Question 472: Some Series

Edgar Valdebenito

abstract

This note presents some numerical series

1. Introduction
The natural numbers:

N={1,234.}
The factorial number:
n'=1.2-3---n ,neN ,0!=1

The binomial number:

(Ej: k!(nnik)!

[anz (2?2)!

The pochhammer symbol:
(a) =a(a+1)(a+2)---(a+n-1) ,neN ;(a), =1

Identity:

The hypergeometric function:
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e The number h, :

e Complex numbers: z:x+iye<C;x,yeR;x:Re(z),y:Im(z);i:\/—_l .
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2. Some Series

Entry 1: If 0<9< /3 , then

i F(; ;11 cos @ — |S|n6j——42( J 27"h, (1-cos&—ising)’

Examples: 6=7/4,716,718,7/12 .
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Entry 2: If 0<9< /3, then

© (2n ? © (2n ?
02( A ] 27X :—42( A ] 27" Y,
n=0 n=1

ei(znf 27 = 42( J “h X,

n=0 n
where

X, +iY, =(1-cos@-isind)" ,neNU{0}

anRe((l—cose—isinH)”) neNuU{0}

Y, = Im((1-cosg-ising)") ,neNu{0}
Xn:%((1—cose—isim9)”+(1—cos«9+isin9)") ,ne Nu{0}
Yn:%((1—cose—isin9)”—(1—cos¢9+isin0)”) ,neNuU{0}

=—(sin@) X, +(1-cosH)Y,
X, =1Y,=0

Xpa =(1-c0s8) X, +(sin )Y,
Y

Example: 0=x1/4 .

= (2nY’ = (2n)’
n;( n] 24“Xn:—162(n] 2"h,Y,

n=1

i( j 27"y, _162( J “"h X,

=0

where

1 1 1
=|1-—=|X, +==Y, Y,  =—=X_+[1-——=1Y,, X, =1Y,=0
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Entry 3:

ni(znf 2" (a, +b,v2)= —162(2:)2 2o, (c, +d,42) (25)

n

ni(zn”j225“(cn+dnf) 162( J 2°'h, (a,+b,v2) (26)

n=0
where
a,,=2a —2b +2d,
b,.,=-a,+2b +c,
c,,=-2b +2c —2d (27)
d., =-a,—-¢,+2d,
a,=1b,=c,=d, =0
1+i —1+i
Let = , then
N RN
an_in((l o) +(L+a) +(1- ) +(1+B)') neNU{0} (28)
2n(1_|) n n n n
b, =~ a((1-a) ~(1+a) -(1-B) +(1+B8)') neNU{0}  (29)

¢=-" (1-a)' +(@1+a) -(1-p) -(1+B8)') neNU{0} (30)

0, =-2 8 o ((1-ay ~@+a) +@-pY -1+ 8)) neNUlO}  (3D)

Entry 4: If keN , then
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Entry 5:
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Entry 6: If a=

Entry 7:
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then
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=
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Entry 8:

= ((3/4) ) 2 - ((1/4) Y
. =2 nolof 42
nz_:;( n! 2n+1 \/—nz_(; n! " (42)
where
27" 2n-1
fOZ%,fnz— —+— f , ,neN (43)
Entry 9: If neN , then
(2 H) 27 z, 1-2
= 44
;k(k+2‘“‘1—1) (44)

i n—l
<k+2 \/ \/2+\/2+ 2+ 42

n-1)-radicals

i (2*1 _ 2*nfl)k _ . i 142" (45)
Ski(k+2t-2mt) \/2+\/2+m Fk(k+2t-2"-1)
n—radicals
(272 x 2 1-27
= 46
Z:(;k(k+2 +2”‘l \/2+\/2+ 2+...+ Zk(k+2 +27" - 1) (46)
n—radicals
Entry 10:

1 a((1/2),Y (2/3) 13 1) &(1/4) (3/4),
€+_SZ( n! J 2n+12F[n+1n+§ n+2_§j_§ (nl) f, (47)
WAC1, g

(L2),) 2- ( 1.3 1) -
. Rlloint+oi—< =2 —5—1,
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where
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Entry 11: If n>0 , then
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7Z'=—12n§ k(rlj)! |m[[3+2*/§ i @;1} J+

(56)
1Y -\
+12nz T [\/§+1j Im((1-i)")
Entry 12: If neNu{0} , then
2n! & 1 1
=), ko(‘”*ijk (2K +1)k! 57
Entry 13: If p,ge Nu{0} , then
1 (M2, (51 1 1.1 _
;— 2p|q| 4F3(Z,E,—p+§,—q+5,z,p+1,q+1,—1j (58)

Remark: ,F, is the generalized hypergeometric function.
Entry 14: If neN, p,qeNu{0} , then

n(p+q+n-1)! (n 1 1n 1 1 j
= F,| =—+1n,— T i A -1 59
(172),,.,@r2),, *° g TEN TPy A g P A il (59)

Remark: ,F, is the generalized hypergeometric function.
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