
                                                  SOME FINITE SERIES AND THEIR APPLICATION   

                            (Saikat sarkar) (Undergraduate student of visva-bharati University) 

 

 𝑄. 1.  𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 (2𝑛
0

)
2

− (2𝑛
1

)
2

+ (2𝑛
2

)
2

− ⋯ − ( 2𝑛
2𝑛−1

)
2

+ (2𝑛
2𝑛

)
2

. 

 𝐴𝑛𝑠𝑤𝑒𝑟:  𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 (1 + 𝑥)2𝑛 = (2𝑛
0

) + (2𝑛
1

)𝑥 + (2𝑛
2

)𝑥2 + ⋯ + (2𝑛
2𝑛

)𝑥2𝑛 .    ⋯ (1) 

 𝑎𝑛𝑑  (1 − 𝑥)2𝑛 = (2𝑛
0

) − (2𝑛
1

)𝑥 + (2𝑛
2

)𝑥2 − ⋯ + (2𝑛
2𝑛

)𝑥2𝑛 .  ⋯ (2) 

 𝑤𝑒 𝑐𝑎𝑛 𝑤𝑟𝑖𝑡𝑒   (2𝑛
0

)
2

+ (2𝑛
1

)
2

+ (2𝑛
2

)
2

+ ⋯ + (2𝑛
2𝑛

)
2

= (2𝑛
2𝑛

) − ( 2𝑛
2𝑛−1

)(2𝑛
1

) + ( 2𝑛
2𝑛−2

)(2𝑛
2

) − ⋯ −

(2𝑛
1

)( 2𝑛
2𝑛−1

) + (2𝑛
2𝑛

).    𝑠𝑜, 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥2𝑛  𝑖𝑛 (1 + 𝑥)2𝑛 ∙ (1 − 𝑥)2𝑛. 

                                   = 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥2𝑛  𝑖𝑛 (1 − 𝑥2)2𝑛 . 

  𝑢𝑠𝑖𝑛𝑔 𝑏𝑖𝑛𝑜𝑚𝑖𝑎𝑙 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛 𝑤𝑒 𝑔𝑒𝑡 𝑡ℎ𝑒 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑜𝑓 𝑥2𝑛  𝑖𝑛 (1 − 𝑥2)2𝑛 𝑎𝑛𝑑 𝑡ℎ𝑎𝑡 𝑖𝑠 (−1)𝑛(2𝑛
𝑛

). 

 𝑄. 2.  𝐿𝑒𝑡 𝑆𝑛 , 𝑛 ≥ 1, 𝑏𝑒 𝑡ℎ𝑒 𝑠𝑒𝑡𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑎𝑠 𝑓𝑜𝑙𝑙𝑜𝑤𝑠 ∶  𝑆1 = {0}, 𝑆2 = {
3

2
,

5

2
, } , 𝑆3 = {

8

3
,

11

3
,

14

3
} , 𝑆4 =

{
15

4
,

19

4
,

23

4
,

27

4
}  𝑎𝑛𝑑 𝑠𝑜 𝑜𝑛.  𝑇ℎ𝑒𝑛 , 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝑆20. 

 𝐴𝑛𝑠𝑤𝑒𝑟: 𝐹𝑟𝑜𝑚 𝑡ℎ𝑒 𝑝𝑎𝑡𝑡𝑒𝑟𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑡𝑠 𝑤𝑒 𝑔𝑒𝑡 , 𝑆20 = {
399

20
,

419

20
, ⋯ ,

779

20
} . 𝐵𝑒𝑐𝑎𝑢𝑠𝑒 𝑡ℎ𝑒 𝑓𝑖𝑟𝑠𝑡 𝑡𝑒𝑟𝑚  

 𝑜𝑓 𝑒𝑣𝑒𝑟𝑦 𝑠𝑒𝑡 𝑖𝑠 
𝑛2−1

𝑛
 , 𝑛 ≥ 1. 𝑠𝑜, 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑎𝑙𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑖𝑛 𝑆20 𝑖𝑠 

20{
399+779

20
}

2
. 

                                                                                                                             =  
1178

2
 . 

                                                                                                                             = 589. 

 𝑄. 3.  𝐹𝑜𝑟 𝑎𝑛𝑦 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑘, 𝑐𝑜𝑚𝑝𝑢𝑡𝑒 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑝𝑎𝑟𝑡 𝑜𝑓 
1

√2
+

1

√3
+ ⋯ +

1

√10,000
  

        𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 𝑡ℎ𝑎𝑡 2(√𝑘 + 1 − √𝑘) <
1

√𝑘
< 2(√𝑘 − √𝑘 − 1). 

 𝐴𝑛𝑠𝑤𝑒𝑟: 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡  2(√𝑘 + 1 − √𝑘) <
1

√𝑘
< 2(√𝑘 − √𝑘 − 1),    𝑘 = 1,2, … 

 𝑎𝑓𝑡𝑒𝑟 𝑝𝑢𝑡𝑡𝑖𝑛𝑔 𝑘 = 2 𝑤𝑒 𝑔𝑒𝑡 , 2(√3 − √2) <
1

√2
< 2(√2 − 1).    

 𝑎𝑓𝑡𝑒𝑟 𝑝𝑢𝑡𝑡𝑖𝑛𝑔 𝑘 = 3 𝑤𝑒 𝑔𝑒𝑡 , 2(√4 − √3) <
1

√3
< 2(√3 − √2).   

        ⋮                                                ⋮                                        ⋮  

 𝑎𝑓𝑡𝑒𝑟 𝑝𝑢𝑡𝑡𝑖𝑛𝑔 𝑘 = 10,000 𝑤𝑒 𝑔𝑒𝑡 , 2(√10,001 − √10,000) <
1

√10,000
< 2(√10,000 − √9999). 



 𝑎𝑓𝑡𝑒𝑟 𝑎𝑑𝑑𝑖𝑛𝑔 𝑎𝑙𝑙 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑖𝑒𝑠 𝑤𝑒 𝑔𝑒𝑡, 2(√10,001 − √2) <
1

√2
+

1

√3
+ ⋯ +

1

√10,000
< 2(√10,000 −

1). 

                                                                       𝑜𝑟, 197.181 <
1

√2
+

1

√3
+ ⋯ +

1

√10,000
< 198. 

 𝑠𝑜, 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑙 𝑝𝑎𝑟𝑡 𝑖𝑠 197. 

𝑄. 4. 𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑜𝑓 1 + (𝑛
1

) cos 𝜃 + (𝑛
2

) cos 2𝜃 + ⋯ + (𝑛
𝑛

) cos 𝑛𝜃.    

𝐴𝑛𝑠𝑤𝑒𝑟: 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 (1 + 𝑎)𝑛

= 1 + (
𝑛

1
) 𝑎 + (

𝑛

2
) 𝑎2 + ⋯ + (

𝑛

𝑛
) 𝑎𝑛 , 𝑤ℎ𝑒𝑟𝑒 𝑎 𝑖𝑠 𝑟𝑒𝑎𝑙 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑟 𝑐𝑜𝑚𝑝𝑙𝑒𝑥 𝑛𝑢𝑚𝑏𝑒𝑟. 

 𝑖𝑓 𝑤𝑒 𝑝𝑢𝑡 𝑎 = cos 𝜃 + 𝑖 sin 𝜃 𝑤𝑒 𝑔𝑒𝑡,   1 + (𝑛
1

)(cos 𝜃 + 𝑖 sin 𝜃) + (𝑛
2

)(cos 𝜃 + 𝑖 sin 𝜃)2 + ⋯ + 

 (𝑛
𝑛

)(cos 𝜃 + 𝑖 sin 𝜃)𝑛.   

 𝑠𝑜, 𝑡ℎ𝑖𝑠 𝑖𝑠 𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡   {(1 + cos 𝜃) + 𝑖 sin 𝜃}𝑛 = 1 + (𝑛
1

) cos 𝜃 + (𝑛
2

) cos 2𝜃 + ⋯ + (𝑛
𝑛

) cos 𝑛𝜃 +

𝑖(𝑛
1

) sin 𝜃 + 𝑖(𝑛
2

) sin 2𝜃 + ⋯ + 𝑖(𝑛
𝑛

) sin 𝑛𝜃 . ⋯ (1)  

  𝑎𝑛𝑑 𝑖𝑓 𝑤𝑒 𝑝𝑢𝑡 𝑎 = cos 𝜃 − 𝑖 sin 𝜃  𝑤𝑒 𝑔𝑒𝑡, {(1 + cos 𝜃) − 𝑖 sin 𝜃}𝑛

= 1 + (
𝑛

1
) cos 𝜃 + (

𝑛

2
) cos 2𝜃 + ⋯ + (

𝑛

𝑛
) cos 𝑛𝜃 − 𝑖 (

𝑛

1
) sin 𝜃 − 𝑖 (

𝑛

2
) sin 2𝜃 − ⋯

− 𝑖 (
𝑛

𝑛
) sin 𝑛𝜃 .  ⋯ (2) 

 𝑎𝑓𝑡𝑒𝑟 𝑎𝑑𝑑𝑖𝑛𝑔 (1)𝑎𝑛𝑑 (2)𝑤𝑒 𝑔𝑒𝑡 , {(1 + cos 𝜃) + 𝑖 sin 𝜃}𝑛 + {(1 + cos 𝜃) − 𝑖 sin 𝜃}𝑛 = 2{1 +

(𝑛
1

) cos 𝜃 + (𝑛
2

) cos 2𝜃 + ⋯ + (𝑛
𝑛

) cos 𝑛𝜃 . } 

 𝑜𝑟, {2𝑐𝑜𝑠2 𝜃

2
+ 𝑖 2 sin

𝜃

2
cos

𝜃

2
}

𝑛
+ {2𝑐𝑜𝑠2 𝜃

2
− 𝑖 2 sin

𝜃

2
cos

𝜃

2
}

𝑛
= 2{1 + (𝑛

1
) cos 𝜃 + (𝑛

2
) cos 2𝜃 + ⋯ +

(𝑛
𝑛

) cos 𝑛𝜃}. 

 𝑜𝑟, (cos
𝜃

2
)

𝑛
{2 cos

𝜃

2
+ 𝑖 2 sin

𝜃

2
}

𝑛
+ (cos

𝜃

2
)

𝑛
{2 cos

𝜃

2
− 𝑖 2 sin

𝜃

2
}

𝑛
= 2{1 + (𝑛

1
) cos 𝜃 + (𝑛

2
) cos 2𝜃 +

⋯ + (𝑛
𝑛

) cos 𝑛𝜃}. 

 𝑜𝑟, (2 cos
𝜃

2
)𝑛 cos

𝑛𝜃

2
= {1 + (𝑛

1
) cos 𝜃 + (𝑛

2
) cos 2𝜃 + ⋯ + (𝑛

𝑛
) cos 𝑛𝜃}. 

 𝑄. 5. 𝐹𝑖𝑛𝑑 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 ∑ (𝑟2 + 1)𝑟!10
𝑟=1  . 

 𝐴𝑛𝑠𝑤𝑒𝑟: 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 1 ∙ 1! + 2 ∙ 2! + 3 ∙ 3! + 4 ∙ 4! + ⋯ + 𝑛 ∙ 𝑛! = (𝑛 + 1)! − 1.  ⋯ (1) 

 𝑠𝑜, ∑ (𝑟2 + 1)𝑟! = ∑ (𝑟 + 1)2 ∙ 𝑟! − 2 ∑ 𝑟 ∙ 𝑟!10
𝑟=1

10
𝑟=1

10
𝑟=1  

                              = ∑ (𝑟 + 1) ∙ (𝑟 + 1)! − 2 ∑ 𝑟 ∙ 𝑟! 10
𝑟=1

10
𝑟=1 = 12! − 1 − 2(11! − 1) −

1     [𝑢𝑠𝑖𝑛𝑔 𝑡ℎ𝑒 𝑝𝑟𝑜𝑝𝑒𝑟𝑡𝑦 (1)]. 



                                                                                                        = 12! − 2 ∙ 11! = 10 ∙ 11!   

 𝑄. 6. 𝐼𝑓 𝑆𝑛 =  ∑
1

(𝑛
𝑟

)
𝑛
𝑟=0    𝑎𝑛𝑑 𝑡𝑛 = ∑

𝑟

(𝑛
𝑟

)
𝑛
𝑟=0   , 𝑡ℎ𝑒𝑛 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓  

𝑡𝑛

𝑆𝑛
. 

 𝐴𝑛𝑠𝑤𝑒𝑟: 𝑠𝑜, 𝑡𝑛 = ∑
𝑟

(𝑛
𝑟

)
𝑛
𝑟=0  . 

                𝑜𝑟, 𝑡𝑛 = − ∑
−𝑟

(𝑛
𝑟

)
𝑛
𝑟=0  . 

                            =  − ∑
𝑛−𝑟−𝑛

(𝑛
𝑟

)
𝑛
𝑟=0  . 

                           = − ∑
𝑛−𝑟

( 𝑛
𝑛−𝑟

)
𝑛
𝑟=0 + ∑

𝑛

(𝑛
𝑟

)
𝑛
𝑟=0  . 

                         = −𝑡𝑛 + 𝑛𝑆𝑛 . 

            𝑜𝑟, 𝑡𝑛 = −𝑡𝑛 + 𝑛𝑆𝑛  . 

          𝑜𝑟,
𝑡𝑛

𝑆𝑛
=

𝑛

2
 . 

 𝑄. 7. 𝐶𝑜𝑚𝑝𝑢𝑡𝑒 𝑡ℎ𝑒 𝑠𝑢𝑚 ∶ 𝑆𝑛 = ∑
1

(𝑘+1)(𝑘+2)
(𝑛

𝑘
)𝑛

𝑘=0 . 

 𝐴𝑛𝑠𝑤𝑒𝑟: 𝑤𝑒 𝑘𝑛𝑜𝑤 𝑡ℎ𝑎𝑡 (1 + 𝑥)𝑛 = 1 + (𝑛
1

)𝑥 + (𝑛
2

)𝑥2 + ⋯ + (𝑛
𝑛

)𝑥𝑛 . 

 𝑎𝑓𝑡𝑒𝑟 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒 𝑤𝑖𝑡ℎ 𝑟𝑒𝑠𝑝𝑒𝑐𝑡 𝑡𝑜 𝑥 𝑤𝑒 𝑔𝑒𝑡, ∫(1 + 𝑥)𝑛 𝑑𝑥 = ∫{1 + (𝑛
1

)𝑥 + (𝑛
2

)𝑥2 + ⋯ +

(𝑛
𝑛

)𝑥𝑛. } 

 𝑜𝑟,
(1+𝑥)𝑛+1

𝑛+1
= 𝑥 + (𝑛

1
)

𝑥2

2
+ (𝑛

3
)

𝑥3

3
+ ⋯ + (𝑛

𝑛
)

𝑥𝑛+1

𝑛+1
+ 𝑐1 ,    𝑤ℎ𝑒𝑟𝑒 𝑐1 𝑖𝑠 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡. 

 𝑇𝑜 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑐1 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑡𝑜 𝑝𝑢𝑡 𝑥 = 0 𝑎𝑛𝑑 𝑤𝑒 𝑔𝑒𝑡, 𝑐1 =
1

𝑛+1
 . 

 𝑁𝑜𝑤 ,
(1+𝑥)𝑛+1

𝑛+1
−

1

𝑛+1
= 𝑥 + (𝑛

1
)

𝑥2

2
+ (𝑛

3
)

𝑥3

3
+ ⋯ + (𝑛

𝑛
)

𝑥𝑛+1

𝑛+1
 .  ⋯ (1) 

 𝑁𝑜𝑤 , 𝑎𝑓𝑡𝑒𝑟 𝑖𝑛𝑡𝑒𝑔𝑟𝑎𝑡𝑖𝑛𝑔 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒 𝑎𝑔𝑎𝑖𝑛 𝑤𝑒 𝑔𝑒𝑡,
(1+𝑥)𝑛+2

(𝑛+1)(𝑛+2)
−

𝑥

𝑛+1
=

𝑥2

1∙2
(𝑛

0
) + (𝑛

1
)

𝑥3

2∙3
+ (𝑛

3
)

𝑥4

3∙4
+

⋯ + (𝑛
𝑛

)
𝑥𝑛+2

(𝑛+1)∙(𝑛+2)
+ 𝑐2 .  ⋯ (2) 

 𝑝𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = 0 𝑤𝑒 𝑔𝑒𝑡, 𝑐2 =
1

(𝑛+1)(𝑛+2)
 . 

 𝑝𝑢𝑡𝑡𝑖𝑛𝑔 𝑡ℎ𝑒 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑐2 𝑖𝑛 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (2), ∑ 𝑥𝑘+2(𝑛
𝑘

)𝑛
𝑘=0 ∙

1

(𝑘+1)(𝑘+2)
=

(1+𝑥)𝑛+2

(𝑛+1)(𝑛+2)
−

𝑥

𝑛+1
−

1

(𝑛+1)(𝑛+2)
 .  ⋯ (3) 

  𝑝𝑢𝑡𝑡𝑖𝑛𝑔 𝑥 = 1 𝑖𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (3)𝑤𝑒 𝑔𝑒𝑡, ∑ (𝑛
𝑘

) ∙
1

(𝑘+1)(𝑘+2)
=

2𝑛+2

(𝑛+1)(𝑛+2)
−

1

𝑛+1
−

1

(𝑛+1)(𝑛+2)
𝑛
𝑘=0  . 



                     =
2𝑛+2−(𝑛+3)

(𝑛+1)(𝑛+2)
 . 

  

   

  

 

                                                     : Reference: 

 𝑇𝑒𝑠𝑡 𝑜𝑓 𝑀𝑎𝑡ℎ𝑒𝑚𝑎𝑡𝑖𝑐𝑠 𝑎𝑡 𝑡ℎ𝑒 10 + 2 𝐿𝑒𝑣𝑒𝑙 − 𝐼𝑁𝐷𝐼𝐴𝑁 𝑆𝑇𝐴𝑇𝐼𝑆𝑇𝐼𝐶𝐴𝐿 𝐼𝑁𝑆𝑇𝐼𝑇𝑈𝑇𝐸  


