
                                     Note on Mathematical Inequality 

                                         (Saikat sarkar), undergraduate student of visva-bharati university. 

If anyone has any comment, feel free to ask me any question. My mail id is saikatsarkar098@gmail.com. 

Abstract: This is very fundamental concept of mathematical inequality .I have focused in some 

preliminary concept of mathematical inequality. Here I am dealing with real number and their 

properties. 

The property of trichotomy: Any two real number 𝑎, 𝑏 must be satisfy one and only one of the following 

relations− 

(i) 𝑎 is equal to 𝑏                (𝑎 = 𝑏), 

(ii) 𝑎 is greater than 𝑏        (𝑎 > 𝑏), 

(iii) 𝑎 is less than 𝑏              (𝑎 < 𝑏). 

The last two relations are inequality relations. 

Properties: If 𝑎, 𝑏, 𝑐 be real numbers, then  

         (i) 𝑎 > 𝑏 and 𝑏 > 𝑐  ⇒ 𝑎 > 𝑐, 

         (ii) 𝑎 > 𝑏 ⇒ 𝑎 + 𝑐 > 𝑏 + 𝑐, 

         (iii) 𝑎 > 𝑏 and 𝑐 > 0 ⇒ 𝑎𝑐 > 𝑏𝑐, 

         (iv) 𝑎 > 𝑏 and 𝑐 < 0 ⇒ 𝑎𝑐 < 𝑏𝑐, 

          (v) 𝑎 > 𝑏 and 𝑐 = 0 ⇒ 𝑎𝑐 = 𝑏𝑐, 

Corollary: (i) 𝑎 ≥ 𝑏 and 𝑏 ≥ 𝑐  ⇒ 𝑎 ≥ 𝑐, 

                   (ii) 𝑎 ≥ 𝑏 and 𝑏 > 𝑐  ⇒ 𝑎 > 𝑐, 

                   (iii) 𝑎 ≥ 𝑏 ⇒ 𝑎 + 𝑐 ≥ 𝑏 + 𝑐, 

                   (iv) 𝑎 ≥ 𝑏 and 𝑐 > 0  ⇒ 𝑎𝑐 ≥ 𝑏𝑐, 

                    (v) 𝑎 ≥ 𝑏 and 𝑐 < 0  ⇒ 𝑎𝑐 ≤ 𝑏𝑐. 

Theorem: If 𝑎1, 𝑎2, ⋯ , 𝑎𝑛;  𝑏1, 𝑏2, ⋯ , 𝑏𝑛  be all real number such that 𝑎𝑖 > 𝑏𝑖 for 𝑖 = 1,2, ⋯ , 𝑛, then  

                   𝑎1 + 𝑎2 + ⋯ + 𝑎𝑛 > 𝑏1 + 𝑏2 + ⋯ + 𝑏𝑛. 

 𝑝𝑟𝑜𝑜𝑓.    (𝑎1 + 𝑎2 + ⋯ + 𝑎𝑛) − (𝑏1 + 𝑏2 + ⋯ + 𝑏𝑛) 

                  =    (𝑎1 − 𝑏1) + (𝑎2 − 𝑏2) + ⋯ (𝑎3 − 𝑏3) > 0, 𝑠𝑖𝑛𝑐𝑒 𝑎𝑖 − 𝑏𝑖 > 0 for 𝑖 = 1,2, ⋯ 𝑛.  

                  Therefore 𝑎1 + 𝑎2 + ⋯ + 𝑎𝑛 > 𝑏1 + 𝑏2 + ⋯ + 𝑏𝑛. 

Theorem: If 𝑎1, 𝑎2, ⋯ , 𝑎𝑛;  𝑏1, 𝑏2, ⋯ , 𝑏𝑛 be all positive real number such that 𝑎𝑖 > 𝑏𝑖 for 𝑖 = 1,2, ⋯ , 𝑛, 

then 𝑎1𝑎2 ⋯ 𝑎𝑛 > 𝑏1𝑏2 ⋯ 𝑏𝑛.  

 𝑝𝑟𝑜𝑜𝑓.  𝑎1𝑎2 − 𝑏1𝑏2 = 𝑎1(𝑎2 − 𝑏2) + 𝑏2(𝑎1 − 𝑏1) > 0, since each term is positive. 

Therefore  𝑎1𝑎2 > 𝑏1𝑏2. Thus 𝑎1 > 𝑏1  and 𝑎2 > 𝑏2  ⇒ 𝑎1𝑎2 > 𝑏1𝑏2. 

Similarly, 𝑎1𝑎2 > 𝑏1𝑏2 and 𝑎3 > 𝑏3  ⇒ 𝑎1𝑎2𝑎3 > 𝑏1𝑏2𝑏3. successive application give 𝑎1𝑎2 ⋯ 𝑎𝑛 >

𝑏1𝑏2 ⋯ 𝑏𝑛. 

Means: Let 𝑥 be a real number. The most basic inequalities are 

                                      𝑥2 ≥ 0,       ⋯ (1) 

                                     ∑ 𝑥𝑖
2  ≥ 0.        ⋯ (2)𝑛

𝑖=1          

 We have equality only if 𝑥 = 0 in (1) or 𝑥𝑖 = 0 for all 𝑖 in (2). one strategy for proving inequalities 
 is to transform them into the form (1) or (2). This is usually a long road. So we derive some 

consequences equivalent to (1). With 𝑥 = 𝑎 − 𝑏, 𝑎 > 0, 𝑏 > 0, We get the following equivalent 

inequalities: 

               𝑎2 + 𝑏2 ≥ 2𝑎𝑏 ⇔ 2(𝑎2 + 𝑏2) ≥ (𝑎 + 𝑏)2 ⇔
𝑎

𝑏
+

𝑏

𝑎
≥ 2 ⇔

𝑎+𝑏

2
≤ √

𝑎2+𝑏2

2
. 

  Replacing 𝑎, 𝑏 by √𝑎, √𝑏, we get  𝑎 + 𝑏 ≥ 2√𝑎𝑏 ⇔
𝑎+𝑏

2
≥ 2√𝑎𝑏 ⇔ √𝑎𝑏 ≥

2𝑎𝑏

𝑎+𝑏
 . 

 

                                                                                        (1) 
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In particular, we have the inequality chain  

                min(𝑎, 𝑏) ≤
2𝑎𝑏

𝑎+𝑏
≤ √𝑎𝑏 ≤

𝑎+𝑏

2
≤ √

𝑎2+𝑏2

2
≤ max(𝑎, 𝑏). 

This is the ℎ𝑎𝑟𝑚𝑜𝑛𝑖𝑐 − 𝑔𝑒𝑜𝑚𝑒𝑡𝑟𝑖𝑐 − 𝑎𝑟𝑖𝑡ℎ𝑚𝑒𝑡𝑖𝑐 − 𝑞𝑢𝑎𝑑𝑟𝑎𝑡𝑖𝑐 𝑚𝑒𝑎𝑛 𝑖𝑛𝑒𝑞𝑢𝑎𝑙𝑖𝑡𝑦. 

Example: If 𝑎𝑖 > 0 for 𝑖 = 1, ⋯ , 𝑛 and 𝑎1𝑎2 ⋯ 𝑎𝑛 = 1, then (1 + 𝑎1)(1 + 𝑎2) ⋯ (1 + 𝑎𝑛) ≥ 2𝑛 

Solution:  we know that 
(1+𝑎1)

2
≥ √𝑎1,

(1+𝑎2)

2
≥ √𝑎2, ⋯ ,

(1+𝑎𝑛)

2
≥ √𝑎𝑛 .    

 Multiplying all the inequalities we get, 

                    
(1+𝑎1)

2
∙

(1+𝑎2)

2
⋯

(1+𝑎𝑛)

2
≥ √𝑎1𝑎2𝑎3 ⋯ 𝑎𝑛 . 

                ⇒
(1+𝑎1)

2
∙

(1+𝑎2)

2
⋯

(1+𝑎𝑛)

2
≥ 1 ⇒ (1 + 𝑎1) ∙ (1 + 𝑎2) ⋯ (1 + 𝑎𝑛) ≥ 2𝑛. 

Generally, for 𝑛 positive number 𝑎𝑖 , we have the following inequalities: 

      min(𝑎𝑖) ≤
𝑛

1

𝑎1
+

1

𝑎2
+⋯+

1

𝑎𝑛

≤ √𝑎1𝑎2 ⋯ 𝑎𝑛
𝑛 ≤

𝑎1+𝑎2+⋯+𝑎𝑛

𝑛
≤ √

𝑎1+𝑎2+⋯+𝑎𝑛

𝑛
≤ max(𝑎𝑖). 

 The equality sign is valid only if 𝑎1 = ⋯ = 𝑎𝑛.  
                                                                    EXERCISE 

1. For positive 𝑎, 𝑏 𝑎𝑛𝑑 𝑐, prove that 
𝑎

𝑏
+

𝑏

𝑐
+

𝑐

𝑎
≥ 3 

2. If 𝑎1, 𝑎2, ⋯ , 𝑎𝑛 are positive real numbers prove that (𝑎1 + 𝑎2 + ⋯ + 𝑎𝑛) (
1

𝑎1
+

1

𝑎2
+ ⋯ +

1

𝑎𝑛
) ≥ 𝑛2. 

3. If 𝑎 > 0, 𝑏 > 0 and 𝑐 > 0, prove that 
𝑎+𝑏

𝑐
+

𝑏+𝑐

𝑎
+

𝑐+𝑎

𝑏
≥ 6. 

4. If 𝑎, 𝑏, 𝑐 are positive, prove that (𝑎 + 𝑏 + 𝑐)(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) ≥ 9𝑎𝑏𝑐. 
Cauchy-Schwarz Inequality: Let 𝑎1, 𝑎2, ⋯ 𝑎𝑛 and 𝑏1, 𝑏2, ⋯ 𝑏𝑛 be two sets of real numbers. Then 

 (∑ 𝑎𝑖𝑏𝑖
𝑛
𝑖=1 )2 ≥ (∑ 𝑎𝑖

2𝑛
𝑖=1 )(∑ 𝑏𝑖

2𝑛
𝑖=1 ). 

And equality holds iff 

                                      
𝑎1

𝑏1
=

𝑎2

𝑏2
= ⋯

𝑎𝑛

𝑏𝑛
 .   

 𝑝𝑟𝑜𝑜𝑓:  Let us put 𝐴 = ∑ 𝑎𝑖
2𝑛

𝑖=1 , 𝐵 = ∑ 𝑏𝑖
2𝑛

𝑖=1 , 𝐶 = ∑ 𝑎𝑖𝑏𝑖
𝑛
𝑖=1 . 

We have to prove 𝐶2 ≤ 𝐴𝐵. If 𝐵 = 0 then 𝑏𝑖 = 0 for all 𝑖 = 1,2, ⋯ , 𝑛. Hence 𝐶 = 0.Therefore it is 

sufficient to consider the case 𝐵 ≠ 0. This implies that 𝐵 > 0. We now have 0 ≤ ∑ (𝐵𝑎𝑖 − 𝐶𝑏𝑖)2𝑛
𝑖=1  

                                                                                                                                     = 𝐵2 ∑ 𝑎𝑖
2𝑛

𝑖=1 −

2𝐵𝐶 ∑ 𝑎𝑖𝑏𝑖
𝑛
𝑖=1 + 𝐶2 ∑ 𝑏𝑖

2𝑛
𝑖=1 . 

                                                                                                                                       = 𝐵(𝐴𝐵 − 𝐶2). 

Since 𝐵 > 0, we get 𝐴𝐵 − 𝐶2 ≥ 0. Which is the required inequality. Moreover, equality holds iff 

                                                    ∑ (𝐵𝑎𝑖 − 𝐶𝑏𝑖)2𝑛
𝑖=1 = 0. 

This is equivalent to 
𝑎𝑖

𝑏𝑖
=

𝐶

𝐵
 , 𝑖 = 1,2, ⋯ , 𝑛. 

Example: If 𝑎1, 𝑎2, ⋯ , 𝑎𝑛 are real numbers such that 𝑎1 + 𝑎2 + ⋯ + 𝑎𝑛 = 1, prove that  

                                 𝑎1
2 + 𝑎2

2 + ⋯ + 𝑎𝑛
2 ≥

1

𝑛
 . 

Solution: we have, (1 + 1 + ⋯ 𝑛 𝑡𝑖𝑚𝑒𝑠)(𝑎1
2 + 𝑎2

2 + ⋯ + 𝑎𝑛
2) ≥ (𝑎1 ∙ 1 + 𝑎2 ∙ 1 + 𝑎3 ∙ 1 + ⋯ + 𝑎𝑛 ∙

1)2. 

                         ⇒ 𝑛 ∙ (𝑎1
2 + 𝑎2

2 + 𝑎3
2 + ⋯ + 𝑎𝑛

2) ≥ 1 

                         ⇒ (𝑎1
2 + 𝑎2

2 + ⋯ + 𝑎𝑛
2) ≥

1

𝑛
       

                                                                                 (2)  
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