y)]z — F@M (). FCM(y) > 0 when (n + m) is odd

(50)
[Ftm) (y)]z —FCY(y).-FCM(y) <0  when (n+m) is even

We shall show the odd terms of the Laguerre inequalities, but before that, we prove Holder
inequality for the double integral.

Theorem 15: Holder inequality for the double integral

1

f: fcdf(x,y) '9*(X,Y)dxdy‘ < (fab fcd|f(x,y)|pdxdy>%-<fab fcd|g(x,y)|qudy>q (51)

where p,q > 1and%+%= 1.

Proof

We define U(x,y) and V(x,y) such that

Uxy) = |f (e ») :
(12 S8 Ce plpaxay )P

and
V(xy) = 19 Cx, ) 1

b rd q
(17 [19Ge,y)1adxdy )
Since U(x,y) = 0 and V(x,y) = 0, by Young’s inequality for products, we have

UP(x,y) N Va(x,y)
p q

Ulxy) - Vixy) <

which is

If (6. y) - g(x,y)l <1 |f G »IP 1 lg(x, Y19

e }’)lpdxd}’)% (7 190, y)lqudy)% TP A Gy edxdy 47 [FlgCey)ledxdy

Since both sides of the inequality are non-negative, the inequality does not change by integrating.
By integrating twice, we have

2 TAF Gy - (e y)ldxdy _ L Syl dady L1 12 (4190 y)19dxdy
(7 Fre }I)Ipdde)% (17 g, y)|qudy)3 Py pdxdy - 4] [FlgCr,y)|7dxdy

. 1 1
Since > + p =1 we have

1

< ( f b f d|f(x,y)|pdxdy>% - ( j b j d|g(x,y)|qudy>a

Since F(x) = [ f(t) - cosh(xt) dt, by differentiating (2n + 1) times, we have

ja b j ) 9" y)dxdy




F@tD (y) = J-°°t2n+1 - f(t) - sinh(xt) dt (52)

and we can write (52)

- 00 sinh(xt
F(Z”“)(x) _ f £2n+1 - f(t) - sinh(xt) dt = xl t2n+2 - f(t) - xi )dt
and since
1 inh(xt
f cosh(xtr) dt = Sinh(xt)
o xt
We have

1 poo 1 ,oo
FeMD(x) = xf f t2"*+2. £(¢t) - cosh(xtt) dtdt = x] J t2t2. f(t) -e X dtdr
0 J—oo 0 J—oo

We define P(x) such that

P(x) = j ]th"“ - f(t) - cosh(xtt) dtdt = j jootZ”*Z - f(t) e *dtdr
0 J—oo 0 J-oo

The purpose of changing cosh(xtr) to e ™*'" is to prove the log-convexity of P(x) easily. Since
t2"+2. £(t) is even, the change is valid.

Theorem 16:

The function P(x), which is defined as

P(x) = flfootzn’fz - f(t) e *dtdr
0 J—oo

is log-convex.

Proof
1 o 1 ,~o0
f f t2n+2 . f(t) . e_(/’lxl_l_uxz).t-[dtdl_ — f f t2n+2 . f(t) . e_lxltf . e‘ﬂthT dth
0 —00 0 —00

where A +u = 1.

Since f(t) = 0, we have

1 [e9) 1 00

j f t2n+2 f(t) . e—/’Lxltr . e—uxzt‘r dtdt = j j (t2n+2 f(t) . e—xltr)/l . (t2n+2 . f(t) . e—xztr)u dtdt
0 Y- 0 J—oo

By the Hoélder inequality for the double integral (theorem 15), we have

1 poo
f f (t2n+2 f(t) . e—xltr)l . (t2n+2 f(t) . e—xztr)u dtdr
0 —o00
1 oo A 1 ro0 U
< 2n+2 , . —xltrd d . 2n+2 , . —xzt‘rd d
<<J;) f_mt f®)-e t‘[) (J;) f_mt ft)-e t‘r)

which is



1 00
J‘ .[ t2n+2 . f(t) . e_(lx1+#x2)-t’[dtd‘[
0 —00

1 oo 1 1 ,oo0
< ( f f t2nr2 . f(t) - et dtd‘r) : ( f f t2nr2 . f(t) - e X2t dtdr)
0 Y- 0 Y—oo

P(Ax; + pxy) < [P(xp)]* - [P(x)]*

u
This inequality yields

and by the theorem 9, P(x) is log-convex.
Since P(x) is log-convex, we have
P(x)-P"(x) = [P'(x)]* 2 0 (52)

From (9), we have F(y) = ["._f(¢) - cos(yt) dt and its (2n + 1)** derivative is

F@n+1)(y) = (—1)n+1 footzn’fl - f(t) - sin(yt) dt

wheren=0,1,2,...
Since

sin(xt)
xt

1
f cos(xtr) dt =
0

we have
1 [o%e)
F(2n+1)(y) — (_1)n+1 .yf f t2n+2 f(t) -cos(ytr) dtdt
0 /-

and since P(x)|y=iy = P(y) = fol f_wm t2"*2. £(t) - cos(ytr) dtdr, we have

Fem(y) = (~1)™1 -y - P()
and from (52), we get
[P'ODNI? =Py -P"(y) 20
thus, P(y) is log-concave.
Letting g(y) = (=1)™*1 -y, we have
[g'DN]I? —g() - g"(x) =1>0

and therefore, (—1)™*! - y is log-concave. Since both (—=1)"*1 -y and P(y) are log-concave,
F@r+1(y) s log-concave. Thus, F™ (y) is log-concave for all non-negative integer n.
Consequently, the Laguerre inequalities are valid for all n.

Theorem 16: The generalized Laguerre inequalities

We define L, (y) as follows:

2n
1
La@) = (~D" = (= Dk (A1) FO () - Fen ) (53)
k=0



wheren =0,1,2, ...
F(y) has only real zeros if and only if L, (y) = 0 for all n.

We return to eq. (33), which is

o)

|F(x + iy)|? =f r,(t) et dt (54)
where
r,(t) = foof(r) f(t+71) et ety (55)
and reform (55), so that
r(6) = f TP e f(E+ 1) e g (56)

and by letting g(7) = f(1) e~ 97, 1, (t) is the cross-correlation function of g(z) and g*(r) where
g*(t) = f(r) - e?". Let F(w) be the Fourier transform of f(z), then the Fourier transform of g(z) is
F(w — y) and the Fourier transform of g*(z) is F(w + y). By the cross-correlation theorem, we
have

1 @ .
ry(t)=§f Flw—y) Flw+y) e"dw
and since F(y) is even, we have
1 (® .
1y (1) =§f Fy—w) Fiy+w)- e'dw (57)

which is similar to the Wigner-Ville distribution function. By changing variable x = if, from (54),
we have

|F(i6 + iy)|? = %J:o j_o:oF(y —w) F(y + ) et e O dydt (58)
and
f°° fooF(y—w)-F(y+a))-ei“’t-e‘i9tdwdt= foo F(y—a))-F(y—a))-lfooei“’t-e‘ietdtldw
and
fooei‘“t e~ 0t = 2 - 5(6 — w)
thus, we have

|F(i8 + iy)|? =JOOF(y—w)-F(y+a))-6(w—9)dw

and by omitting i for the convenience, we have,
|F(6+y)I?=F(y—6)-F(y +6) (59)

which is the characteristic equation of |F(x + iy)|? where x = i@, hence, from (54)



IF(0 + )2 = f 7y (8) - e~10t dt (60)
The nt® moment of |F(x + iy)|?, which is denoted as M,,, is defined as follows

M, (y) =f_ t"m,(t) dt (61)

or

M, (y) = (=D" - DFIF (x + iy)|?|x=0 (62)

Another method to get M,,(y) is differentiating (60), that is,

1
(_l)n ) DglF(e +)’)|2|9=0

Dg[F(6 —y) - F(6 + y)]g-o Which can be computed using the Leibniz

M,(y) =

1
=

or by (59), M, (y) is

rule, that is,

1 n
My (y) = DRIF(y = 6) - F(y + 0)]g=o = (_l.),,-Z(—nk (1) FRG)-FmP () (63)
k=0

1
(="

However, since 7, (t) is an even function, M, (y) vanishes when n is odd and we need to compute
only for even n, hence,

2n

Mon(y) = D'IF(y = 0) - F(y + O)lgo = (-1 ) (—DF- () - FO () - FEn0 ) (64)
k=0

and we have

o 1 o
FGA )P = ) sy Man )27 = ) Ln(y) 57" (65)
n=0 n=0

where L,,(y) is defined in (53).

If L,(y) = 0 for all n, |F(x + iy)|*> has a unique minimum at x = 0 when y is fixed and hence,
F(y) has only real zeros.

Now, we will prove the generalized Laguerre inequalities.

In fact, F(y + 8) = F(iy + i8) = F[i(y + 0)], i.e. this function lies on the iy-axis. F(y — ) is the
same. We will map F(y — 6) - F(y + 8) on x-axis, i.e. F(x — 0) - F(x + 6), and we have

F(x—0) = Joof(t)-e_xt-eetdt



n=1

N N . N N
D entiF G = (0 +6) = f @O et Y e @00ty
k -® n=1 k

N 2

n=1

:foof(t)-e_xt- dt >0

Therefore, F(x — 6) is co-positive semi-definite. In the same way, we can prove that F(x + 0) is
co-positive semi-definite. Since both F(x — 8) and F(x + 8) are co-positive semi-definite,
F(x —60)-F(x + 0) is co-positive semi-definite for 6.

Since F(x — 8) - F(x + ) is co-positive semi-definite for 8, D3"[F(x — 8) - F(x + 8)]g—o = 0 and
we have

2n
Man() = DEIFCx = 0) - FCx + )lg=o = Y (~DF- () - FO@ - Fe 0@ 20 (66)
k=0
By letting x = iy, we have

F@ =0 () >0

2n 1
Man(iy) = DF"[FG = 6) F&y + D)oo = ) (< () G FO0)-
k=0

(i)Zn—k

which implies

Mon(y) = (D" Y (=% (31) - FO ) - Fen R (3) 2 0
k=0

and hence L,(y) = 0 for all n.

The function

F(iy) = jmf(t) -cos(yt) dt = 2 Jmf(t) -cos(yt) dt
— 00 0

belongs to the Laguerre-Pdlya class and has only real zeros if f(t) is a non-negative even function
and rapidly decreasing so that F(z) is entire where F(z) is defined as

F(z) = jmf(t) - cosh(zt) dt

—00

We can also define F(iz), that is,

F(iz) =2 foof(t) - cos(zt) dt
0

which is the famous form in the literature because of the Riemann’s big-xi function Z(z), then F(x)
defined as

F(x) =2 foof(t) - cos(xt) dt
0

belongs to the Laguerre-Pdlya class and has only real zeros. Basically, the two definitions are
same.



From eq. (4), by letting z = iy, we have
F(iy) =F(y) = Z(—l)n YOop Y=g — Y7 + agyt — agy® + - (67)
n=0

where a,,, = 0 and F(iy) has only real zeros.

Since the Laguerre inequalities holds for any y, by letting y = 0, we have
[F™(0)]” = F(=D(0) - F(=1(0) (68)

which is always valid if the power expansion of a function has the form of (67). We consider it in
two cases, that is, when n is odd and n is even.

. nisodd: F™(0) =0
F®=1(0) and F™~1(0) have the opposite sign and hence, F®®~1(0) - F®*~1(0) < 0.
Therefore, the inequalities (68) are valid.

i.  niseven: [F™(0)] =0
Both F=1(0) and F™~1(0) are zero, thus the inequalities (68) are also valid.

Therefore, all functions whose power series expansions have the form of (66) hold the Laguerre
inequalities at y = 0. However, not all functions whose power series expansions have the form of
(67) have only real zeros, therefore, the Laguerre inequalities are the necessary condition, but not
sufficient to have only real zeros.

By letting u = ,/y in (67), we have
F(u) = Z(—l)” “Qyp UM = ay — ayu + agu? —agud + - (69)
n=0

which also have only real zeros when u > 0. By applying (68), we have
n: a%n =+ 1) a2 Az (70)

The equalities hold if and only if F(z) = e*?* where a > 0, which is the two-sided Laplace

transform of f(t) = z;e‘tz/““. Therefore, if f(t) is Gaussian, its two-sided Laplace transform

Vra
F(z) does not have any zero. Hence, if f(t) = e~?® or sum of e=?® and its two-sided Laplace

transform is F(z), then F(z) has only real zeros if the order of ¢(t) is greater than two. Further, if
the order of ¢(t) is less than two, the two-sided Laplace transform of e~#® does not have only
real zeros.

6. The Riemann hypothesis
The Riemann zeta function {(s) is defined

=1 1 1
C(S)ZZE=1+§+¥+“'

n=1

where s = ¢ + iw.



It is known that the zeros of {(s) are located only on the strip 0 < ¢ < 1. Riemann conjectured
that all the zeros of {(s) are located on the line ¢ = % so-called “Riemann hypothesis”.

Using the Riemann’s functional equation, an entire and symmetric function can be obtained
which is called the xi function £(s) where

S

— 1 -3
£(s) = 5 2s(s = DI (5) 6(s) (71)
and
£(s) = §(1 — )

hence &(s) is symmetric at 6 = % and the zeros of £(s) are located at the same position of {(s), that
is, on the strip 0 < ¢ < 1. If the Riemann hypothesis is true, all the zeros of &(s) are located on the
line c = %

It is well-known that
§(s) = f ’ lOR 2y (72)

where
= 9 5
@(t) = an n? . g~mnie’. <2nn267t - 367t> (73)
n=1

and it can be shown that ¢(t) > 0 for all t and an even function.

By lettingz = s —% where z = x + iy , and @(t) is even, we have
®(2) =J @(t) - e ?tdt =j @(t) - cosh(zt) dt (74)

—00

and since ®(z) is a shifted function by % of &(s), ®(z) is entire and the zeros of ®(z) should be

located on the strip —% <x< % . From (66), we have

1 1 _z 1 z 1 1
dD(Z)=E7r 4.7 2-(22——)-F(—+—)-Q(z+—> (75)
which is Riemann’s original definition of xi-function.

We consider the function ¢(t) defined in (72). It is positive and even. Moreover, it is decreasing
very rapidly (otherwise, £(s) and ®(z) cannot be entire). Therefore, ®(iy) belongs to the Laguerre-
Pdlya class and has only real zeros. It means that all the zeros of ®(z) are located at x = 0, and

hence, all the zeros of £(s) and {(s) are located at ¢ = % . Thus, the Riemann hypothesis is true.

From eq. (73), we have

®(iz) = foo(p(t) - cos(zt) dt = 2 foocp(t) - cos(zt) dt
—00 0

and by letting t — 2t, we have



o)

d(iz) = 4f @(2t) - cos(2zt) dt (76)
0

We define @(t) as
?(t) = nz n? - e~ m’e*" . (2n2e% — 3¢5t)
n=1
then @(t) = % @(2t) and eq. (71) will be
d(iz) = Sf @(t) - cos(2zt) dt
0
and by defining Z(z) =% ®(iz/2), we have

5(2) = f 000 - cos(zt) dt 77)
0

or simply,
2(z) =2 d(iz) (78)

This function is called the big-xi or upper-case xi function and used to prove the Riemann
hypothesis and to find the location of zeros in most literatures.

Since, @(t) is a positive even function and decreasing rapidly, Z(x) belongs to the Laguerre-
Pdlya class and has only real zeros, which leads that the Riemann hypothesis is true.



