
Fixed Point Method , Dottie Number

Edgar Valdebenito

abstract

In this note we discuss the problem of finding approximate solutions of the equation: 

x =
1

2
sin-1 2 x 1 - x2 , 0 ≤ x ≤ 1

via Fixed Point Iteration Method.

1. Introduction

Definition of Fixed Point :

If p = f (p) , the we say p is a fixed point for the function f (x).

Fixed Point Iteration Method : Start from any point x0 and consider the recursive process

xn+1 = f (xn) , n = 0, 1, 2, 3, ... (1)

If f (x) is continuous and xn converges to some p then it is clear that p is a fixed point of f (x) .

Theorem 1 : Let f : [a, b]↦ [a, b] be a differentiable function such that

 f ' (x) ≤ α < 1 for all x ∈ [a, b] (2)

Then f (x) has exactly one fixed point p in [a, b] and the sequence xn defined by the process (1) , with a starting point ,

x0 ∈ [a, b] , converges to p .

Theorem 2 : let p be a fixed point of f (x), Suppose f (x) is differentiable on [p - ϵ, p + ϵ] for some ϵ > 0 and f (x)

satisfies the condition  f ' (x) ≤ α < 1 for all x ∈ [p - ϵ, p + ϵ] . Then the sequence xn defined by (1) , with a starting

point x0 ∈ [p - ϵ, p + ϵ] , converges to p .

2. The Equation cos x = x

■ The equation cos x = x , x ∈ [0, 1]

■ Solution : x = d = 0.739085133215 ...

■ d is the Dottie number (Kaplan 2007)

■ d is the unique real root of cos x = x

■ Iteration (Fixed Point Method) :

xn+1 = cos xn , x0 = 1 ⟹ d = lim
n→∞

xn (3)

■ Graphics
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■ Notation : d = cos cos cos ... cos1

■ Integrals

d =
0

1 (1 + sin e2 π i x) e4 π i x

e2 π i x - cos e2 π i x
ⅆ x , i = -1 (4)

d = 1 - 1 - 
-∞

∞ 12 π2 + 16 (x - sinh x)2

(3 π2 + 4 (x - sinh x)2)2 + 16 π2(x - sinh x)2
ⅆ x

-1 2

(5)

3. The Equation x =
1

2
sin-1 2 x 1 - x2

■ The equation x =
1

2
sin-1 2 x 1 - x2 , x ∈ [0, 1]

■ Trivial solution : x = 0

■ Nontrivial solution : x = d = 0.739085 ..., (Dottie number)

■ Proof. :

cos d = d

⟹ sin d = 1 - d2

⟹ 2 cos d sin d = 2 d 1 - d2

⟹ sin(2 d) = 2 d 1 - d2

⟹ d =
1

2
sin-1 2 d 1 - d2

4. Iteration

■ The equation x =
1

2
sin-1 2 x 1 - x2 , 0 ≤ x ≤ 1

■ Iteration (Fixed Point method) :
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x =
1

2
sin-1 2 x 1 - x2 = f (x) (6)

xn+1 = f (xn) , 0 ≤ x0 ≤ 1 , n = 0, 1, 2, 3, ... (7)

■ Remark : x0 = 0 ⟹ xn = 0 for all n.

■ Remark : x0 = 1 ⟹ x1 = 0 ⟹ xn = 0 , n ≥ 2 .

■ Graphics , x0 = 0.2 , d = 0.739085 ..., Dottie number :
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■ Graphics , x0 = 0.4 , d = 0.739085 ..., Dottie number :
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■ Graphics , x0 = 1 2 = 0.707106 ... , d = 0.739085 ..., Dottie number :
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■ Graphics , x0 = 0.8 , d = 0.739085 ..., Dottie number :
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■ The function f (x) :

f ([0, 1]) ⊂ [0, 1] (8)

 f ' (x) ≥ 1 , 0 ≤ x ≤ 1 (9)
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■ Let n ∈ ℕ ⋃ {0} = {0, 1, 2, 3, ...}, 0 ≤ u < 1 2 < v ≤ 1, and assume that

u 1 - u2 = v 1 - v2 (10)

un+1 = f (un) , u0 = u , n ∈ ℕ ⋃ {0} (11)

vn+1 = f (vn) , v0 = v , n ∈ ℕ ⋃ {0} (12)

then

un = vn , n ∈ ℕ = {1, 2, 3, ...} (13)

■ Let 0 ≤ z ≤ 1 , u =
1 - 1 - z2

2
, v =

1 + 1 - z2

2
, then u 1 - u2 = v 1 - v2 .

■ Let n ∈ ℕ ⋃ {0} , x0 ∈ [0, 1] , xn+1 = f (xn) , then 0 ≤ xn ≤ π /4 for all n ∈ ℕ .

■ Conclusion : 0 < x0 < 1, x0 ≠ d , xn+1 = f (xn) ⟹ xn is Divergent (oscillation) .
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