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Abstract

This paper covers a �rst approach study of the angles and modulo of vectors in spaces of Hilbert considering a
riemannian metric where, instead of taking the usual scalar product on space of Hilbert, this will be extended
by the tensor of the geometry g. As far as I know, there is no a study covering space of Hilbert with riemannian
metric. It will be shown how to get the angle and modulo on Hilbert spaces with a tensor metric, as well as
vector product, symmetry and rotations. A section of variationals shows a system of di�erential equations for
a riemennian metric.
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1 Elements

On a Hilbert space, the scalar product of 2 functions is given by:
< f, g >=

∫
X
f∗(x)g(x)dx, where f∗is the complex conjugated of f

Now, considering a scalar product function g, let's de�ne the scalar product of e and f by the product
function g:

< e |g̃| f >=
∫
x
e∗(x)g̃f(x)dx

Having this, the angle of 2 functions is de�ned by:

cos(e, f) =
< e |g̃| f >
‖e‖ ‖f‖

=

∫
x
e∗(x)g̃f(x)dx√∫

x
e∗(x)g̃e(x)dx

√∫
x
f∗(x)g̃f(x)dx

Discrete form:

gkl(y) =
∑ ∂xi

∂yk
∂xi

∂yl
=

n∑
i=l

∑
m,p

∂xi

∂zm
∂zm

∂yk
∂xi

∂zp
∂zp

∂yl
=
∑
m,p

∂zm

∂yk

(
n∑
i=l

∂xi

∂zm
∂xi

∂zp

)
∂zp

∂yl
=
∑
m,p

∂zm

∂yk
gm,l(z)

∂zp

∂yl

On continuous form:

gk,l(y) =

∫
∂zm

∂yk
∂zp

∂yl
dgm,l(z)

The �angle� between 2 functions can be de�ned as the scalar product of those functions:

cos(e, f) =

∫
X

∫
e∗(x)

∂zm

∂yk
∂zp

∂yl
f(x)dgm,l(z)dx

√√√√√√
∫
X

∫
e∗(x)

∂zm

∂yk
∂zp

∂yl
e(x)dgm,l(z)dx

√√√√√√
∫
X

∫
f∗(x)

∂zm

∂yk
∂zp

∂yl
f(x)dgm,l(z)dx

Taking as particular case
∂zm

∂yk
∂zp

∂yl
= δmk δ

p
l ,
∫ ∂zm
∂yk

∂zp

∂yl
dgm,l(z) =

∫
δmk δ

p
l dgm,l = I, so

cos(e, f) =

∫
e∗(x)f(x)dx

√∫
e∗(x)e(x)dx

√∫
f∗(x)f(x)dx

,which matchs with the Hilbert's formula.

The modulo can be de�ned as:

‖f‖2 =

∫
X

f∗(x)g̃f(x)dx =

∫
X

∫
f∗(x)

∂zm

∂yk
∂zp

∂yl
f(x)dgm,l(z)dx

Whence:

‖f‖ =
√
‖f‖2 =

√√√√∫
X

∫
f∗(x)

∂zm

∂yk
∂zp

∂yl
f(x)dgm,l(z)dx

Following a similar way, taking as particular case
∂zm

∂yk
∂zp

∂yl
= δmk δ

p
l ,
∫ ∂zm
∂yk

∂zp

∂yl
dgm,l(z) =

∫
δmk δ

p
l dgm,l = I,

so

‖f‖ =
√
< f, f > =

√∫
f∗(x)f(x)dx

The distance between 2 functions f1and f2 will be given by:

d =

√
‖f1 − f2‖2 =

√√√√∫
X

∫
(f1(x)− f2(x))∗

∂zm

∂yk
∂zp

∂yl
(f1(x)− f2(x)) dgm,l(z)dx

Let's see the Minkowski's inequality:

‖f1 + f2‖2 =

∫
X

∫
(f1(x)− f2(x))∗

∂zm

∂yk
∂zp

∂yl
(f1(x)− f2(x)) dgm,l(z)dx =

=

∫
X

∫
(f1(x))

∗ ∂z
m

∂yk
∂zp

∂yl
(f1(x)) dgm,l(z)dx+

∫
X

∫
(f2(x))

∗ ∂z
m

∂yk
∂zp

∂yl
(f2(x)) dgm,l(z)dx+∫

X

∫
(f1(x)

∗f2(x)− f1(x)f2(x)∗)∗
∂zm

∂yk
∂zp

∂yl
dgm,l(z)dx ≤

∫
X

∫
(f1(x))

∗ ∂z
m

∂yk
∂zp

∂yl
(f1(x)) dgm,l(z)dx

+

∫
X

∫
(f2(x))

∗ ∂z
m

∂yk
∂zp

∂yl
(f2(x)) dgm,l(z)dx = ‖f1‖2 + ‖f2‖2 ≤ (‖f1‖+ ‖f2‖)2

So,‖f1 + f2‖ ≤ ‖f1‖+ ‖f2‖
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Theorem: Let gijbe a metric on Mn.Then there exists a unique symmetric a�ne connection compatible
with gijand such that

T ijk = 1
2g
iα
(
∂gkα
∂xj +

∂gjα
∂xk
− ∂gjk

∂xα

)
So, let's calculate the square modulo of a function in this way:

‖f‖2 =
∣∣∣〈f ∣∣∣T̃ ∣∣∣ f〉∣∣∣ = ∫X f∗(x)T̃ f(x) = ∫X fi(x)T ki,jfk(x)dxj = 1

2

∫
X
fig

iα
(
∂gkα
∂xj +

∂gjα
∂xk
− ∂gjk

∂xα

)
fkdxj

So,

‖f‖2 = 1
2

∫
X
fig

iα
(
∂gkα
∂xj +

∂gjα
∂xk
− ∂gjk

∂xα

)
fkdxj

Let's now consider an operator A. In order to calculate the norm of the vector associated to the operator,
we will follow a similar way:
|〈f |A| f〉|2 =

∫
X
f∗(x)g̃(x)A(x)f(x)dx

Let's see some examples:
1) Polar coordinates

dψ =

(
cosϕ sinϕ
−rsinϕ rcosϕ

)T
,so

G(r, ϕ) = (dψ)
T
(dψ) =

(
cosϕ sinϕ
−rsinϕ rcosϕ

)(
cosϕ −rsinϕ
sinϕ rcosϕ

)
=

(
1 0
0 r2

)
So,

L(γ) =
∫ b
a
dt

√〈
dγ
dt |G|

dγ
dt

〉
=
∫ b
a

√(
dr
dt

)2
+ r2

(
dϕ
dt

)2
dt

Now, taking the modulo of a function, considering the Hilbert space:

‖f‖2 =
∫
f∗(t)Gf(t)dt =

∫
f∗(t)

√(
dr

dt

)2

+ r2
(
dϕ

dt

)2

f(t)dt

2) Cartesian coordinates

In this case, G(r, ϕ) = (dψ)
T
(dψ) =

(
1 0
0 1

)
. We consider that t=x, so

‖f‖2 =
∫
f∗(x)Gf(x) =

∫
f∗(x)

√(
dx

dx

)2

+

(
dy

dx

)2

f(x)dx

As x and y are independent, dydx = 0, so

‖f‖2 =
∫
f∗(x)Gf(x) =

∫
f∗(x)f(x)dx, which matches with the usual scalar product.

1.1 Length of a curve in a curvilinear coordinate system

Let's consider an arbitrary curvilinear coordinate system in a domain γ. Denoting the curvilinear coordinates,
the law of di�erentiation of a composite function:

dxi(t)
dt =

∑
(k)

dxi

dzk
dzk

dt

The length of a curve will be given by:

L(γ) =

∫ b

a

√∑(
dxi

dt

)2

dt =

∫ b

a

√√√√n−1∑
m,l

gm,l
dxm

dt

dxl

dt
dt

Considering a density of scalar product, the length of a curve will be given by:

L(γ) =

∫ b

a

√∫
X

dgm,l
dxm

dt

dxl

dt
dt

1.2 The �rst fundamental form

The �rst fundamental form of a hypersurface V n−1is the form ds2
∣∣
V
=
∑
m,p

gm,pdz
mdzp.

The di�erential of space will have the following form:

ds2
∣∣
V
=
∑
m,p

gm,pdz
mdzp =

n−1∑
i=1

(
dxi
)2

+
n−1∑
k,p=1

∂f
∂xk

∂f
∂xp dx

kdxp =
n−1∑
k,p=1

(
δk,p +

∂f
∂xk

∂f
∂xp

)
dxkdxp

Considering a density dgm,l, the di�erential can be written like this:

ds2
∣∣
V
=
∫
dgm,pdz

mdzp =

∫
dgm,l(dz

′)2 +

∫
dgm,l

∂f

∂xk
∂f

∂xp
dxkdxp

So,

ds2
∣∣
V
=

∫
dgm,l

{
δk,p +

∂f

∂xk
∂f

∂xp

}
dxkdxp = gk,pdx

kdxp
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Let now V n−1be given as an implicit function. Then, F
(
x1, .., xn

)
= 0has the solution xn = f

(
x1, .., xn−1

)
,

with ∂f
∂x1 = −

∂F
∂x1
∂F
∂xn

.Substituting ∂f
∂xα for fxα , we get:

gk,p =
{(

∂F
∂xk

∂F
∂xp

) (
∂F
∂xn

)−2}
+ δk.p

1.3 Vector product

Let's de�ne the vector product of 2 functions like this:
h = e⊗ f =

∫
X
e∗ ⊗ fdx =

∫
X
εkije
∗,j(x)fk(x)dx, ε

k
ij = gkk

′
εijk′ , where εijk is the levy-civita tensor:

εijk =

 0
1
−1

2 labels are the same
even pem 1, 2, 3
odd pem 1, 2, 3

Properties:
1) e⊗ (f1 + f2) = e⊗ f1 + e⊗ f2
Prof: h = e⊗ (f1 + f2) =

∫
X
e∗⊗ (f1 + f2) dx =

∫
X
εkije
∗,j(x) (fk1(x) + fk2(x)) dx =

∫
X
εkije
∗,j(x)fk1(x)dx+∫

X
εkije
∗,j(x)fk2(x)dx = e⊗ f1 + e⊗ f2

2)f ⊗ f = 0
Prof: f⊗f =

∫
X
f⊗fdx =

∫
X
εkijf

∗,j(x)fjdx =
∫
X
εkijf

∗,j(x)δkj f
kdx =

∫
X
εkijδ

k
j f
∗,j(x)fkdx =

∫
X
εkikf

∗,j(x)fkdx =
0

3) e⊗ f = − (f ⊗ e)∗

Prof: e ⊗ f =
∫
X
e∗ ⊗ fdx =

∫
X
εkije
∗,j(x)fk(x)dx = −

∫
X
εjike

∗k(x)fj(x)dx = −
(∫

X
εjike

k(x)f∗j (x)dx
)∗

=

−
(∫

X
εjikf

∗
j (x)e

k(x)dx
)∗

= − (f ⊗ e)∗

1.4 Mixed Product

From the usual geometry, the mixed product of 3 vectors, is given by P = −→a •
(−→
b ⊗−→c

)
.Let's de�ne the mixed

product of 3 functions on Hilbert space. Having de�ned the vector product:
h = b⊗ c =

∫
X
b∗ ⊗ cdx =

∫
X
εkijb
∗,j(x)ck(x)dx

Now, taking in consideration the scalar product formula: < e |g̃| f >=
∫
x
e∗(x)g̃f(x)dx

< a |g̃| b⊗c >=
∫
x
a∗(x)g̃ (b⊗ c) dx =

∫
X
dxa∗(x)g̃(x)

{∫
X
εkijb
∗,j(x′)ck(x

′)dx′
}
=
∫
X

∫
X‘
ai∗g̃(x)εkijb

∗,j(x′)ck(x
′)dxdx‘

1.5 De�nition of tangent vector

On di�erential geometry, the tangent vector follows this de�nition:

De�nition: Let M be a smooth n-dimentional manifold and P0 ∈ Man arbitrary point. A tangent vector ξat
the point P0to the manifold satis�es the following relation for each pair of local coordinate systems:

ξki =
n∑
l=1

dxhi
dxij

(P0)ξ
l
j

In order to extend this on a di�erential system, let's take in�nitesimals on each member of the equation:

dξki =
dxhi
dxij

(P0)dξ
l
j

So, ξki =

∫
X

dxhi
dxij

(P0)dξ
l
j

In this case, the tangent will be a curve de�ned by ξki . This relation is the tensor law of the curve transfor-
mation.

Let's call TP0
(M) the set of all the tangent vectors to a manifold M at a �xed point P0. In order to de�ne

the tangent vector we need to �nd its coordinates in any local coordinates.ξki =
n∑
l=1

dxhi
dxij

(P0)ξ
l
j .

ξki =
n∑
l=1

dxhi
dxii0

(P0)ξ
l
j . =

n∑
l=1

dxhi
dxsj

(P0)
n∑
s=1

dxsj
dxii0

(P0)ξ
l
j =

n∑
l=1

(
n∑
s=1

dxhi
dxsj

(P0)
dxsj
dxii0

(P0)

)
ξlj

When considering a di�erential:

dξki =
n∑
l=1

(
n∑
s=1

dxhi
dxsj

(P0)
dxsj
dxii0

(P0)

)
dξlj

So, taking a density (in order to consider functions):

dfk = dξki =
n∑
l=1

(
n∑
s=1

dxhi
dxsj

(P0)
dxsj
dxii0

(P0)

)
dξlj

ξki =

∫
X

dxhi
dxsj

(P0)
dxsj
dxii0

(P0)dξ
l
j
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As the space TP0(M) can be identi�ed with the vector space Rn, it can be associated with a linear space.The
tensor law of coordinate transformation can be used in order to identify arithmetic spaces of the coordinates of
tangent vector in any local coordinate system:

ξ1i

ξni

 =



dx1
i

dx1
j

dx1
i

dxnj

dxni
dx1
j

dxni
dxnj




ξ1j

ξnj


On a Hilbert space, this will be de�ned according to the formula ξki =

∫
X

dxhi
dxsj

(P0)
dxsj
dxii0

(P0)dξ
l
j , where the

coordinates have been mapped by a density.

1.6 External di�erential

Di�erential calculus of exterior di�erential form can be calculated by a gradient of an exterior di�erential
form. In the local coordinate system

{
x1, ..., xn

}
the di�erential form will have the components {ω1, ...ωk}. The

gradient will be:
(dω)j1....jk+1

=
∑
σ
(−1)|σ|∇σ(jk‘1)ωσ =

∑
σ
(−1)|σ| ∂ωσ∂xσ −

∑
σ

∑
s
(−1)|σ|Tασ(jk‘1)σ(js)....σ(jk)

The second term vanishes because, for �xed s and α, exists 2 permutations of indices j1...jk+1σ and σ′ such
that σ(ji) = σ′(ji). Also, as the Christo�el symbols are symmetric in the lower indices, the permutations σ and
σ′ are canceled. So:

(dω)j1....jk+1
=
∑
σ
(−1)|σ| ∂ωσ∂xσ

Considering Hilbert spaces with the scalar product. Let g̃ the orthonormal base. So, the components of xi
and ωi will be given by:

xi =
∫
g̃(x)f(x)dx and

ωi =
∫
g̃(x)ω(x)dx

Putting in di�erential form:
dxσ = g̃(x)f(x)dx
dωi = g̃(x)ω(x)dx
`So,

(dω)j1....jk+1
=
∑
σ
(−1)|σ| ∂ωσ∂xσ =

∑
σ
(−1)|σ| g̃(x)ω(x)dxg̃(x)f(x)dx =

∑
σ
(−1)|σ| ω(x)f(x)

Let's calculate the di�erential of a product:

d (ω1 ∧ ω2) =
∑
σ
(−1)|σ|∇σ (ω1 ∧ ω2)K =

∑
σ
(−1)|σ(i)|

∑
I

(−1)|σ(I)| ∂ωσ∂xi =
∑
K

(−1)|σ(I)| ∂(ω1,Iω2,J)
∂xi

=
∑

K=I
⋃
J
⋃
{i}

(−1)|σ(I)| ∂(ω1,,I)
∂xi ω2,J+

∑
K=I

⋃
J
⋃
{i}

(−1)|σ(I)|ω1,I
∂(ω2,J)
∂xi = (dω1∧ω2)K+(−1)degω2(ω1∧dω2)K

As (dω)j1....jk+1
=
∑
σ
(−1)|σ| ω(x)f(x) and ωi =

∫
g̃(x)ω(x)dx,

d (ω1 ∧ ω2)K =
∑
σ
(−1)|σ| ω1(x)

f(x) ∧
∫
g̃(x)ω2(x)dx+ (−1)degω2

((∫
g̃(x)ω(x)dx

)
∧
∑
σ
(−1)|σ| ω(x)f(x)

)
K
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2 Symmetry

Let's see how can we de�ne a symmetry of a function on a Hilbert space. Given a line, the equation is given by
the function y=ax. Let's call tgα = a, so,on a Euclidean metric, the symmetry is calculated by:

(
x′

y′

)
= GαS

′G−αP =

(
cosα sinα
−sinα cosα

)(
1 0
0 −1

)(
cosα −sinα
sinα cosα

)(
x
y

)
=

(
cosα −sinα
−sinα cosα

)(
cosα −sinα
sinα cosα

)(
x
y

)
=

(
cos2α −sin2α
sin2α −cos2α

)(
x
y

)
= S

(
x
y

)
But, when considering a general Hilbert space, a matrix cannot be used. In order to �nd a symmetric

function, let's use the Hilbert formula:

cos(f, fG) =

∫
f∗(x)fG(x)dx

√∫
f∗(x)f(x)dx

√∫
f∗G(x)fG(x)dx

,

The symmetry will be f ∗ fG = |f | |fG| cos(2α)
In order to simplify, let's consider that the functions f and fGare on a orthonormal base:−→
f =

∑
fi
−→e i

−→
fG =

∑
fG,i
−→e i, where eiej = δij , so

√∫
f∗G(x)fG(x)dx =

√∫
f∗(x)f(x)dx = 1

So,
cos(f, fG) =

∑
i

∫
fifGidx

Example: Let's f(x)=x. Let's calculate the symmetric with the scalar product < f, g >=
∫ 1

0
f∗gdx versus

the function g . Let's consider g(x) = x2

cos(f, g) = <f,g>
‖f‖‖g‖ =

∫ 1
0
x∗x2dx√∫ 1

0
x2dx
√∫ 1

0
x4dx

=
√
15
4

cos(f, fG) =
<f,fG>
‖f‖‖fG‖ = cos(2 < f, g >)

Let's consider fG = Axβ

‖fG‖2 =
∫ 1

0
A2x2βdx = A2

2β+1

< f, fG >=
∫ 1

0
Axβ+1dx = A

β+2

‖f‖2 =
∫ 1

0
x2dx = 1

3

cos(f, fG) =
<f,fG>
‖f‖‖fG‖ = cos

(
2
√
15
4

)
= cos

(√
15
2

)
So, < f, fG >= ‖f‖ ‖fG‖ cos

(√
15
2

)
A
β+2 =

√
1
3

A√
2β+1

cos
(√

15
2

)
1

β+2 =
√

1
3

1√
2β+1

cos
(√

15
2

)
= K√

2β+1
. so β+and β−will be the roots of the equation 2β + 1 = K2 (β + 2)

2

Solving the equation:
K2β2 +

(
4K2 − 2

)
β + 4K2 − 1 = 0,

β = 1−2K2±
√
1−3K2

K2

So, getting the root β+, in order to normalize, ‖fG‖2 =
∫ 1

0
A2x2βdx = A2

2β+1 = 1, so A =
√
2β+ + 1.

fG =
√
2β+ + 1xβ+
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3 Rotations

Considering a Euclidean two-dimensional plane, the condition that the metric dx2 + dy2, gij = δij is invariant
can be written as E = AAT , where A is a linear transformation. In this case, the orthogonal groups will be
de�ned by the matrices:

*

(
cosϕ sinϕ
−sinϕ cosϕ

)
(proper rotations)

*

(
cosϕ sinϕ
sinϕ −cosϕ

)
(re�ections)

Let's consider inde�nite metrics. In this case, let's consider the metric −dx2 + dy2, which transforms a

2-dimensional space into a pseudo-Euclidean plane. The matrix will be

(
−1 0
0 1

)
. As the rotations are

orthogonal transformation, B = ABAT . Let's �nd the matrix A =

(
a b
c d

)
:(

−1 0
0 1

)
=

(
a b
c d

)(
−1 0
0 1

)(
a c
b d

)
=

(
a b
c d

)(
−a −c
b d

)
=

(
−a2 + b2 −ac+ bd
−ac+ bd −c2 + d2

)
Where ac=bd. Solving the equations:
−a2 + b2 = −1
−c2 + d2 = 1

ac = bd
a = d = coshα
b = c = sinhα

So the matrix will be like this: (GHα) =

(
±coshα ±sinhα
±sinhα ±coshα

)
,with the metric −dx2 + dy2. The combi-

nations matching the relation |GHα | = ±1(rotations or re�ections) are:{(
+ +
+ +

)
,

(
− −
− −

)
,

(
+ −
+ −

)
,

(
− +
− +

)}
On a hyperbolic plane:(
x′

y′

)
= GHαSGH−αP =

(
coshα sinhα
sinhα coshα

)(
1 0
0 −1

)(
coshα −sinhα
−sinhα coshα

)(
x
y

)
(
x′

y′

)
=

(
cosh(2α) −sinh(2α)
−sinh(2α) cosh(2α)

)(
x
y

)
∣∣∣∣ cosh(2α) −sinh(2α)
−sinh(2α) cosh(2α)

∣∣∣∣ = −1
Let's see if there a way to �nd the angle of 2 functions on a hyperbolic metric. In this case, let's take the

previous formula:

cos(f, g) =

∫
f∗(x)g(x)dx

√∫
f∗(x)f(x)dx

√∫
g∗(x)g(x)dx

,

In order to �nd a formula for cosh, let's add a weight function in order to de�ne the cosh as precedent:

cosh(f, g) =

∫
f∗(x)g(x)GHαdx

√∫
f∗(x)f(x)GHαdx

√∫
g∗(x)g(x)GHαdx

,

The weight functionGHαwill de�ne the transformation of Cartesian coordinates to hyperbolic. Let's calculate
the �rst term:∫

f∗(x)g(x)GHαdx =

∫
f∗(x)g(x)

∂(u, v)

∂(x, y)
dx

On hyperbolic coordinates:

x = veu and y = ve−u, so u = ln
√

x
y and v =

√
xy

∂(u,v)
∂(x,y) =

∣∣∣∣∣ ∂u
∂x

∂u
∂y

∂v
∂x

∂v
∂y

∣∣∣∣∣ =
∣∣∣∣∣

1
2x − 1

2y
1
2

√
y
x

1
2

√
x
y

∣∣∣∣∣ = 1
4

(
1
x

√
x
y + 1

y

√
y
x

)
= 1

2
√
xy

cosh(f, g) =

∫
f∗(u)g(u)

∂(u, v)

∂(x, y)
dx =

∫
f∗(x)g(x)

dx

2
√
xy

Now, taking the change: x = Rcoshαand y = Rsinhα, as it's considered the variable x (single variable),
let's �x R, x = x (α)and y = y (α), so dx = Rsinhαdα∫

f∗(x)g(x)GHαdx =
∫
f∗(α)g(α) Rsinh(α)dx

2R
√
cosh(α)sinh(α)

= 1
2

∫
f∗(α)g(α)

√
tgh (α)dα

Following the same procedure, the cosh for those functions is given by:
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cosh(f, g) =

∫
f∗(α)g(α)

√
tgh (α)dα√∫

f∗(α)f(α)
√
tgh (α)dα

√∫
g∗(α)g(α)

√
tgh (α)dα
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4 Variationals

In this section it will be shown a method to �nd the extremal (stationary) functions for a functional J when
considering a g depending on coordinates. For a Riemann manifold a geodesic is de�ned as a trajectory where
the translation preserves the velocity �eld of the trajectory.

The functionalLof the length of the trajectory γ(t)is given by:

L =

∫ 1

0

√
gij(x)

dxi

dt

dxj

dt
dt

Let's call the Lagrangian L = L(gij , ..., xi, .., t), where the components of the tensor gijwill be functions of
xi. Following the Lagrange formulation for continuous systems, and applying the Hamilton's principle, let's see
how to �nd the di�erential equations:

δI = δ
∫
Ldx = 0

dI
dα =

∫ x2

x1

dx

∑
i,j

∂L
∂gi,j

∂gi,j
∂α

+
∑
i,j

∂L
∂xi

∂xi

∂α
+

∂L

∂
(
∂gi,j
∂xi

) ∂

∂α

(
∂gi,j
∂xi

)
dI
dα =

∑
i,j

∫ x2

x1

dx

 ∂L
∂gi,j

∂gi,j
∂α

+
∂L
∂xi

∂xi

∂α
+

∂L

∂
(
∂gi,j
∂xi

) ∂

∂α

(
∂gi,j
∂xi

) = 0

Integrating by parts:∫ x2

x1

dx
∂L

∂
(
∂gi,j
∂xi

) ∂

∂α

(
∂gi,j
∂xi

)
=−

∫ x2

x1

d

dx

 ∂L

∂
(
∂gi,j
∂xi

)
∂gi,j

∂α
dx

So,

dI

dα
=
∑
i,j

∫ x2

x1

dx

 ∂L
∂gi,j

− d

dx

 ∂L

∂
(
∂gi,j
∂xi

)
 ∂gi,j

∂α
= 0

As it must be 0 for any choose of x1and x2, the equation of extremals of the function L considering the
functions gij will be given by:

∂L
∂gi,j

− d

dxi

 ∂L

∂
(
∂gi,j
∂xi

)
 = 0

The above system of di�erential equations is called the Euler's equations for a di�erential.
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