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Abstract

We derive several identities for arbitrary homogeneous second order recurrence se-
quences with constant coefficients. The results are then applied to present a harmo-
nized study of six well known integer sequences, namely the Fibonacci sequence, the
sequence of Lucas numbers, the Jacobsthal sequence, the Jacobsthal-Lucas sequence,
the Pell sequence and the Pell-Lucas sequence.
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1 Introduction

Our aim in writing this paper is to derive several identities for arbitrary second order
recurrence sequences with constant coefficients. As a concrete illustration of how our results
may be put to use, we will derive identities for the integer sequences mentioned in the
abstract and defined below.

The Fibonacci numbers, F),, and the Lucas numbers, L,, are defined, for n € 7Z, as usual,
through the recurrence relations F,, = F,, 1 + F,, o (n >2), Fy =0, F;y =land L,, = L, _1 + L, _»
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(n>2),Log=2,L =1, with F.,, = (=1)"'F, and L_,, = (—1)"L,,. Exhaustive discus-
sion of the properties of Fibonacci and Lucas numbers can be found in Vajda [8] and in
Koshy [5].

The Jacobsthal numbers, J,, and the Jacobsthal-Lucas numbers, j,, are defined, for n € 7Z,
through the recurrence relations J,, = J,,_1 +2J,_2 (n > 2), Jo =0, J; = land j, = jn_1 + 2jn_2
(n>2),j50=2,j1 =1, with J_,, = (=1)""'27"J, and j_, = (—1)"27"j,. Horadam [4]

and Aydin [2] are good reference materials on the Jacobsthal and associated sequences.

The Pell numbers, P,, and Pell-Lucas numbers, @), are defined, for n € Z, through the
recurrence relations P, = 2P, 1+ P, 2 (n > 2), B =0, P =1and Q, =2Q,-1 + Qn_2
(n >2), Q =2, Q =1, with P, = (-=1)"'P, and Q_, = (—1)"Q,. Koshy [6],
Horadam [3] and Patel and Shrivastava [7] are useful source materials on Pell and Pell-
Lucas numbers.

Note that, in this paper, apart from in the binomial summation identities where the upper
limit must be non-negative, the upper limit in the summation identities is allowed to take
on negative values once we adopt the summation convention that, if £ < 0 then

k

Zfrz_ Z fra

r=0 r=k+1

as long as f, is not singular in the summation interval.
Here is a couple of results to whet the reader’s appetite for reading on:

From Corollary [2}
Frosnlnik — FoLpinyr = (=1)"Fy Ly,

InthJntk — Ingntnie = (—1)"2" Jnjk
ProinQnik — PoQningr = (—1)"PrQ. .
From Theorem [B

(=D)“L2 4+ (—=1)"L2 + (—=1)“L2 = (=1)"LyLyLy, + 4,

<_1)u2vj3 + (_1)02uj3 + (_1)w.75; = (_1)wjujvjw + 2w+2
and
(—D"Q: + (=1)'Q + (=1)"Q% = (—1)"QuQuQu + 4,

for integers u, v, w such that v +v = w.

From Theorem [§] for nonnegative integer k and arbitrary integers a, b, ¢, d, e, m for which
the denominator does not vanish:

i k Fd—cFe—b - Fe—ch—b " Jai

—0 r Fd—aFe—c - Fe—aFd—c (bt (bar
(FaaFep— Fe oFyy g I
B Fd—aFe—c - Fe—aFd—c "




Zk: Jd c e b — Je—ch—b TJ

— r Jd aJe c Je—aJd—c Mo (b=eJktba)r
o deat]efb - Jefadeb g J
B Jd—aje—c - Je—aJd—c "

i k Pdfcpe—b - Pefcpdib r P
r P, P..—P._,P;. m—(b—c)k+(b—a)r

r=0

o Pdfapefb - Pefanfb g P
B Pdfapefc - Pefanfc "

2 Main results

2.1 Identities

Lemma 1. Let {X,,} and {Y,,}, m € Z, be homogeneous second order recurrence sequences
with constant coefficients. Let {X,,} and {Y,,} possess the same recurrence relation. Let
Agy = Xi—aYerr — Xe—oYa—p. Then, the identity:
(Xd—a,}/e—b - Xe—aYd—b)Xm—c
= (dechefb - Xechdfb)mea
+ (Xd—aXe—c - Xe—aXd—c)Ym—b 5
holds for arbitrary integers a, b, c, d, e and m for which Ay, # 0.

Proof. By hypothesis, {X,,} and {Y;,} have the same recurrence relations, therefore we
seek a relation of the following type:

Xi—e = M Xin—a + XY ) (21)

between any three numbers X, ., X,,_, and Y,,,_,, where a, b and c are fixed integers and
A1 and A, are suitable constants. Evaluating (2.1)) at m = d and at m = e produces two
equations:

Xi—e=MXg_a+ XYy (2.2)
and
Xee = /\1Xe—a + )\25/;—b ’ (23)
to be solved simultaneously for the constants A; and Ay. Solutions exist if
Xi—a Yip

A = Xag-aYerv — Xe—aYas 7£ 0.

= = Xefa Yvefb
The result follows from substituting into (2.1)) the A; and Ay found from solving (12.2))

and .

]

Lemma 2. Let {X,,}, m € Z, be a homogeneous second order recurrence sequence with
constant coefficients. Then, the following identity holds for arbitrary integers a, b, c, d, e
and m:

(deaXefb - Xefadeb)mec
- (Xd—ch—b - Xe—ch—b)Xm—a
+ (Xd—aXe—c — Xe—aXd—c)Xm—b .



Proof. Let Ayy = Xg—qXe—p — Xe—aXa—p # 0 and proceed as in the proof of Lemma I We
have

(Xd—aXe—b - Xe—aXd—b)Xm—c
= (Xd—ch—b - Xe—ch—b>Xm—a (24)
+ (deaXefc - Xefadec)meb .

But we will now prove that the identity (2.4 continues to hold even if A,, = 0. Let
A1 = Xd—ch—b - Xe—ch—ba AQ = Xd—aXe—c - Xe—aXd—c .

There are six possible situations in which A,, can vanish. We consider them in turn.

1. X4 = 0= X, ,, in which case d = e = A; = Ay = 0 and hence identity (2.4)

remains valid.

2. X.p, =0 = Xy, in which case, again, d = e = A; = Ay = 0 and hence identity (2.4])
remains valid

3. X4-a =0= X4, in which case b = a and the right side of identity (2.4)) reads
(dechfa - Xechdfa)mea + (deaXefc - Xefadec)mea )
which evaluates to zero, so that identity (2.4 remains valid.

4. Xe_p =0 = X4p, in which case e = d and the right side of identity (2.4]) reads
(Xa—eXab — Xa-cXab) Xm-a + (Xa-aXi—c — Xa-aXac) X,
which evaluates to zero, so that identity (2.4 remains valid.

5. Xg-a = Xe_q and X, = X4_p, in which case, again, d = e = A; = Ay = 0 and
hence identity (2.4 remains valid.

6. Xg—o = Xyg_p and X._, = X._,, in which case, as in case 3, b = a and hence
identity ([2.4) remains valid.

Thus we see that identity (2.4)) is valid regardless of the nature of A,,, so that the identity
holds for all integers.
O

Lemma 3. Let {X,,}, m € Z, be a homogeneous second order recurrence sequence with
constant coefficients. Then, the following identity holds for arbitrary integers a, b, ¢ and
m:
(X02 - Xb—aXa—b)Xm—c
- (Xa—cXO - Xb—ch—b>Xm—a
+ (XObec - beaXafc>meb .



2.2 Summation identities

The following identities are obtained by making appropriate substitutions from Lemmata[I]and 2]
into Lemmata 1 and 2 of [I].

Lemma 4. Let {X,,} and {Y,,}, m € Z, be homogeneous second order recurrence sequences
with constant coefficients. Let {X,,} and {Y,,} possess the same recurrence relation. Let
Azy = Xd—a}/e—b - Xe—zsz—b7 A1 = Xd—c}/e—b - Xe—cYZZ—b and A2 - Xd—sze—c - Xe—aXd—c-
Then, the following identity holds for arbitrary integers a, b, ¢, d, e, m and k for which
Ay #0, Ay #£0, Ay #0:

Ek: Xo-oYeos — XeoYay
—0 Xd—cY:i—

Ym—k a—c)—b+c+(a—c)r
b— Xe—ch—b) (ame)=bretleme)

_ ( Xa-aYes = Xe-aYas ) (Xd_aYe_b - Xe_aYd_b)’“ ¥ (2.5)
Xg-aXee = XewaXie) \ XaeYeo — Xe—Yas "
B < Xa-cYep = XeYas ) X
Xa-aXee = XeaXq,) Dl

Lemma 5. Let {X,,}, m € Z, be a homogeneous second order recurrence sequence with
constant coefficients. Let A1 = Xy o Xe_p — Xe—eXg_p and Ay = Xg_oXe—e — Xe—aXg—e.
Then, the following identities hold for integer k and arbitrary integers a, b, ¢, d, € and m
for which Ay # 0 and Ay # 0:

Eki (Xd S XE_aXd_b)rX “k(a—c)—btet(a—c)
Xig—eXeop — Xeee Xy moRememimertaTer
_ (Xd_aXe_b - Xe_aXd_b) (Xd_aXe_b - Xe_aXd_b)’“ ¥ (2.6)
Xig—aXe—e — Xe—aXa—c Xag—eXep — Xe—eXgp "
- (Xdcxeb - X”de> ¥
XiaXe o= Xe oXg ) Dz

r=

i Xd a e b_Xe—aXd_b TX
r— Xd a e Xe—aXd_c m—k(b—c)—a+c+(b—c)r
_ Xd—aXe—b - Xe—aXd—b Xd—aXe—b _ Xe—aXd—b k ¥ (27)
Xd—ch—b - Xe—ch—b Xd—aXe—c — Xe—aXd_C m

Xd—aXe—c - Xe_aXd_c X
Xd—ch—b - Xe—ch—b m—(k+1)(b—c)

and

i Xe aXd c_Xd aXec TX
Xd c e XG*Cdeb m—k(a—b)+b—c+(a—b)r

r=0

- Xd—aXe—c - Xe—aXd—c Xe—aXd—c - Xd—aXe—c g X (28)
B deaXefb - Xefadeb dechfb - Xechdfb "
Xd—ch—b - Xe—ch—b
X a—b) -
i (Xd—aXe—b - Xe—aXd—b) (k+1)(a-b)



2.3 Binomial summation identities

The following identities are obtained by making appropriate substitutions from the identity
of Lemma [2] into the identities of Lemma 3 of [I].

Lemma 6. Let {X,,}, m € Z, be a homogeneous second order recurrence sequence with
constant coefficients. Let Ay = Xg Xe p — Xe e Xgp and Ay = Xg o Xe o — Xe o Xg_e.
Then, the following identity holds for positive integer k and arbitrary integers a, b, ¢, d, e
and m for which Ay # 0 and Ay # 0:

k Xd—ch—b - Xe—ch—b " X
r Xd—aXe—c - Xe—aXd—c bkt b

<
B
[e=]

- (2.9)
o deaXefb - Xefadeb g X
B Xd—aXe—c - Xe—aXd—c "
i k Xe—aXd—b - Xd—aXe—b ' X
_ r Xd—aXe—c - Xe—aXd—c (a0}t (bcjr
r=0 (2.10)
- Xd—ch—b - Xe—ch—b " X
B Xe—aXd—c - Xd—aXe—c "
and
i (k:) (Xe_axd_b - Xd_aXe_b)’ ¥
m+(b—a)k+(a—c)r
—0 r dechfb - Xechdfb (211)

o Xd—aXe—c - Xe—aXd—c g X
B Xechdfb - dechfb "

3 Applications and examples

We now employ the results of the previous section to give a combined study of six well
known integer sequences. First we give a modified version of Lemma [I| that allows the
removal of the A,, condition.

Lemma 7. Let {X,,} and {Y,,}, m € Z, be homogeneous second order recurrence sequences
with constant coefficients. Let {X,,} and {Y,,} possess the same recurrence relation. Let
Y, # 0 for all integers m. Finally, let {X,,} and {Y,,} have at most three members in
common. Then, the identity:

(deaYvefb - XefaYdfb)mec
- (Xd—c}/;—b - Xe—cY;l—b)Xm—a
+ (Xd—aXe—c - Xe—aXd—c)Ym—b ’
holds for arbitrary integers a, b, ¢, d, e and m.
Proof. Let Ayy = Xg—oYep — Xe—aYi—p. According to Lemma [1| we have
(deaYvefb - XefaYdfb)mec
= (Xd—c}/;—b - Xe—cY;l—b)Xm—a (31)
+ (Xd—aXe—c - Xe—aXd—c)Ym—b ’

6



provided that A, # 0. But we will now prove that the identity (3.1)) continues to hold
even if A, = 0. Let

A1 = Xd—c}/;—b - Xe—c}/;l—ba AQ - Xd—aXe—c - Xe—aXd—c .

A,, vanishes under the following conditions:

1. Xgg = 0= X.,, in which case d = ¢ = A; = Ay = 0 and hence identity (3.1)

remains valid.

2. Xgoa=Xce_qand Y, = Yy, in which case, again, d = e = A; = Ay = 0 and hence
identity (3.1) remains valid.

Thus we see that identity (3.1)) is valid regardless of the nature of A,,, so that the identity
holds for all integers.
O

3.1 Identities

Our first set of results comes from choosing an appropriate (X,Y") pair, in each case, from
the set {F, L, J, j, P,Q} and using it in Lemma [7]

Theorem 1. The following identities hold for arbitrary integers a, b, ¢, d, e and m:

(FdfaLefb - FefaLdfb)mec
= (Fd—CLe—b - Fe—ch—b)Fm—a (32)
+ (Fd—aFe—c - Fe—aFd—c)Lm—b )

(Ld—aFe—b - Le—aFd—b)Lm—c
= (Ldchefb - Lechdfb)mea (33)
+ (Ld—aLe—c - Le—aLd—c)Fm—b7

(deajefb - Jefajdfb>=]mfc
= (Jd—cje—b - Je—cjd—b)Jm—a (34)
+ (Jd—m]e—c - Je—aJd—c)jm—ba
(jd—aJe—b - je—aJd—b)jm—c
= (jd—cJe—b - je—ch—b)jm—a (3'5)
+ (jdfajefc - jefajdfc)t]mfb )
(Pd—aQe—b - Pe—an—b)Pm—c
= (pdchefb - Pechdfb)mea (36)
+ (Pd—aPe—c - Pe—an—c)Qm—b

and

(Qdfapefb - Qefapdfb)mec
= (Qd—cPe—b - Qe—cpd—b)Qm—a (37)
+ (Qd—aQe—c - Qe—an—c)Pm—b .



To demonstrate how known identities may be recovered (and further new ones discovered),

set m = ¢ in identities (3.2)), (3.4 and (3.6)) of Theorem |1 to obtain the following result.

Corollary 2. The following identities hold for integers a, b, ¢, d and e:

(Fd—cLe—b - Fe—ch—b>Fc—a - (Fe—aFd—c - Fd—aFe—c>Lc—b ’ (38)
(Jd—cje—b - Je—cjd—b)Jc—a - (Je—aJd—c - Jd—w]e—c)jc—b (39)

and
(Pd—ch—b - Pe—ch—b)Pc—a = (Pe—apd—c - Pd—aPe—C)Qc—b . (310)

Upon setting e = a in the identities of Corollary [2[ and using F, . = (=1)*"“'F,_,,
Joo=(=1)2c71207¢J _,and P,_. = (—1)*“"'P._, we obtain

Fo Loy — Fy_cLgp = (_1)a_CFd—aLc—b s (311)

Ji—cJa—b — Ja—cja—b = (—1)" 72 Jg_aje—s (3.12)
and

P Qat— PoecQap = (1) Py_0Qcyp. (3.13)

In order to write the above identities using three parameters, we set a = d — h, b =
d—n—h—Fkand c =d—n — h, obtaining

Frosnlnir — FoLpipr = (—1)"Fy Ly, (3.14)
Ininnik = Indninre = (—1)"2" g (3.15)

and
PoinQnik — PuQuine = (—1)"PhQx - (3.16)

Setting ¢ = b in the identities (3.11)), (3.12]) and (3.13)), we have

Fy Loy — Fy yLgy=(—1)"""2F; ,, (3.17)
Ji-viab — Javjap = (—1)* 02070 ], (3.18)

and
P yQat — PapQa—p = (=1)" 2P, (3.19)

Two parameter forms are obtained by setting d — b = u and a — b = v, giving

F,L, — F,L, = (~1)"2F,_,, (3.20)
Jujo = Joju = (—1)"2° 1 Ty (3.21)
and
PuQv - Pqu = (_1)v2pu—v . (322)
Setting b = 0, ¢ = —a in identities (3.11)), (3.12) and (3.13)) gives
Foyo — (=1)Fy_ o =F,Ly, (3.23)
Jara — (—1)%2° Ty 0 = Juja (3.24)



and
Pd-HI - (_l)apd—a = Pan . (325)

Choosing b = ¢ = 0, e = a + d in the identities in Corollary [2| and making use of the

identities (3.17), (3.18) and (3.19)), we obtain Catalan’s identities:

EP —Fy oFua=(-1)""F2, (3.26)
Ji2 = Ji—adare = (—1)79247 ] 2 (3.27)

and
P2 — Py oPyia = (—1)7°P,2. (3.28)

Note that identity (2.23) of Horadam [4] is a special case of identity (3.27) while identity (30)
of [3] is a special case of (3.28]).

Upon setting d = 0, ¢ = —a in Corollary [2 and making use of identities (3.53)), (3.54) and
(3.53)), we obtain:

FoLowo + (—1)°F, Loy = Foyoly, (3.29)
Jeja-‘rb + (_1)b2bJaje—b - Je-i—ajb (330)
and
PeQaer + (_1>bPaQefb = Pe+aQb . (331)
Puttig e = a in (3.29) — (13.31]) produces
Loy + (=1)°La_y = LoLy (3.32)
Jaro + (=1)"2%ab = Jali (3.33)
Qa—l—b + (_]-)an—b = QaLb7 (334)
while using b = 0 in the identities gives
F.L,+ F,L. =2F,.,, (3.35)
JeJa + JaJe = 2Jetq (3.36)
and
P.Q,+ P,Q. =2P,.,, . (3.37)
Finally, setting e = b in the same identities (3.29) — (3.31]) gives
Fa+bLb - FbLa-‘rb = (_1)b2Fa ) (338)
Tt = Jojars = (=1)'2"71 ], (3.39)
and
PaerQb - Pan+b = <_1)b2Pa . (340)
The choice e = 2u + b, a = b, d = b and ¢ = b+ u in Corollary [2] yields the identities:
Loy + (—1)"2 = L2, (3.41)
Jou + (—1)42H = 4,2 (3.42)
and
Qou + (1)"2=Q.,°. (3.43)

Note that identities (3.41), (3.42) and (3.43) can also be obtained directly from identi-
ties (3.11)), (3.12)) and (3.13) by setting b =a, ¢ = a+u and d = a + 2u.

Lemma [2] invites the following results.



Theorem 3. The following identities hold for integers a, b, ¢, d, e and m:

(Fd—aFe—b - Fe—aFd—b)Fm—c
= (Fdchefb - Fechdfb)mea
+ (Fd—aFe—c - Fe—aFd—c)Fm—b 5

(La—aLe—t = Le—aLa—p) Lin—c
= (Lg-cLe—t = Le—cLa—p)Lm—a
+ (Lg—ale—c = Le—aLi—c)Lin—s,
(Ji—ade—t = Je—ada—b) Im—c
= (Ja—eJe—s = Je—cJa—b) Jm-a
+ (Ji—ade—e = Je—adi—c)Im—b ,

(Jd—aJe—b = Je—aJa—b)im—c
= (Ja—cJe—b = Je—cJd—b)Jm—a
+ (Jd—aje—c = Je—ajd—c)jm—b
(Pi—aPecy = PeaPyp) Pro—c
= (Py—cPety = Pe—cPiv) Pra
+ (Pi—ale—c = Pe—aPa—c) Prs

and

(Qd—aQe—b - Qe—an—b)Qm—c
= (Qdchefb - Qechdfb)mea
+ (Qd—a@e—c - Qe—a@d—c)@m—b .

Setting m = b in identities (3.44)), (3.46]) and (3.48)) gives the next set of results.

Corollary 4. The following identities hold for integers a, b, ¢, d and e:
(Fd—aFe—b - Fe—aFd—b)Fb—c - (Fd—cFe—b - Fe—ch—b)Fb—a )

(deat]efb - Jefa']dfb)t]bfc == (decjefb - Jefc']dfb)t]bfa

and
(Pa—alet = PeaPab)Poc = (Pa-cPet = Pe—ePat) Poa -
Using b =0, ¢ = —a and e = a in the identities in Corollary [4] we obtain:
Fipa + (=1)"Fy—g = FyLa,
Java + (=1)"2°J4_a = Jaja
and

Pd—l—a + (_1)an—a = Pan .
Putting d = a in each case, the identities in Corollary 4] reduce to

Fa—cFe—b - Fe—cFa—b - (_1)a_bFe—an—c 5

10

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

(3.55)

(3.56)



Ja—cJe—b - Je—cJa—b = (_1)a_b2a_bje—ajb—c (357)

and
Py cPey— Pe_oPopy = (_1)a_bpefapbfc . (358)

Usinga=e+h,b=e—n—k, c=e—n, identities (3.56) — (3.58)) can also be written

Fn+th+k - FnFn+h+k — (—1>thFk, (359)

Jn+th+k - Jan+h+k = <—1)n2nJth (360)
and

PoihPoik — PuPrihir = (—1)"Pu Py . (3.61)

Theorem 5. The following identities hold for all integers a, b and c:

(_1)a_bL?L—b + (_1)1)_6[/?—0 + (_]‘)a_cLZ—c

3.62
= (_1)a76La7bLbchafc +4 ) ( )
(_l)a—be—ajg b + (_1)1) 020 b]b . + (_1)&—020—(1]3_6 (3 63)
- (_1)& “2¢7 aja b.]b c]a ¢t 4 '
and
= (_1)aicQa7be76Qa70 + 4. '
Proof. Set m = ¢ in Lemma [3land use X = L, X = j and X = @Q, in turn. O

Note that, for integers u, v, w such that u +v = w, the identities in Theorem [5| can also be
written

(—=1)“L2 + (=1)"L2 + (-1)“L2 = (=1)“L,L,Ly, + 4, (3.65)
(—=1)"2%5 + (=1)°2"35 + (=1)"J5 = (=1)" Jujofu + 272 (3.66)

and
(1)@ + (=1)°Q; + (=1)"Q3 = (1) QuQ.Qu + 4. (3.67)

3.2 Weighted sums

Choosing an appropriate (X, Y') pair, in each case, from the set {F, L, J, j, P, @} and using
it in Lemma [ we have the next set of results.

Theorem 6. The following identities hold for any integer k and arbitrary integers a, b, c,
d, e, m for which the denominator does not vanish.:

i:(Fd alie—b — FeaLdb)TL . X
— Fd c e—b — Fe—CLd—b m-k(a—c)~bret(ac)r
_ (Faaleos = Feralas\ (Facaleos = Feeala\" (3.68)
FdfaFefc - FefaFdfc Fdchefb - Fechdfb "
. Fdchefb - Fechdfb F
FdfaFefc - FefaFdfc aE

11



k

Z (Ld al’e—b — Le—aFd—b>r Jai
m—k(a—c)—b+c+(a—c)r
— Ld c e b — Le—ch—b ( Jmbre )

_ (LdaFeb - LHFM) (LdaFeb - LMFM)’“ . (3.69)
Lg—qLe—¢c— Le—qlg—. Lag-cFe—p — Le_cFyy "
- (deFeb - L”de) .
Li-abec—Le oLg ) "D

k . . r
(Jd—a]e—b - Je—a]d—b) .
Z : : Jm—k(a—c)—b+ct(a—c)r

=\ Ja—cJe—b = Je—cJd—b

_ ( Ja—aje—s = Je—afis ) (Jd_aje_b ~ Je_ajd_b) Y (3.70)
Jd—aJe—c - Je—aJd—c Jd—cje—b - Je—cjd—b "

_ decjefb - Jefcjdfb J
Joadoo— Jo oy ) o kH(ame)

k

Jd—a e b — je—aJd—b '
Z( - ) Jm—k(a—c)—b-l—c—i—(a—c)r

r— .]d c e b — ]e—ch—b

_ (]d—aJe—b - je—aJd—b> <jd—aJe—b - je—aJd—b)kj (371)

jd—aje—c - je—ajd—c jd—cJe—b - je—ch—b
_ <jcheb - jefct]dfb
jd—aje—c - je—ajd—c

) Jm—(k+1)(a—c) 5

k '
Z (Pd—aQe—b - Pe—an_b> Q ) b
P Pd—ch—b - Pe_ch_b m— (a_c)_ +C+(a—c)7”

Pd—aPe—c - Pe—apd—c Pd—ch—b - Pe—ch—b

. Pd—ch—b - Pe—ch—b P
Pd—aPe—c - Pe—an—c m-(k+l)(a=e)

and

zk: (Qdapeb - Qeapdb)r P
m—k(a—c)—b+c+(a—c)r
r— Qd—cPe—b - Qe—cPd—b ( Jmbret( )
_ ( Qdfapefb - Qefapdfb ) (Qdapeb - Qeapdb) g Q (373)
Qd—aQe—c - Qe—an—c Qd—cPe—b - Qe—cPd—b "

( Qdfcpefb - Qefcpdfb ) Q
- m—(k+1)(a—c) -
QdfaQe—c - Qefanfc (k1) )

Using X =F, X=L, X=J,X=j X=P, X =0Q,in turn, in Lemma [j gives the next
results.

Theorem 7. The following identities hold for any integer k and arbitrary integers a, b, c,

12



d, e, m for which the denominator does not vanish.:

k
<Fd ale—p — Feade) .
m—k(a—c)—b+c+(a—c)r
Fd c e b — Fe—ch—b (a—c)=btet(a—c)

A FiaFey = FoyFiy\ (FaaFy— FooFyy\" .
- (FdF - FFd) (Fd_cFe_b - Fe_ch_b) "
- (chFeb - FHFM) .
FyoFo o= Fo oFy ) " 0000

iing

k
Fd a e b — FefaFdfb F
Fd a e c FefaFdfc m—k(b—c)—a+c+(b—c)r

A FiaFey—FouFip\ (FiaFoy— FooFyy\" -
- (chFeb - F”de) (FdF - FFd) "
 (Fa—aFe—c — FeeaFy—c 2
(chFeb - FHFM) e

iing

e Fe aFd c FdfaFefc TF
Fd c e b — Fechdfb mik(afb)‘i’b*C‘F(afb)r

A FyoaFee—FoyFi o\ (FeaFyo— FioF.\" .
a (FdaFeb - FMFM) (chFeb - F”de) "
(Fd—cFe—b - Fe—ch—b) I
FuoFoy—Fo oFy,) "¢t

iing

k T
Z <Ld alle—b — LE—aLd—b> I . )
r=0 Ld C e—b — Le_CLd—b m—k(a—c)—b+ct+(a—c)r

o Ld—aLe—b - Le—aLd—b Ld—aLe—b - Le—aLd—b g I
B Ld—aLe—c - Le—aLd—c Ld—cLe—b - Le—ch—b "

Ld—CLe—b — L@—CLd—b L
Li-ule—o— Le_oLg—. m—(k+1)(a—c) »

F r
r=0 Ld ale—c— Le_oqLg_. m—k(b—c)—a+c+(b—c)r

o LdfaLefb - LefaLdfb LdfaLefb - LefaLdfb g I
B Ldchefb - Lechdfb LdfaLefc - LefaLdfc "

Ld—aLe—c - Le—aLd—c I
Ld—cLefb — Lechdfb m—(k+1)(b—c) »

i Le a,Ld C_Ld aLec TL
r=0 Ld c e—b — Lechdfb mfk'(a*b)+bfc+(a7b)r

o LdfaLefc - LefaLdfc LefaLdfc - LdfaLefc g I
B LdfaLefb - LefaLdfb Ldchefb - Lechdfb "

Ld—cLe—b - Le—ch_b I
Loy oLle—p — Le_gLg_p m—(k+1)(a—b) »

13

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)



k r
Z (Jd a’e—b — Je—aJd—b> J
m—k(a—c)—b+c+(a—c)r
— Jd c e b — Je—ch—b ( Jmbe )

_ ']dfaJefb - Jefat]dfb deat]efb - Jefal]dfb F J (380)
Jd—aJe—c - Je—aJd—c Jd—cJe—b - Je—ch—b "

dect]efb - Jefct]dfb J
Jiadoo— ooy ) M kH(a=e)

M-

Jd a 6 b — Je_aJd_b J
Ji—ade—c = Je—aJd—c m—k(b—c)—a+c+(b—c)r

_ Jd—aJe—b - Je—aJd—b Jd—aJe—b - Je—aJd—b ¥ J (381)
Jd—cJe—b - Je—ch—b Jd—aje—c - Je—aJd—c "

deaJefc - Jefadec J
Jicdos — Joadyy ) Tkt DO=e)

i Je aJd c Jd_aJe—c TJ
r=0 Jd c e b — Je—CJd—b m—k(a—b)+b—c+(a—b)r

_ Jd—aJe—c - Je—aJd—c Je—aJd—c - Jd—aJe—c F J (382)
Ja—aJe—b — Je—ada—p Ja—cde—ty — Je—cda—b "

Jd—cJe—b - Je—ch—b J
Jaadoy — Joudyy ) - kH(a=b)

k

Jd— a]e b— .]e a,]d b
Z( ) .]m—k(a—c)—b-‘,—c—l—(a—c)r

r— ,]d c]e b_]e cjd b

_ <]d—a]e—b - ]e—a]d—b) (]d—a]e—b - ]e—a]d—b) ] (383)

jd—aje—c - je—ajd—c jd—cje—b - je—cjd—b
. <jd—cje—b - je—cjd—b
jd—aje—c - je—ajd—c

) Jm—(k+1)(a—c) »

M=

(]d aJe—b — Je—ald—b

jm—k b—c)—a b—c)r
Jd a]e c ]e a]d c) ( Jmatet(b-c)

r=

_ <]d—a]e—b - ]e—a]d—b) <jd—a.]e—b - .]e—a]d—b) ] (384)

jd—cje—b - je—cjd—b jd—aje—c - je—ajd—c
N <jd—aje—c - je—a.jd—c
Jd—cJe—b = Je—cJd—b

) Jm—(k+1)(b—c) »

k . . . . r
(]ea]dc - ,]da.]ec) .
Z - - - - Jm—k(a—b)+b—c+(a—b)r
—0 Jd—cJe—b — Je—cJd—b
_ (.]dajec - Jea]dc) (,]ea,]dc - ,]da.]ec) ] (385)
jdfajefb - jefajdfb jdfcjefb - jefcjdfb "
+ <]:d—c]:e—b - ,]:e—cj.d—b
Jd—aJe—b — Je—aJd—b

> Jm—(k+1)(a—b) 5
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2’“: (Pd Py — Pe_an_b)TP k
2\ PioPooy— PoeoPiy m—k(a—c)—btct(a—c)r
_ (PMPM - Peanb) (PdaPeb - PHPM)’“ . (3.86)
PioPec—Pe_oPi. Py Py —FP._ Py "
- (Pdcpeb - Pecde) .
Py oP. o — P Py ) "I

hE

Pdfapefb - Pefapdfb P
Pd—aPe—c _ Pe_an_c m—k(b—c)—a+c+(b—c)r

_ (PdaPeb - PMPM) (PdaPeb - Peanb)’“ . (3.87)

I
o

r

Pdfcpefb - Pefcpdfb Pdfapefc - Pefapdfc

o PdfaPefc - Pe,anic P
Py P, — P, P, ) m kb=

zk: Pe an c Pd—aPe—c TP
r=0 Pd c e b — Pe—CPd—b m—k(a—b)+b—c+(a—b)r

_ (Pd—ape_c - Pe—an—c) (Pe—an_c - Pd—ape—c> g P (388)

Pd—ape—b - Pe—an—b Pd—cPe—b - Pe—cPd—b
Pdfcpefb - Pefcpdfb P
Pd—aPe—b - Pe—an—b () (a=b)

zk: (Qda@eb - Qefanfb

Qd—ch—b - Qe—ch—b

_ (Qdaer - Qeanb) (Qdaer - Qeanb) g 0 (3,89)
Qi-aQe—c — Qe-ala—c/) \ Qi-cCQeb — Qe-cQu-b "
_ <Qcheb - Qechb) 0
Qu-oQe—e — Qe—aQa_) " VT

> mek(afc)fb+c+(afc)r

k
QdfaQefb - Qefanfb
Z (Qda@ec - Qefanfc

_ (Qdaer - Qeanb) (Qdaer - Qea@db)k 0 (3,90)
Qd-cQe—b — Qe-cQa—b ) \Qi-aQe—c — Qe—ali—c "
- (@d_aQe_c - @e_a@d_c> 0
Qu-cQet — Qe—cQay ) " HTIE7I

) mek(bfc)fa+c+(bfc)r

r=0

and

k
Qefanfc - QdfaQefc
Z (Qdcczeb = Qe Qs

_ (Qd—a@e—c - Qe—a@d—c) <Qe—an—c - Qd—a@e—c) g Qm (391)

) mek(afb)erchr(afb)r

QdfaQefb - Qefanfb Qdchefb - Qechdfb
(e aman) e
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3.3 Weighted binomial sums

Using X =F, X =L, X=J, X=j X=P, X=0Q, in turn, in Lemma [§] gives the next
results.

Theorem 8. The following identities hold for nonnegative integer k and arbitrary integers
a, b, ¢, d, e, m for which the denominator does not vanish:

i k Fd—CFe—b - FC—CFd—b TF
r Fd—aFe—c - Fe—aFd—c m—(b=c)k+(b—a)r

r=0 (3.92)
. Fd—aFe—b - Fe—aFd—b g F
B Fd—aFe—c - Fe—aFd—c "
i k Fe—aFd—b - Fd—aFe—b " F
— r Fd—aFe—c - Fe—aFd—c etk b
r=0 (393)
. Fd—cFe—b - Fe—ch—b g Jai
B Fe—aFd—c - Fd—aFe—c "
i (k) (Fe—aFd—b - Fd—aFe—b>T Jai
m+(b—a)k+(a—c)r
—0 r Fdchefb - Fechdfb (394)
o Fd—aFe—c - Fe—aFd—c g Ja
B Fechdfb - Fdchefb "
Z’“: (k) (LdCLeb - LHLM)’" .
m—(b—c)k+(b—a)r
r—0 r LdfaLefc - LefaLdfc (395)
o LdfaLefb - LefaLdfb k I
B LdfaLefc - LefaLdfc "
i (k) (LHLM - LdaLeb)T .
m+(a—b)k+(b—c)r
—0 r Ld—aLe—c - Le—aLd—c (396)
o Ldchefb - Lechdfb " I
B Le—aLd—c - Ld—aLe—c "
i <k7) (Le—aLd—b - Ld—aLe—b)r I
m+(b—a)k+(a—c)r
—0 r Ld—cLe—b - Le—ch—b (397)
o Ld—aLe—c - Le—aLd—c g I
B Le ch b — Ld—cLe—b "
k r
Z Jd c e b — Je—ch—b J
r= Jd aJe c Je—aJd—c (et (b-ayr (3 98)
- Jd—aJe—b - Je—aJd—b g J
B Jd—aJe—c - Je—m]d—c "
i <k> (Je_aJd_b - Jd_aJe_b>T §
m+(a—b)k+(b—c)r
=\ \imade—e = Je-ada-e (3.99)

- Jd—cJe—b - Je—ch—b g J
B Jefadec - deaJefc "
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r=0

o deat]efc - Jefadec kJ
B Je—ch—b - Jd—cJe—b "

k . . . . r
k Jd—cJe—b — Je—c]d—b .
Z r Jm—(b—c)k+(b—a)r

r—0 jd—aje—c - je—ajd—c
_ (]da]eb - ]ea]db) ]
jd—aje—c - je—ajd—c "

k . . . . r
k Je—ald—b — Jd—aJe—b .
Z r JIm+(a—b)k+(b—c)r

r—0 jd—aje—c - je—ajd—c
_ (]dc]eb - Jec]db> j
je—ajd—c - jd—aje—c "

k . . . . r
k Je—ald—b — Jd—aJe—b .
Z r Jm+(b—a)k+(a—c)r

r—0 jdfcjefb - jefcjdfb

_ (]dajec - ]ea]dc) ]
jefcjdfb - jdfcjefb o

r=0

o Pdfapefb - Pefapdfb g P
B Pdfapefc - Pefapdfc "

E

I
<)

r

- Pdfcpefb - Pefcpdfb g P
B Pefanfc - PdfaPefc "

r=0

PdfaPefc - Pefapdfc g P
Pefcpdfb - Pdchefb "

r=0

_ (Qd—a@e—b - Qe—an—b)k Q
QdfaQefc - Qefanfc "

r=0

_ (Qd—c@e—b - Qe—ch—b ) g Q
Qefanfc - QdfaQefc "

17

zk: k Je—ae]d—b - Jd—a']e—b r J
r Jd—cJe—b — Je—ch—b m+(b—a)k+(a—c)r

Ek: B\ (PicPey = PecPasy\
r Pdfapefc - Pefapdfc m- b=kt (b-a)r
k Pefapdfb - PdfaPefb " P
r Pdfapefc - Pefapdfc (@bt (b=c)r
i B\ (PeeaPiss = PaaPes\
r Pdchefb - Pefcpdfb LA
i (k) (Qd—c@e—b - Qe—c@d—b)T Q
m—(b—c)k+(b—a)r
r QdfaQe—c - Qefanfc ( Mok )

kok Oy — QuaQu s \"
Z (T) (gdagii - gjagdi) Qmt(a-b)kt (b—c)r

(3.100)

(3.101)

(3.102)

(3.103)

(3.104)

(3.105)

(3.106)

(3.107)

(3.108)



and

r=0

_ <Qda@ec - Qea@dc) g Q
Qechdfb - Qdchefb "
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