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Abstract

We derive several identities for arbitrary homogeneous second order recurrence se-
quences with constant coefficients. The results are then applied to present a harmo-
nized study of six well known integer sequences, namely the Fibonacci sequence, the
sequence of Lucas numbers, the Jacobsthal sequence, the Jacobsthal-Lucas sequence,
the Pell sequence and the Pell-Lucas sequence.
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1 Introduction
Our aim in writing this paper is to derive several identities for arbitrary second order
recurrence sequences with constant coefficients. As a concrete illustration of how our results
may be put to use, we will derive identities for the integer sequences mentioned in the
abstract and defined below.

The Fibonacci numbers, Fn, and the Lucas numbers, Ln, are defined, for n ∈ Z, as usual,
through the recurrence relations Fn = Fn−1 + Fn−2 (n ≥ 2), F0 = 0, F1 = 1 and Ln = Ln−1 + Ln−2
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(n ≥ 2), L0 = 2, L1 = 1, with F−n = (−1)n−1Fn and L−n = (−1)nLn. Exhaustive discus-
sion of the properties of Fibonacci and Lucas numbers can be found in Vajda [8] and in
Koshy [5].

The Jacobsthal numbers, Jn, and the Jacobsthal-Lucas numbers, jn, are defined, for n ∈ Z,
through the recurrence relations Jn = Jn−1 + 2Jn−2 (n ≥ 2), J0 = 0, J1 = 1 and jn = jn−1 + 2jn−2

(n ≥ 2), j0 = 2, j1 = 1, with J−n = (−1)n−12−nJn and j−n = (−1)n2−njn. Horadam [4]
and Aydin [2] are good reference materials on the Jacobsthal and associated sequences.

The Pell numbers, Pn, and Pell-Lucas numbers, Qn, are defined, for n ∈ Z, through the
recurrence relations Pn = 2Pn−1 + Pn−2 (n ≥ 2), P0 = 0, P1 = 1 and Qn = 2Qn−1 + Qn−2

(n ≥ 2), Q0 = 2, Q1 = 1, with P−n = (−1)n−1Pn and Q−n = (−1)nQn. Koshy [6],
Horadam [3] and Patel and Shrivastava [7] are useful source materials on Pell and Pell-
Lucas numbers.

Note that, in this paper, apart from in the binomial summation identities where the upper
limit must be non-negative, the upper limit in the summation identities is allowed to take
on negative values once we adopt the summation convention that, if k < 0 then

k∑
r=0

fr ≡ −
−1∑

r=k+1

fr ,

as long as fr is not singular in the summation interval.

Here is a couple of results to whet the reader’s appetite for reading on:

From Corollary 2:
Fn+hLn+k − FnLn+h+k = (−1)nFhLk ,

Jn+hjn+k − Jnjn+h+k = (−1)n2nJhjk ,

Pn+hQn+k − PnQn+h+k = (−1)nPhQk .

From Theorem 5:

(−1)uL2
u + (−1)vL2

v + (−1)wL2
w = (−1)wLuLvLw + 4 ,

(−1)u2vj2
u + (−1)v2uj2

v + (−1)wj2
w = (−1)wjujvjw + 2w+2

and
(−1)uQ2

u + (−1)vQ2
v + (−1)wQ2

w = (−1)wQuQvQw + 4 ,

for integers u, v, w such that u + v = w.

From Theorem 8, for nonnegative integer k and arbitrary integers a, b, c, d, e, m for which
the denominator does not vanish:

k∑
r=0

(
k

r

) (
Fd−cFe−b − Fe−cFd−b

Fd−aFe−c − Fe−aFd−c

)r

Fm−(b−c)k+(b−a)r

=

(
Fd−aFe−b − Fe−aFd−b

Fd−aFe−c − Fe−aFd−c

)k

Fm ,
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k∑
r=0

(
k

r

) (
Jd−cJe−b − Je−cJd−b

Jd−aJe−c − Je−aJd−c

)r

Jm−(b−c)k+(b−a)r

=

(
Jd−aJe−b − Je−aJd−b

Jd−aJe−c − Je−aJd−c

)k

Jm ,

k∑
r=0

(
k

r

) (
Pd−cPe−b − Pe−cPd−b

Pd−aPe−c − Pe−aPd−c

)r

Pm−(b−c)k+(b−a)r

=

(
Pd−aPe−b − Pe−aPd−b

Pd−aPe−c − Pe−aPd−c

)k

Pm .

2 Main results

2.1 Identities

Lemma 1. Let {Xm} and {Ym}, m ∈ Z, be homogeneous second order recurrence sequences
with constant coefficients. Let {Xm} and {Ym} possess the same recurrence relation. Let
∆xy = Xd−aYe−b −Xe−aYd−b. Then, the identity:

(Xd−aYe−b −Xe−aYd−b)Xm−c

= (Xd−cYe−b −Xe−cYd−b)Xm−a

+ (Xd−aXe−c −Xe−aXd−c)Ym−b ,

holds for arbitrary integers a, b, c, d, e and m for which ∆xy 6= 0.

Proof. By hypothesis, {Xm} and {Ym} have the same recurrence relations, therefore we
seek a relation of the following type:

Xm−c = λ1Xm−a + λ2Ym−b , (2.1)

between any three numbers Xm−c, Xm−a and Ym−b, where a, b and c are fixed integers and
λ1 and λ2 are suitable constants. Evaluating (2.1) at m = d and at m = e produces two
equations:

Xd−c = λ1Xd−a + λ2Yd−b (2.2)
and

Xe−c = λ1Xe−a + λ2Ye−b , (2.3)
to be solved simultaneously for the constants λ1 and λ2. Solutions exist if

∆xy =

∣∣∣∣ Xd−a Yd−b

Xe−a Ye−b

∣∣∣∣ = Xd−aYe−b −Xe−aYd−b 6= 0 .

The result follows from substituting into (2.1) the λ1 and λ2 found from solving (2.2)
and (2.3).

Lemma 2. Let {Xm}, m ∈ Z, be a homogeneous second order recurrence sequence with
constant coefficients. Then, the following identity holds for arbitrary integers a, b, c, d, e
and m:

(Xd−aXe−b −Xe−aXd−b)Xm−c

= (Xd−cXe−b −Xe−cXd−b)Xm−a

+ (Xd−aXe−c −Xe−aXd−c)Xm−b .
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Proof. Let ∆xx = Xd−aXe−b −Xe−aXd−b 6= 0 and proceed as in the proof of Lemma 1. We
have

(Xd−aXe−b −Xe−aXd−b)Xm−c

= (Xd−cXe−b −Xe−cXd−b)Xm−a

+ (Xd−aXe−c −Xe−aXd−c)Xm−b .

(2.4)

But we will now prove that the identity (2.4) continues to hold even if ∆xx = 0. Let

∆1 = Xd−cXe−b −Xe−cXd−b, ∆2 = Xd−aXe−c −Xe−aXd−c .

There are six possible situations in which ∆xx can vanish. We consider them in turn.

1. Xd−a = 0 = Xe−a, in which case d = e ⇒ ∆1 = ∆2 = 0 and hence identity (2.4)
remains valid.

2. Xe−b = 0 = Xd−b, in which case, again, d = e ⇒∆1 = ∆2 = 0 and hence identity (2.4)
remains valid

3. Xd−a = 0 = Xd−b, in which case b = a and the right side of identity (2.4) reads

(Xd−cXe−a −Xe−cXd−a)Xm−a + (Xd−aXe−c −Xe−aXd−c)Xm−a ,

which evaluates to zero, so that identity (2.4) remains valid.

4. Xe−b = 0 = Xd−b, in which case e = d and the right side of identity (2.4) reads

(Xd−cXd−b −Xd−cXd−b)Xm−a + (Xd−aXd−c −Xd−aXd−c)Xm−b ,

which evaluates to zero, so that identity (2.4) remains valid.

5. Xd−a = Xe−a and Xe−b = Xd−b, in which case, again, d = e ⇒ ∆1 = ∆2 = 0 and
hence identity (2.4) remains valid.

6. Xd−a = Xd−b and Xe−b = Xe−a, in which case, as in case 3, b = a and hence
identity (2.4) remains valid.

Thus we see that identity (2.4) is valid regardless of the nature of ∆xx, so that the identity
holds for all integers.

Lemma 3. Let {Xm}, m ∈ Z, be a homogeneous second order recurrence sequence with
constant coefficients. Then, the following identity holds for arbitrary integers a, b, c and
m:

(X0
2 −Xb−aXa−b)Xm−c

= (Xa−cX0 −Xb−cXa−b)Xm−a

+ (X0Xb−c −Xb−aXa−c)Xm−b .
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2.2 Summation identities

The following identities are obtained by making appropriate substitutions from Lemmata 1 and 2
into Lemmata 1 and 2 of [1].

Lemma 4. Let {Xm} and {Ym}, m ∈ Z, be homogeneous second order recurrence sequences
with constant coefficients. Let {Xm} and {Ym} possess the same recurrence relation. Let
∆xy = Xd−aYe−b −Xe−aYd−b, ∆1 = Xd−cYe−b −Xe−cYd−b and ∆2 = Xd−aXe−c −Xe−aXd−c.
Then, the following identity holds for arbitrary integers a, b, c, d, e, m and k for which
∆xy 6= 0, ∆1 6= 0, ∆2 6= 0:

k∑
r=0

(
Xd−aYe−b −Xe−aYd−b

Xd−cYe−b −Xe−cYd−b

)r

Ym−k(a−c)−b+c+(a−c)r

=

(
Xd−aYe−b −Xe−aYd−b

Xd−aXe−c −Xe−aXd−c

) (
Xd−aYe−b −Xe−aYd−b

Xd−cYe−b −Xe−cYd−b

)k

Xm

−
(

Xd−cYe−b −Xe−cYd−b

Xd−aXe−c −Xe−aXd−c

)
Xm−(k+1)(a−c) .

(2.5)

Lemma 5. Let {Xm}, m ∈ Z, be a homogeneous second order recurrence sequence with
constant coefficients. Let ∆1 = Xd−cXe−b − Xe−cXd−b and ∆2 = Xd−aXe−c − Xe−aXd−c.
Then, the following identities hold for integer k and arbitrary integers a, b, c, d, e and m
for which ∆1 6= 0 and ∆2 6= 0:

k∑
r=0

(
Xd−aXe−b −Xe−aXd−b

Xd−cXe−b −Xe−cXd−b

)r

Xm−k(a−c)−b+c+(a−c)r

=

(
Xd−aXe−b −Xe−aXd−b

Xd−aXe−c −Xe−aXd−c

) (
Xd−aXe−b −Xe−aXd−b

Xd−cXe−b −Xe−cXd−b

)k

Xm

−
(

Xd−cXe−b −Xe−cXd−b

Xd−aXe−c −Xe−aXd−c

)
Xm−(k+1)(a−c) ,

(2.6)

k∑
r=0

(
Xd−aXe−b −Xe−aXd−b

Xd−aXe−c −Xe−aXd−c

)r

Xm−k(b−c)−a+c+(b−c)r

=

(
Xd−aXe−b −Xe−aXd−b

Xd−cXe−b −Xe−cXd−b

) (
Xd−aXe−b −Xe−aXd−b

Xd−aXe−c −Xe−aXd−c

)k

Xm

−
(

Xd−aXe−c −Xe−aXd−c

Xd−cXe−b −Xe−cXd−b

)
Xm−(k+1)(b−c)

(2.7)

and
k∑

r=0

(
Xe−aXd−c −Xd−aXe−c

Xd−cXe−b −Xe−cXd−b

)r

Xm−k(a−b)+b−c+(a−b)r

=

(
Xd−aXe−c −Xe−aXd−c

Xd−aXe−b −Xe−aXd−b

) (
Xe−aXd−c −Xd−aXe−c

Xd−cXe−b −Xe−cXd−b

)k

Xm

+

(
Xd−cXe−b −Xe−cXd−b

Xd−aXe−b −Xe−aXd−b

)
Xm−(k+1)(a−b) .

(2.8)
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2.3 Binomial summation identities

The following identities are obtained by making appropriate substitutions from the identity
of Lemma 2 into the identities of Lemma 3 of [1].

Lemma 6. Let {Xm}, m ∈ Z, be a homogeneous second order recurrence sequence with
constant coefficients. Let ∆1 = Xd−cXe−b − Xe−cXd−b and ∆2 = Xd−aXe−c − Xe−aXd−c.
Then, the following identity holds for positive integer k and arbitrary integers a, b, c, d, e
and m for which ∆1 6= 0 and ∆2 6= 0:

k∑
r=0

(
k

r

) (
Xd−cXe−b −Xe−cXd−b

Xd−aXe−c −Xe−aXd−c

)r

Xm−(b−c)k+(b−a)r

=

(
Xd−aXe−b −Xe−aXd−b

Xd−aXe−c −Xe−aXd−c

)k

Xm ,

(2.9)

k∑
r=0

(
k

r

) (
Xe−aXd−b −Xd−aXe−b

Xd−aXe−c −Xe−aXd−c

)r

Xm+(a−b)k+(b−c)r

=

(
Xd−cXe−b −Xe−cXd−b

Xe−aXd−c −Xd−aXe−c

)k

Xm

(2.10)

and
k∑

r=0

(
k

r

) (
Xe−aXd−b −Xd−aXe−b

Xd−cXe−b −Xe−cXd−b

)r

Xm+(b−a)k+(a−c)r

=

(
Xd−aXe−c −Xe−aXd−c

Xe−cXd−b −Xd−cXe−b

)k

Xm .

(2.11)

3 Applications and examples
We now employ the results of the previous section to give a combined study of six well
known integer sequences. First we give a modified version of Lemma 1 that allows the
removal of the ∆xy condition.

Lemma 7. Let {Xm} and {Ym}, m ∈ Z, be homogeneous second order recurrence sequences
with constant coefficients. Let {Xm} and {Ym} possess the same recurrence relation. Let
Ym 6= 0 for all integers m. Finally, let {Xm} and {Ym} have at most three members in
common. Then, the identity:

(Xd−aYe−b −Xe−aYd−b)Xm−c

= (Xd−cYe−b −Xe−cYd−b)Xm−a

+ (Xd−aXe−c −Xe−aXd−c)Ym−b ,

holds for arbitrary integers a, b, c, d, e and m.

Proof. Let ∆xy = Xd−aYe−b −Xe−aYd−b. According to Lemma 1 we have

(Xd−aYe−b −Xe−aYd−b)Xm−c

= (Xd−cYe−b −Xe−cYd−b)Xm−a

+ (Xd−aXe−c −Xe−aXd−c)Ym−b ,

(3.1)
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provided that ∆xy 6= 0. But we will now prove that the identity (3.1) continues to hold
even if ∆xy = 0. Let

∆1 = Xd−cYe−b −Xe−cYd−b, ∆2 = Xd−aXe−c −Xe−aXd−c .

∆xy vanishes under the following conditions:

1. Xd−a = 0 = Xe−a, in which case d = e ⇒ ∆1 = ∆2 = 0 and hence identity (3.1)
remains valid.

2. Xd−a = Xe−a and Ye−b = Yd−b, in which case, again, d = e ⇒ ∆1 = ∆2 = 0 and hence
identity (3.1) remains valid.

Thus we see that identity (3.1) is valid regardless of the nature of ∆xy, so that the identity
holds for all integers.

3.1 Identities

Our first set of results comes from choosing an appropriate (X, Y ) pair, in each case, from
the set {F, L, J, j, P, Q} and using it in Lemma 7.

Theorem 1. The following identities hold for arbitrary integers a, b, c, d, e and m:

(Fd−aLe−b − Fe−aLd−b)Fm−c

= (Fd−cLe−b − Fe−cLd−b)Fm−a

+ (Fd−aFe−c − Fe−aFd−c)Lm−b ,

(3.2)

(Ld−aFe−b − Le−aFd−b)Lm−c

= (Ld−cFe−b − Le−cFd−b)Lm−a

+ (Ld−aLe−c − Le−aLd−c)Fm−b ,

(3.3)

(Jd−aje−b − Je−ajd−b)Jm−c

= (Jd−cje−b − Je−cjd−b)Jm−a

+ (Jd−aJe−c − Je−aJd−c)jm−b ,

(3.4)

(jd−aJe−b − je−aJd−b)jm−c

= (jd−cJe−b − je−cJd−b)jm−a

+ (jd−aje−c − je−ajd−c)Jm−b ,

(3.5)

(Pd−aQe−b − Pe−aQd−b)Pm−c

= (Pd−cQe−b − Pe−cQd−b)Pm−a

+ (Pd−aPe−c − Pe−aPd−c)Qm−b

(3.6)

and

(Qd−aPe−b −Qe−aPd−b)Qm−c

= (Qd−cPe−b −Qe−cPd−b)Qm−a

+ (Qd−aQe−c −Qe−aQd−c)Pm−b .

(3.7)
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To demonstrate how known identities may be recovered (and further new ones discovered),
set m = c in identities (3.2), (3.4) and (3.6) of Theorem 1 to obtain the following result.

Corollary 2. The following identities hold for integers a, b, c, d and e:

(Fd−cLe−b − Fe−cLd−b)Fc−a = (Fe−aFd−c − Fd−aFe−c)Lc−b , (3.8)

(Jd−cje−b − Je−cjd−b)Jc−a = (Je−aJd−c − Jd−aJe−c)jc−b (3.9)

and
(Pd−cQe−b − Pe−cQd−b)Pc−a = (Pe−aPd−c − Pd−aPe−c)Qc−b . (3.10)

Upon setting e = a in the identities of Corollary 2 and using Fa−c = (−1)a−c−1Fc−a,
Ja−c = (−1)a−c−12a−cJc−a and Pa−c = (−1)a−c−1Pc−a we obtain

Fd−cLa−b − Fa−cLd−b = (−1)a−cFd−aLc−b , (3.11)

Jd−cja−b − Ja−cjd−b = (−1)a−c2a−cJd−ajc−b (3.12)

and
Pd−cQa−b − Pa−cQd−b = (−1)a−cPd−aQc−b . (3.13)

In order to write the above identities using three parameters, we set a = d − h, b =
d− n− h− k and c = d− n− h, obtaining

Fn+hLn+k − FnLn+h+k = (−1)nFhLk , (3.14)

Jn+hjn+k − Jnjn+h+k = (−1)n2nJhjk (3.15)

and
Pn+hQn+k − PnQn+h+k = (−1)nPhQk . (3.16)

Setting c = b in the identities (3.11), (3.12) and (3.13), we have

Fd−bLa−b − Fa−bLd−b = (−1)a−b2Fd−a , (3.17)

Jd−bja−b − Ja−bjd−b = (−1)a−b2a−b+1Jd−a (3.18)

and
Pd−bQa−b − Pa−bQd−b = (−1)a−b2Pd−a . (3.19)

Two parameter forms are obtained by setting d− b = u and a− b = v, giving

FuLv − FvLu = (−1)v2Fu−v , (3.20)

Jujv − Jvju = (−1)v2v+1Ju−v (3.21)

and
PuQv − PvQu = (−1)v2Pu−v . (3.22)

Setting b = 0, c = −a in identities (3.11), (3.12) and (3.13) gives

Fd+a − (−1)aFd−a = FaLd , (3.23)

Jd+a − (−1)a2aJd−a = Jajd (3.24)

8



and
Pd+a − (−1)aPd−a = PaQd . (3.25)

Choosing b = c = 0, e = a + d in the identities in Corollary 2 and making use of the
identities (3.17), (3.18) and (3.19), we obtain Catalan’s identities:

Fd
2 − Fd−aFd+a = (−1)d−aFa

2 , (3.26)

Jd
2 − Jd−aJd+a = (−1)d−a2d−aJa

2 (3.27)
and

Pd
2 − Pd−aPd+a = (−1)d−aPa

2 . (3.28)
Note that identity (2.23) of Horadam [4] is a special case of identity (3.27) while identity (30)
of [3] is a special case of (3.28).

Upon setting d = 0, c = −a in Corollary 2 and making use of identities (3.53), (3.54) and
(3.53), we obtain:

FeLa+b + (−1)bFaLe−b = Fe+aLb , (3.29)
Jeja+b + (−1)b2bJaje−b = Je+ajb (3.30)

and
PeQa+b + (−1)bPaQe−b = Pe+aQb . (3.31)

Puttig e = a in (3.29) — (3.31) produces

La+b + (−1)bLa−b = LaLb (3.32)

ja+b + (−1)b2bja−b = jajb (3.33)
Qa+b + (−1)bQa−b = QaLb , (3.34)

while using b = 0 in the identities gives

FeLa + FaLe = 2Fe+a , (3.35)

Jeja + Jaje = 2Je+a (3.36)
and

PeQa + PaQe = 2Pe+a . (3.37)
Finally, setting e = b in the same identities (3.29) — (3.31) gives

Fa+bLb − FbLa+b = (−1)b2Fa , (3.38)

Ja+bjb − Jbja+b = (−1)b2b+1Ja (3.39)
and

Pa+bQb − PbQa+b = (−1)b2Pa . (3.40)
The choice e = 2u + b, a = b, d = b and c = b + u in Corollary 2 yields the identities:

L2u + (−1)u2 = Lu
2 , (3.41)

j2u + (−1)u2u+1 = ju
2 (3.42)

and
Q2u + (−1)u2 = Qu

2 . (3.43)
Note that identities (3.41), (3.42) and (3.43) can also be obtained directly from identi-
ties (3.11), (3.12) and (3.13) by setting b = a, c = a + u and d = a + 2u.

Lemma 2 invites the following results.

9



Theorem 3. The following identities hold for integers a, b, c, d, e and m:

(Fd−aFe−b − Fe−aFd−b)Fm−c

= (Fd−cFe−b − Fe−cFd−b)Fm−a

+ (Fd−aFe−c − Fe−aFd−c)Fm−b ,

(3.44)

(Ld−aLe−b − Le−aLd−b)Lm−c

= (Ld−cLe−b − Le−cLd−b)Lm−a

+ (Ld−aLe−c − Le−aLd−c)Lm−b ,

(3.45)

(Jd−aJe−b − Je−aJd−b)Jm−c

= (Jd−cJe−b − Je−cJd−b)Jm−a

+ (Jd−aJe−c − Je−aJd−c)Jm−b ,

(3.46)

(jd−aje−b − je−ajd−b)jm−c

= (jd−cje−b − je−cjd−b)jm−a

+ (jd−aje−c − je−ajd−c)jm−b ,

(3.47)

(Pd−aPe−b − Pe−aPd−b)Pm−c

= (Pd−cPe−b − Pe−cPd−b)Pm−a

+ (Pd−aPe−c − Pe−aPd−c)Pm−b

(3.48)

and

(Qd−aQe−b −Qe−aQd−b)Qm−c

= (Qd−cQe−b −Qe−cQd−b)Qm−a

+ (Qd−aQe−c −Qe−aQd−c)Qm−b .

(3.49)

Setting m = b in identities (3.44), (3.46) and (3.48) gives the next set of results.

Corollary 4. The following identities hold for integers a, b, c, d and e:

(Fd−aFe−b − Fe−aFd−b)Fb−c = (Fd−cFe−b − Fe−cFd−b)Fb−a , (3.50)

(Jd−aJe−b − Je−aJd−b)Jb−c = (Jd−cJe−b − Je−cJd−b)Jb−a (3.51)

and

(Pd−aPe−b − Pe−aPd−b)Pb−c = (Pd−cPe−b − Pe−cPd−b)Pb−a . (3.52)

Using b = 0, c = −a and e = a in the identities in Corollary 4, we obtain:

Fd+a + (−1)aFd−a = FdLa , (3.53)

Jd+a + (−1)a2aJd−a = Jdja (3.54)

and
Pd+a + (−1)aPd−a = PdQa . (3.55)

Putting d = a in each case, the identities in Corollary 4 reduce to

Fa−cFe−b − Fe−cFa−b = (−1)a−bFe−aFb−c , (3.56)
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Ja−cJe−b − Je−cJa−b = (−1)a−b2a−bJe−aJb−c (3.57)

and
Pa−cPe−b − Pe−cPa−b = (−1)a−bPe−aPb−c . (3.58)

Using a = e + h, b = e− n− k, c = e− n, identities (3.56) — (3.58) can also be written

Fn+hFn+k − FnFn+h+k = (−1)nFhFk , (3.59)

Jn+hJn+k − JnJn+h+k = (−1)n2nJhJk (3.60)

and
Pn+hPn+k − PnPn+h+k = (−1)nPhPk . (3.61)

Theorem 5. The following identities hold for all integers a, b and c:

(−1)a−bL2
a−b + (−1)b−cL2

b−c + (−1)a−cL2
a−c

= (−1)a−cLa−bLb−cLa−c + 4 ,
(3.62)

(−1)a−b2b−aj2
a−b + (−1)b−c2c−bj2

b−c + (−1)a−c2c−aj2
a−c

= (−1)a−c2c−aja−bjb−cja−c + 4
(3.63)

and

(−1)a−bQ2
a−b + (−1)b−cQ2

b−c + (−1)a−cQ2
a−c

= (−1)a−cQa−bQb−cQa−c + 4 .
(3.64)

Proof. Set m = c in Lemma 3 and use X = L, X = j and X = Q, in turn.

Note that, for integers u, v, w such that u + v = w, the identities in Theorem 5 can also be
written

(−1)uL2
u + (−1)vL2

v + (−1)wL2
w = (−1)wLuLvLw + 4 , (3.65)

(−1)u2vj2
u + (−1)v2uj2

v + (−1)wj2
w = (−1)wjujvjw + 2w+2 (3.66)

and
(−1)uQ2

u + (−1)vQ2
v + (−1)wQ2

w = (−1)wQuQvQw + 4 . (3.67)

3.2 Weighted sums

Choosing an appropriate (X, Y ) pair, in each case, from the set {F, L, J, j, P, Q} and using
it in Lemma 4 we have the next set of results.

Theorem 6. The following identities hold for any integer k and arbitrary integers a, b, c,
d, e, m for which the denominator does not vanish:

k∑
r=0

(
Fd−aLe−b − Fe−aLd−b

Fd−cLe−b − Fe−cLd−b

)r

Lm−k(a−c)−b+c+(a−c)r

=

(
Fd−aLe−b − Fe−aLd−b

Fd−aFe−c − Fe−aFd−c

) (
Fd−aLe−b − Fe−aLd−b

Fd−cLe−b − Fe−cLd−b

)k

Fm

−
(

Fd−cLe−b − Fe−cLd−b

Fd−aFe−c − Fe−aFd−c

)
Fm−(k+1)(a−c) ,

(3.68)
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k∑
r=0

(
Ld−aFe−b − Le−aFd−b

Ld−cFe−b − Le−cFd−b

)r

Fm−k(a−c)−b+c+(a−c)r

=

(
Ld−aFe−b − Le−aFd−b

Ld−aLe−c − Le−aLd−c

) (
Ld−aFe−b − Le−aFd−b

Ld−cFe−b − Le−cFd−b

)k

Lm

−
(

Ld−cFe−b − Le−cFd−b

Ld−aLe−c − Le−aLd−c

)
Lm−(k+1)(a−c) ,

(3.69)

k∑
r=0

(
Jd−aje−b − Je−ajd−b

Jd−cje−b − Je−cjd−b

)r

jm−k(a−c)−b+c+(a−c)r

=

(
Jd−aje−b − Je−ajd−b

Jd−aJe−c − Je−aJd−c

) (
Jd−aje−b − Je−ajd−b

Jd−cje−b − Je−cjd−b

)k

Jm

−
(

Jd−cje−b − Je−cjd−b

Jd−aJe−c − Je−aJd−c

)
Jm−(k+1)(a−c) ,

(3.70)

k∑
r=0

(
jd−aJe−b − je−aJd−b

jd−cJe−b − je−cJd−b

)r

Jm−k(a−c)−b+c+(a−c)r

=

(
jd−aJe−b − je−aJd−b

jd−aje−c − je−ajd−c

) (
jd−aJe−b − je−aJd−b

jd−cJe−b − je−cJd−b

)k

jm

−
(

jd−cJe−b − je−cJd−b

jd−aje−c − je−ajd−c

)
jm−(k+1)(a−c) ,

(3.71)

k∑
r=0

(
Pd−aQe−b − Pe−aQd−b

Pd−cQe−b − Pe−cQd−b

)r

Qm−k(a−c)−b+c+(a−c)r

=

(
Pd−aQe−b − Pe−aQd−b

Pd−aPe−c − Pe−aPd−c

) (
Pd−aQe−b − Pe−aQd−b

Pd−cQe−b − Pe−cQd−b

)k

Pm

−
(

Pd−cQe−b − Pe−cQd−b

Pd−aPe−c − Pe−aPd−c

)
Pm−(k+1)(a−c)

(3.72)

and

k∑
r=0

(
Qd−aPe−b −Qe−aPd−b

Qd−cPe−b −Qe−cPd−b

)r

Pm−k(a−c)−b+c+(a−c)r

=

(
Qd−aPe−b −Qe−aPd−b

Qd−aQe−c −Qe−aQd−c

) (
Qd−aPe−b −Qe−aPd−b

Qd−cPe−b −Qe−cPd−b

)k

Qm

−
(

Qd−cPe−b −Qe−cPd−b

Qd−aQe−c −Qe−aQd−c

)
Qm−(k+1)(a−c) .

(3.73)

Using X = F , X = L, X = J , X = j, X = P , X = Q, in turn, in Lemma 5 gives the next
results.

Theorem 7. The following identities hold for any integer k and arbitrary integers a, b, c,
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d, e, m for which the denominator does not vanish:
k∑

r=0

(
Fd−aFe−b − Fe−aFd−b

Fd−cFe−b − Fe−cFd−b

)r

Fm−k(a−c)−b+c+(a−c)r

=

(
Fd−aFe−b − Fe−aFd−b

Fd−aFe−c − Fe−aFd−c

) (
Fd−aFe−b − Fe−aFd−b

Fd−cFe−b − Fe−cFd−b

)k

Fm

−
(

Fd−cFe−b − Fe−cFd−b

Fd−aFe−c − Fe−aFd−c

)
Fm−(k+1)(a−c) ,

(3.74)

k∑
r=0

(
Fd−aFe−b − Fe−aFd−b

Fd−aFe−c − Fe−aFd−c

)r

Fm−k(b−c)−a+c+(b−c)r

=

(
Fd−aFe−b − Fe−aFd−b

Fd−cFe−b − Fe−cFd−b

) (
Fd−aFe−b − Fe−aFd−b

Fd−aFe−c − Fe−aFd−c

)k

Fm

−
(

Fd−aFe−c − Fe−aFd−c

Fd−cFe−b − Fe−cFd−b

)
Fm−(k+1)(b−c) ,

(3.75)

k∑
r=0

(
Fe−aFd−c − Fd−aFe−c

Fd−cFe−b − Fe−cFd−b

)r

Fm−k(a−b)+b−c+(a−b)r

=

(
Fd−aFe−c − Fe−aFd−c

Fd−aFe−b − Fe−aFd−b

) (
Fe−aFd−c − Fd−aFe−c

Fd−cFe−b − Fe−cFd−b

)k

Fm

+

(
Fd−cFe−b − Fe−cFd−b

Fd−aFe−b − Fe−aFd−b

)
Fm−(k+1)(a−b) ,

(3.76)

k∑
r=0

(
Ld−aLe−b − Le−aLd−b

Ld−cLe−b − Le−cLd−b

)r

Lm−k(a−c)−b+c+(a−c)r

=

(
Ld−aLe−b − Le−aLd−b

Ld−aLe−c − Le−aLd−c

) (
Ld−aLe−b − Le−aLd−b

Ld−cLe−b − Le−cLd−b

)k

Lm

−
(

Ld−cLe−b − Le−cLd−b

Ld−aLe−c − Le−aLd−c

)
Lm−(k+1)(a−c) ,

(3.77)

k∑
r=0

(
Ld−aLe−b − Le−aLd−b

Ld−aLe−c − Le−aLd−c

)r

Lm−k(b−c)−a+c+(b−c)r

=

(
Ld−aLe−b − Le−aLd−b

Ld−cLe−b − Le−cLd−b

) (
Ld−aLe−b − Le−aLd−b

Ld−aLe−c − Le−aLd−c

)k

Lm

−
(

Ld−aLe−c − Le−aLd−c

Ld−cLe−b − Le−cLd−b

)
Lm−(k+1)(b−c) ,

(3.78)

k∑
r=0

(
Le−aLd−c − Ld−aLe−c

Ld−cLe−b − Le−cLd−b

)r

Lm−k(a−b)+b−c+(a−b)r

=

(
Ld−aLe−c − Le−aLd−c

Ld−aLe−b − Le−aLd−b

) (
Le−aLd−c − Ld−aLe−c

Ld−cLe−b − Le−cLd−b

)k

Lm

+

(
Ld−cLe−b − Le−cLd−b

Ld−aLe−b − Le−aLd−b

)
Lm−(k+1)(a−b) ,

(3.79)

13



k∑
r=0

(
Jd−aJe−b − Je−aJd−b

Jd−cJe−b − Je−cJd−b

)r

Jm−k(a−c)−b+c+(a−c)r

=

(
Jd−aJe−b − Je−aJd−b

Jd−aJe−c − Je−aJd−c

) (
Jd−aJe−b − Je−aJd−b

Jd−cJe−b − Je−cJd−b

)k

Jm

−
(

Jd−cJe−b − Je−cJd−b

Jd−aJe−c − Je−aJd−c

)
Jm−(k+1)(a−c) ,

(3.80)

k∑
r=0

(
Jd−aJe−b − Je−aJd−b

Jd−aJe−c − Je−aJd−c

)r

Jm−k(b−c)−a+c+(b−c)r

=

(
Jd−aJe−b − Je−aJd−b

Jd−cJe−b − Je−cJd−b

) (
Jd−aJe−b − Je−aJd−b

Jd−aJe−c − Je−aJd−c

)k

Jm

−
(

Jd−aJe−c − Je−aJd−c

Jd−cJe−b − Je−cJd−b

)
Jm−(k+1)(b−c) ,

(3.81)

k∑
r=0

(
Je−aJd−c − Jd−aJe−c

Jd−cJe−b − Je−cJd−b

)r

Jm−k(a−b)+b−c+(a−b)r

=

(
Jd−aJe−c − Je−aJd−c

Jd−aJe−b − Je−aJd−b

) (
Je−aJd−c − Jd−aJe−c

Jd−cJe−b − Je−cJd−b

)k

Jm

+

(
Jd−cJe−b − Je−cJd−b

Jd−aJe−b − Je−aJd−b

)
Jm−(k+1)(a−b) ,

(3.82)

k∑
r=0

(
jd−aje−b − je−ajd−b

jd−cje−b − je−cjd−b

)r

jm−k(a−c)−b+c+(a−c)r

=

(
jd−aje−b − je−ajd−b

jd−aje−c − je−ajd−c

) (
jd−aje−b − je−ajd−b

jd−cje−b − je−cjd−b

)k

jm

−
(

jd−cje−b − je−cjd−b

jd−aje−c − je−ajd−c

)
jm−(k+1)(a−c) ,

(3.83)

k∑
r=0

(
jd−aje−b − je−ajd−b

jd−aje−c − je−ajd−c

)r

jm−k(b−c)−a+c+(b−c)r

=

(
jd−aje−b − je−ajd−b

jd−cje−b − je−cjd−b

) (
jd−aje−b − je−ajd−b

jd−aje−c − je−ajd−c

)k

jm

−
(

jd−aje−c − je−ajd−c

jd−cje−b − je−cjd−b

)
jm−(k+1)(b−c) ,

(3.84)

k∑
r=0

(
je−ajd−c − jd−aje−c

jd−cje−b − je−cjd−b

)r

jm−k(a−b)+b−c+(a−b)r

=

(
jd−aje−c − je−ajd−c

jd−aje−b − je−ajd−b

) (
je−ajd−c − jd−aje−c

jd−cje−b − je−cjd−b

)k

jm

+

(
jd−cje−b − je−cjd−b

jd−aje−b − je−ajd−b

)
jm−(k+1)(a−b) ,

(3.85)
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k∑
r=0

(
Pd−aPe−b − Pe−aPd−b

Pd−cPe−b − Pe−cPd−b

)r

Pm−k(a−c)−b+c+(a−c)r

=

(
Pd−aPe−b − Pe−aPd−b

Pd−aPe−c − Pe−aPd−c

) (
Pd−aPe−b − Pe−aPd−b

Pd−cPe−b − Pe−cPd−b

)k

Pm

−
(

Pd−cPe−b − Pe−cPd−b

Pd−aPe−c − Pe−aPd−c

)
Pm−(k+1)(a−c) ,

(3.86)

k∑
r=0

(
Pd−aPe−b − Pe−aPd−b

Pd−aPe−c − Pe−aPd−c

)r

Pm−k(b−c)−a+c+(b−c)r

=

(
Pd−aPe−b − Pe−aPd−b

Pd−cPe−b − Pe−cPd−b

) (
Pd−aPe−b − Pe−aPd−b

Pd−aPe−c − Pe−aPd−c

)k

Pm

−
(

Pd−aPe−c − Pe−aPd−c

Pd−cPe−b − Pe−cPd−b

)
Pm−(k+1)(b−c) ,

(3.87)

k∑
r=0

(
Pe−aPd−c − Pd−aPe−c

Pd−cPe−b − Pe−cPd−b

)r

Pm−k(a−b)+b−c+(a−b)r

=

(
Pd−aPe−c − Pe−aPd−c

Pd−aPe−b − Pe−aPd−b

) (
Pe−aPd−c − Pd−aPe−c

Pd−cPe−b − Pe−cPd−b

)k

Pm

+

(
Pd−cPe−b − Pe−cPd−b

Pd−aPe−b − Pe−aPd−b

)
Pm−(k+1)(a−b) ,

(3.88)

k∑
r=0

(
Qd−aQe−b −Qe−aQd−b

Qd−cQe−b −Qe−cQd−b

)r

Qm−k(a−c)−b+c+(a−c)r

=

(
Qd−aQe−b −Qe−aQd−b

Qd−aQe−c −Qe−aQd−c

) (
Qd−aQe−b −Qe−aQd−b

Qd−cQe−b −Qe−cQd−b

)k

Qm

−
(

Qd−cQe−b −Qe−cQd−b

Qd−aQe−c −Qe−aQd−c

)
Qm−(k+1)(a−c) ,

(3.89)

k∑
r=0

(
Qd−aQe−b −Qe−aQd−b

Qd−aQe−c −Qe−aQd−c

)r

Qm−k(b−c)−a+c+(b−c)r

=

(
Qd−aQe−b −Qe−aQd−b

Qd−cQe−b −Qe−cQd−b

) (
Qd−aQe−b −Qe−aQd−b

Qd−aQe−c −Qe−aQd−c

)k

Qm

−
(

Qd−aQe−c −Qe−aQd−c

Qd−cQe−b −Qe−cQd−b

)
Qm−(k+1)(b−c)

(3.90)

and
k∑

r=0

(
Qe−aQd−c −Qd−aQe−c

Qd−cQe−b −Qe−cQd−b

)r

Qm−k(a−b)+b−c+(a−b)r

=

(
Qd−aQe−c −Qe−aQd−c

Qd−aQe−b −Qe−aQd−b

) (
Qe−aQd−c −Qd−aQe−c

Qd−cQe−b −Qe−cQd−b

)k

Qm

+

(
Qd−cQe−b −Qe−cQd−b

Qd−aQe−b −Qe−aQd−b

)
Qm−(k+1)(a−b) .

(3.91)
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3.3 Weighted binomial sums

Using X = F , X = L, X = J , X = j, X = P , X = Q, in turn, in Lemma 6 gives the next
results.

Theorem 8. The following identities hold for nonnegative integer k and arbitrary integers
a, b, c, d, e, m for which the denominator does not vanish:

k∑
r=0

(
k

r

) (
Fd−cFe−b − Fe−cFd−b

Fd−aFe−c − Fe−aFd−c

)r

Fm−(b−c)k+(b−a)r

=

(
Fd−aFe−b − Fe−aFd−b

Fd−aFe−c − Fe−aFd−c

)k

Fm ,

(3.92)

k∑
r=0

(
k

r

) (
Fe−aFd−b − Fd−aFe−b

Fd−aFe−c − Fe−aFd−c

)r

Fm+(a−b)k+(b−c)r

=

(
Fd−cFe−b − Fe−cFd−b

Fe−aFd−c − Fd−aFe−c

)k

Fm ,

(3.93)

k∑
r=0

(
k

r

) (
Fe−aFd−b − Fd−aFe−b

Fd−cFe−b − Fe−cFd−b

)r

Fm+(b−a)k+(a−c)r

=

(
Fd−aFe−c − Fe−aFd−c

Fe−cFd−b − Fd−cFe−b

)k

Fm ,

(3.94)

k∑
r=0

(
k

r

) (
Ld−cLe−b − Le−cLd−b

Ld−aLe−c − Le−aLd−c

)r

Lm−(b−c)k+(b−a)r

=

(
Ld−aLe−b − Le−aLd−b

Ld−aLe−c − Le−aLd−c

)k

Lm ,

(3.95)

k∑
r=0

(
k

r

) (
Le−aLd−b − Ld−aLe−b

Ld−aLe−c − Le−aLd−c

)r

Lm+(a−b)k+(b−c)r

=

(
Ld−cLe−b − Le−cLd−b

Le−aLd−c − Ld−aLe−c

)k

Lm ,

(3.96)

k∑
r=0

(
k

r

) (
Le−aLd−b − Ld−aLe−b

Ld−cLe−b − Le−cLd−b

)r

Lm+(b−a)k+(a−c)r

=

(
Ld−aLe−c − Le−aLd−c

Le−cLd−b − Ld−cLe−b

)k

Lm ,

(3.97)

k∑
r=0

(
k

r

) (
Jd−cJe−b − Je−cJd−b

Jd−aJe−c − Je−aJd−c

)r

Jm−(b−c)k+(b−a)r

=

(
Jd−aJe−b − Je−aJd−b

Jd−aJe−c − Je−aJd−c

)k

Jm ,

(3.98)

k∑
r=0

(
k

r

) (
Je−aJd−b − Jd−aJe−b

Jd−aJe−c − Je−aJd−c

)r

Jm+(a−b)k+(b−c)r

=

(
Jd−cJe−b − Je−cJd−b

Je−aJd−c − Jd−aJe−c

)k

Jm ,

(3.99)
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k∑
r=0

(
k

r

) (
Je−aJd−b − Jd−aJe−b

Jd−cJe−b − Je−cJd−b

)r

Jm+(b−a)k+(a−c)r

=

(
Jd−aJe−c − Je−aJd−c

Je−cJd−b − Jd−cJe−b

)k

Jm ,

(3.100)

k∑
r=0

(
k

r

) (
jd−cje−b − je−cjd−b

jd−aje−c − je−ajd−c

)r

jm−(b−c)k+(b−a)r

=

(
jd−aje−b − je−ajd−b

jd−aje−c − je−ajd−c

)k

jm ,

(3.101)

k∑
r=0

(
k

r

) (
je−ajd−b − jd−aje−b

jd−aje−c − je−ajd−c

)r

jm+(a−b)k+(b−c)r

=

(
jd−cje−b − je−cjd−b

je−ajd−c − jd−aje−c

)k

jm ,

(3.102)

k∑
r=0

(
k

r

) (
je−ajd−b − jd−aje−b

jd−cje−b − je−cjd−b

)r

jm+(b−a)k+(a−c)r

=

(
jd−aje−c − je−ajd−c

je−cjd−b − jd−cje−b

)k

jm ,

(3.103)

k∑
r=0

(
k

r

) (
Pd−cPe−b − Pe−cPd−b

Pd−aPe−c − Pe−aPd−c

)r

Pm−(b−c)k+(b−a)r

=

(
Pd−aPe−b − Pe−aPd−b

Pd−aPe−c − Pe−aPd−c

)k

Pm ,

(3.104)

k∑
r=0

(
k

r

) (
Pe−aPd−b − Pd−aPe−b

Pd−aPe−c − Pe−aPd−c

)r

Pm+(a−b)k+(b−c)r

=

(
Pd−cPe−b − Pe−cPd−b

Pe−aPd−c − Pd−aPe−c

)k

Pm ,

(3.105)

k∑
r=0

(
k

r

) (
Pe−aPd−b − Pd−aPe−b

Pd−cPe−b − Pe−cPd−b

)r

Pm+(b−a)k+(a−c)r

=

(
Pd−aPe−c − Pe−aPd−c

Pe−cPd−b − Pd−cPe−b

)k

Pm ,

(3.106)

k∑
r=0

(
k

r

) (
Qd−cQe−b −Qe−cQd−b

Qd−aQe−c −Qe−aQd−c

)r

Qm−(b−c)k+(b−a)r

=

(
Qd−aQe−b −Qe−aQd−b

Qd−aQe−c −Qe−aQd−c

)k

Qm ,

(3.107)

k∑
r=0

(
k

r

) (
Qe−aQd−b −Qd−aQe−b

Qd−aQe−c −Qe−aQd−c

)r

Qm+(a−b)k+(b−c)r

=

(
Qd−cQe−b −Qe−cQd−b

Qe−aQd−c −Qd−aQe−c

)k

Qm

(3.108)
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and

k∑
r=0

(
k

r

) (
Qe−aQd−b −Qd−aQe−b

Qd−cQe−b −Qe−cQd−b

)r

Qm+(b−a)k+(a−c)r

=

(
Qd−aQe−c −Qe−aQd−c

Qe−cQd−b −Qd−cQe−b

)k

Qm .

(3.109)
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