Exact solution of ODEs

Including Bessel’s
© 2013 Claude Michael Cassano

Just as I have shown earlier that y = e is not just the solution for the constant coefficients, linear homogeneous ordinary differential
equation (LHODE), but for any LHODE of the form:

y'+ Py +[-k(P+k)]y = 0 ; the solution to the general elementary HLODE is not limited to that LHODE.

My writing style is to leave math in there I feel is necessary to at least fairly easily follow the flow of derivation, rather than skip over it
all and put some prose in there. I expect anyone who needs less, or simply wishes to skip over derivation portions is free to do so; and that is
expected. But if nagging questions arise, the reader may return to dispel those. It is there for clarity, not either to impress nor to repel the
reader. | feel that prose often makes it more difficult to reproduce derivation results, which I feel is as important as the results themselves. I
write as if writing to the Krell of *The Forbidden Planet’, because I am. I am writing to higher dimensional beings and lower dimensional
beings reaching and struggling for higher dimensionality; to those enraptured with a fascination and infatuation for elevation.

Again, as shown earlier:

s=aP+b:
. aJ-de+bx " / _ . _ / 5 2
y=e =y +Py +Q0y=0; Q=-aP —ala+1)P*-ba+1)P-b
But, also:
y' = (aP+b)y

y' = [(aP+ b)* +aP' :|y

So, for any function R (even non-continuous, or even non-integrable function R ):
y +RY =[(aP+ b)* +aP' + R(aP + b) ]y
=y +RY +[—(aP+b)>—aP' —R@P+b)]y =0

When an ODE does not have these expressed forms, but is similar; the following technique may yield exact solution.

Recall that any 2nd order ODE has 2 linearly independent solutions, and that given one solution, the 2nd may be found by the reduction
of order technique.

So, if a general elementary LODE is similar, 2 linearly independent solutions y;, y, are known.
Because the solutions are linearly independent, consider them as coordinate axes, and transform them to another coordinate system.

Let:
_ u v
n= (G ) (e )
_ v U
v = (e ) ()

Yy=uy1—vy
Y, =vwi+un»

u=+v
u’ +v
for u,v constants, or carefully chosen functions: Y, & Y, are linearly independent, as well.

Y| = () + 13 +ras))y1 + (s) + 5152 + 7181)y2

When y;, y, satisfy:
Yi = riy+ sy

ylz =ry1 + 822

=

vy = (rh + 7172 +12852)y1 + (55 + 55 + 1281 )2
Examples of such functions:

(1):
Let:

ezﬁ _ e—zﬁ
2/~w
_ ezm + e—zm
2

sing(z,w) =

cong(z,w)

Note that:
sing(z, 1)

sing(z,—1)
Note, also, that:

sing(z,w) =

sinz
sinhz

cong(z,1)
cong(z,—1)

= COSz
= coshz

5

2

ﬁ sinzyw) , cong(z,w) = cos(z/w )
But these expressions don’t express the fact that

sing(z,w) and cong(z,w) are real valued functions,
Vz,w e R.

They can be used to more compactly write the possible
solutions of y" + Ay = 0
(whether A is positive or negative):
y = Cising(z,A) + Cacong(z, ).
Real-valued functions;
with real period, whenever: A > 0,
while, no real period, whenever: A < 0.

(2):
Let:

mi(u,v,z,w) = ue” + ve"

—vr

(smy —vmy)

)

my(r,s;z,w) = re? + se”

{

————(rm; — smy)

vr)




my = (' +uz)er + (v +ww')e"
mhy = (r' +rz)e* — (s +sw')e"”

so:
m) = (u' +uz)er + (V' +wvw')e”

r ! / ! ! ! ! ! !
_[(utuz N _ (v +vw ((u tuz v +vw
__(us—vr § (us—vr )r}m1+|: (us—vr )V+<us—vr )S}m

my = (' +rz")e? — (s' +sw')e”

r ! ! ! ! ! ! ! !
_[(r+rz s +sw (r+rz \, _ (s +sw
__(us—vr>s+<us—vr>r}ml+|: (us vr)v (us—vr)s}m2

and:
n_ [ +uZ v +vw! / u' +uz v +vw /
ml:_(us—vr>s_<us—vr r_m1+[<us—vr)s_<us—vr )}":|m1+

r / / ! / / / /

((u tuz v +vw o tuz v +vw
i (us—vr )V+<us—vr )S}mZJF[ us — vr )V+<us—vr )S m

B / / / / 7 ! ! !

(i tuz N, _ (v +vw u +uz \_ (v +vw
= Cus—=vr )S us — vr r_[(us—vr>s (us—vr r]m1+
B ! ! ! ! T ! ! !
u +uz v +vw (u t+uz v +vw
L Cus—vr )8 us — vr r_[ (us—vr>v+ us—vr)s]mz
r ! ! ! ! 7/
u +uz \_ (v +vw
+_<us—vr>s (us—vr )r_ my+

r / / ! / ! !

(u tuz v +vw r+rz S+ 5w
s = )V Cas—or S}_(us—vr)‘wr(us—vr r]m1+

r / / / / r ! / !

(u tuz v +vw (r+rz ), _ (s +sw
s = )V Cus —or S}_ (us—vr)v (us—vr)S}mZJr

r / / / /

((u tuz v +vw
s = )V us —or s}mz

! ! ! ! T ! ! ! !
_ u +uz . _ (v +vw u +uz' \_ (v +vw
_{|:<us—vr>s (us vr )" [(us—vr)s (us—vr )’i*’
! ! ! ! 1
u' +uz v +vw
+|:<us—vr>s (us—vr )r:|+
/ / / r / ! ! !
((u tuz v +vw r+rz S+ 5w }
+[ (us—vr)v+(us—vr )S}_(us—vr)wr(us—vr r] my+
! ! ! ! ! ! ! !
u +uz' \,_ (v +vw ((u tuz v +vw
+{[(u5—vr>s (us—vr )r}[ (us—vr)v+<us—vr )5}4'
! ! ! ! 7 ! ! ! !
((u tuz v +vw (r+rz Y\, _ (s +sw
+|: (us—vr)v+<us—vr )S_|: us—vr)v (us—vr )5}4'
/ / / / 7
((u tuz v +vw }
+|: (us—vr )V+<us—vr )S_ e
/ ! ! ! ! / / / !
n_ [ (rtrz S+ 5w ' r+rz s +sw
m2_|:<us—vr>s+(us vr ’{|m1+[<us vr)s+<us vr)”}m“r
! / / ! ! / / /

(r+rz Y\, _ (s +sw o (et Y, _ (s tsw
+[ (us—vr)v us—vr)s}mfr[ us—vr)v (us—vr)s}mz
etc

Examples:
Define:
mio(u,v;y) = mi(u,v;y,—y)
mao(r,8;9) = ma(r,s;y,~y)
yields:

_ L - _ - L — 4 1.y = gi
U=~ , Vv=-u , r=- , S=7 o m10<2i, 2i,lgp>_s1ngo
; LN o
z=1ip , wW=-2 m20<7,7,lfp>=005¢7
U=+ , v=-u , r==4 , s=r mio(+,-L;9) = sinhe

=
L1, =
z=¢@Q , W=-z m20<7,7,(0> = cosh¢g
u=1, v=0, r=v , s=u mio(1,0;¢0) = e?
=
z=¢ , w=- m(0,1;¢) = e

So, returning to th

e generality:

Yy =uyr — vy PN e <u2zv2>YH+(u21v2)Yv
=) ()"
y’l =riy1 +s1)2
Yy = ray1 +82p2
R Y| = () + 1} +ras)yr + (s) + 5152 + r181)y2
vy = (Fy+rira +r252)y1 + (85 + 53 + r251)y2
Yy +PY), = (uy1 —v2)" + P(uy1 — vp2)'
Yy + PY, = (w1 +uy2)" + P(vi +uys)'
Yo+ PY, = (ulyi +up) —v'y2 —w)) + PQulyi +up) —v'y2 = wp))
T\ vepy, = (V1w v+ uyh) + PO+ vy +ulya + uh)




YZ + PYL =u'yy +2u'y) +uwy| —v"y, = 2V'y5 —w)h +

+P(u'yy +uyy = vy —vy))
Yo+ PY, = vy + 2V, + W +u'yy + 2u'yh + wyy +

+ P(V'y1 + v +u'yy +uwph)

Yy +PYy, = [ +Pu' )y + Qu' + Pu)y| +uy]+
— [V + PV )ys + 2V + Pv)ys +vyh ]

Yy +PY, = [(V" + PV )y1 + (V' + Pv)yy + wi ]+
+[(" + Pu')ys + Qu' + Pu)ys + uys

Y, +PY, = [(u” +Pu' )y + Qu' + Pu)(riy1 +s1y2) +

+ul(r) + 73 +ras)yr + (s) + 5152 + rlsl)yz]] +

- [(v” +Pv)ys + (V' + Pv)(ry1 +s2y2) +

+V[(ry + rira + r282)y1 + (sh + 53 + rzsl)yz]]

Y, + PY, = [(v” + Py + 2V + Py)(riy1 +s1y2) +

+V[(Fy + 12+ sy + (8] + 5182 + rlsl)yz]] +

+ [(u” +Pu')yy + Qu' + Pu)(rayy +s2y2) +

+ul(rh +r1ry +1282)y1 + (55 + 83 + a8y )yz]]

N/

Y, +PY, = [(u” +Pu') + Qu' + Pu)ry +u(r| + 1} +ras1) +

— 2V + PV)ry —v(rh + i + rzsz)]yl +

- [(v” + PV + 2V + Pv)sy + v(sh + 53 +7281) +

— Qu' + Pu)sy —u(s) + 5152 + rlsl)]yz

Y, + PY, = [(v” +PV)+ 2V + PV)r +v(r) + 13 +rasy) +

+ Qu' + Pu)ry +u(rh +riry + rzsz):l)q +

+ [(u” +Pu') + Qu' + Pu)sy + u(sh + 53 +ras1) +

+ 2V + Pv)s) +v(s| + 5152 + rlsl)]yz

N

So, let:

Ay = W' +Pu')+ Qu +Pu)ri + u(ry + 11 +ras1) — Qv + Pv)ra = v(rh + rira + r2s2)
By= (V" +PV)+ v + Pv)sa+v(sh+53+ras1) — Qu' + Pu)si —u(s| +s152 +r1851)
Ay = (V" +PVY+ V' + P v + 13 +ras1) + Qu' + Pu)ry + u(rh + riry +1287)
By, = (" +Pu') + Qu' + Pu)sy +u(sh + 53 +ras1) + 2V + Pv)sy +v(s| + 5152 +7151)

Yi+PYy = A1 — Buya

—
Y(,l-f‘PY(,:Avyl‘f‘vaZ
/
_ u )%
Yz+PY/“_A“[(u2+v2>Y“+(u +v2 )Y}Jr
sl ) ()
N u? +2
epr = al (s ) (e )]
u? +v? u? +12
(e ) ()]
. u® +2
Y'+ PY, = |:A ( u )—i—B ( ):|Y
“ # \u? 442 \u? 442
(e ) (7))
N L u? +2
Y/V/+PY/V=[AV( ) -3, ) Y, +
u-+v M +V
+ Av( - +B( )}YH
\ L u +V u +V
If:
() Bt ) -0 - alFr ) - B
“g2+\1}; o u2+\ju u? +v? u? +v?
= Dby = = Avyy
_ YZ+PYL—A#%YH:0

Yl +PY, 4,5y, =0

Now, as a remembering:

1 1 .
2 1,0;ix) = x 2e"
x 2myo(1,0;ix) = x2e = +—y+|: < > :|y=0

1 . L
X" 2mop(0,1;ix) = x 2e™

y:

also

_L . _L
X 2m20<%,%;1x> = X2 COSX

<
Il
—A A~
U
<
+
g
+

X" Tm (—1 — 'ix) = X7 sinx <l>2
AN TR - " 1. 2
X a 2 +1
X



Note correspondence to the Bessel functions:

Ji(x) = ‘/ X7 sinx = ‘/%x‘%ml(&%,—%;ix)
Ji() =% 2 y"T cosx = ‘/%x‘%mm(%,—%;ix)

Now, consider transformations:

Yu:%']%_'jl - u=x"u==x2u" =23
Yy =Jo + LU, v=1 V=0 |V'=
7 X773
J'% = —%%J% +J 1 _ ry = —%x‘l s1=1 ry = %x‘z rl=—x3
o 11 1l a1 2 __ -3
J_%——J%—?YJ_% rp =—1 $2 =X sy = x5y = X
So, for: P = %
- (9,2 -1 - 9.
A,,—<4x l>x B, = 4 1
=9,2_ = (252 _1)y!
4= 2x2 -1 By = (2x2-1)x
= By=Aux & B, = 4,1
- — i>2 =
Y+ PY, +| - )262 +1 [Yu=0
= < = <i>2 =
Yy +PY,+| ——2—+1 Y, =0
X
L L i
Thus: p=3 , v=-3 ie:
_ 1
Jy=xJ1i-J
1
Ji=Jit+yJ
So, so far: Ji 1, Jy 3 have been determined without resort to infinite series methods.
Now, generalizing, for:
Yy=wyr+vya | | ]| 717 (vluz—um)Y +<V1u2_u1V2>YV
Yo = uay1 +vay2 2 = (i s )Y+ (s )V

for ui,us,v1,v2 constants, or carefully chosen functions: Y, & Y, are linearly independent, as well.

When y;, y» satisfy:
Vi = riy1 + s
Vh = ray1 +52)2

=)+ +ras)yr + (s) + 5152 +7181)y2

¥y = (rh+rira +ras2)yr + (s + 53+ r281)p2

YZ +PYL = (uiy1 +V1y2)” + P(uiyi +v1y2)/
Yy + PY), = (uay1 +vaya)" + P(uzyr +vaya)'

Yy + PY, = (uiy1 + uy) +viya + vly’2)l + P(uyy1 +ury) +viyva +viyh)
Y) + PY, = (uby1 + uay) +vhyz + vayh) + P(ubyy + uap) + vhyz + vayh)

Yy + PY, = ufyr +2u\y) + wiy —viyve = 2viyh —viyh +

+ P(uyy1 + uiyy +viya +viys)

= uhy1 + 22Uy + uay| +viya + 2vhyh +voyh +
+ P(u’zyl + ugy'l + v'zyg + vzy'z)

Y! + PY,

= [} + Puy)yy + (Quy + Pup)yy +uiyi ]+
+ [(v1 + Pvi)ya + (v + Pyi)yy +viys ]

Y+ PY), =

= [(uy + Puy)y1 + Quy + Puz)y| +uzy' ]+
+[(Vy + Pvy)ys + (2v5 + Pva)yy + vays ]

Y! + PY, =

Y, +PY, = [(u + Pul))y1 + Quy + Puy)(riy +s132) +

+ur[(Fy + 2+ s )y + (8] + 85152 + rlsl)yz]] +

+ [(v'{ +Pv)ys + 2V} + Pv)(ray1 +s2y2) +

+vi[(rh + 717y + 72s2)y1 + (sh + 53+ rzsl)yz]]

Y, +PY, = [(u + Pul)y1 + Qub + Puy)(riy +s1y2) +

+ur[(Fy + 2+ rs)yr + (8] + 5152 + rlsl)yz]] +

+ [(vg + Pvy)ys + (2vh + Pva)(ray1 + s2y2) +

+ Vo (7h + 717y + 7282)y1 + (55 + 55 + rzsl)yz]]




Y, +PY, = [(u +Pul) + Quy + Puy)ry +u () + 13 +ras1) +

+ 2V + Pv)ry +vi(ry +rira + rzsz)]yl +

[(v +PV)) + (V) + Pvi)sy +vi(sh + 83 +7ras1) +

+ QQuy + Puy)sy +ui(s) + 5152 +r1s1)]y2

= Y, + PY, = [(u + Pub) + QQub + Pux)ry + ua(r) + 13 +ras1) +
+ (2V5 + Pva)ra + va(ry + rira + rzsz)]yl +
+ [(vg + Pvy) + (2Vh + Pvay)sy + va(sh + 83 +7281) +
L + (Qub + Puy)sy + ua(s) +slsz+r1s1):|y2
So, let:

Ay = W + Puy) + Quby + Puy)ry + ui (r) +r1 +72851) + (V] + Pv)ry +vi(rh + 1172 + 1282)
By = (V] + Pvy) + (2v] + Pvi)sa + vi(sh +32 +72851) + Quly + Puy)sy +ui(s) + 5152 +7181)
Ay = (uy + Pub) + Qub + Pup)ry + ux () + rl +72851) + (2vh + Pva)ry + va(rh + 1172 + 1282)
By = (V5 + Pvy) + (2vy + Pvy)sy + va(sh + 535 +ras1) + Quby + Pus)sy + ua(s) + 5152 +7181)

Yy+PY, = Ay + By

- Y, +PY, = Ayy1 + B,y
( Yy +PY, :A“[ (WM)Y +<v1u2—vzu1 >Y"
o J + B[ (S 2wy ) Yo+ (S 2oz )Y ]
vy +PYy = A (S 2y ) Yo+ (S v ) Yo ] +
. + B[ (v 2y ) Vo + (S vy ) V]
Y+ PYy = [~Au (S 2y ) + Bo (S 2w ) 1Yu+
o J A (rvaar ) ~ By v )
vy + PYy = [~y (Srm2vaar ) + B (S 2wy ) 1Ye
L +[A <V1u2—vzu1> By <V1u2—vzu1 >]Y"
If:
AH(W>_B#<W> = 0 =~y (5 2var ) * B¢ (5 vy )
= By =Aug- & By = A7~

Yy +PY)—Ay7 Y, = 0

Y/ +PY,~ Ay, =0

Under the specific transformations:

u =u\|vy =-—-v

_ u v
Yy =uyr —wn» 1= (u2+v2)yu+(u2+v2)yv

Yy = v +uy :_( 12 )Y +(—“ )Y
2 v ) N2 )
/

Y, +PY, = [(u” +Pu') + Qu' + Pu)ry +u(r) + 1} +ras1) +

— 2V + PV)ra —v(rh +rir + 1”252)])/1 +

- [(v” +Pv') + 2V + Pv)sy +v(sh + 53 +7281) +

— QQu' + Pu)sy —u(s| +s152 + F1S1)]y2

Y, +PY, = [(v” +PV)+ 2V + PV)ry +v(r) + 13 +rasy) +

+ Qu' + Pu)ry +u(ry + riry + rzSz)]yl +

+ [(u” +Pu') + Qu' + Pu)sy + u(sh + 53 +r251) +

+ 2V + Pv)sy +v(s| + 5152 +r151)]y2

Ay =" +Pu )+ QQu' + Pu)ry + u(r) +r1 +72851) — 2V + PV)ry —v(rh + 711y + 1282)

B, = (V' +PV)+ (V' + Pv)sa + v(sh + 53 +ras1) — Qu' + Pu)sy — u(s| +s152 +r1s1)

Ay = O+ PVY+ V' + P v + 13 +ras1) + Qu' + Pu)ry + u(rh + vy +1282)

By, = (" +Pu') + Qu' + Pu)sy +u(sh + 53 +ras1) + 2V + Pv)sy +v(s| + 5152 +7151)
NOTE: s, =ri & ro=-s1 = A4, =-B, & B, =4,

Yy +PY, = Ay +Buy2

Y, +PY, = A,y + B,y

=




(| nert =l () ()]

N A (]
el (o))
e )]
Vut PY, = _A”(uziivz)_ (u +v? ):|Y

N ) )T
Y,V,JFPY,V::AV(uZin)_B(u +y? ) Yut
\ ) ) I

If:
() (i) s o= ) -8 (e )
P\ u? +42 P\ u? +42 u? +v? u? +v?

Yh+PYy— ALY, =0

i+ PY, - A,y =0
Now, as a remembering:

X Tmip(1,05ix) = x"Te™ L |:_ <%>2 +1:|y =0

Yy = 1 - . =y +tx)y -+
X 27my(0,1;ix) = x2e™

xmo (L, —L:ix) = x7 sinx 132
10(217 2i ° > 1" )IC/ |:_<2> +1:|y:0

_1 . _1
X 2mzo<%,%;1x> = X2 COSX

Note correspondence to the Bessel functions:

J1 (x) = / 2 % sinx = /%x_%mw(%,—%;ix)
J_1 (x) /2 X7 COSX = /%x_%mm(%,—%;ix)

Now, consider transformations:

Yy=4J1-bJ u=ax"'|u =-ax? u' = 2ax>
f=—
YV_bJ%_i_ J_% v:b V/ZO v”:
Jy = _%%J% +J_1 = —%x_l si=1 "= %x_z Al
f=—
Sy =Ty gy s A L

A, = " +Pu")y + Qu' + Pu)ry +u(r| + r% +72851) — 2V + Pv)ry —v(rh + 11 + 1282)
B, = (V' +PV)+ 2V + Pv)sa +v(sh + 53 +ras1) — Qu' + Pu)sy — u(s| +s152 +r181)
Ay = (V" +PV)Y+ V' + Pv)r + vy + 13 +ras1) + Qu' + Pu)ry +u(rh + rira + 1282)
B, = (u" +Pu') + Qu' + Pu)sy + u(s, + s% +7281) + 2V + Pv)s; +v(s| +S150 +7181)
NOTE: so =r1 & rp=-s1 =4,=-B, & B, =
So, for: P =x7!:
Ay =ax3 + (—ax‘z)(—%x‘1> + (ax‘l)(%x‘2 - 1) +(bx™) = b(x")
-B, = (bx™!) (—%x*) + b(%x‘z - 1) —(2ax7? +ax?) — (ax)(—=x")
A, = (x‘%)(—%x‘l) + b(lx‘2 + %x‘z - 1) —(2ax? +ax?) +ax ' (x7")
R S P, SNy AR | N3 .2 -1 .
B, = ax™ + (—ax )( 2x2>+(ax )<4x 1>+bx +b(—=x7")

B 2
Ay = =<%> x‘2—1:|u
—Bﬂz=<%+2g)x-2—1}v=/1ﬂ%

— a -2 —
AV==(Z+223 x? =1 v =B,
sz_(%) x‘2—1:|u=Aﬂ
B‘,:Av%mazbzv
_BﬂzAﬂﬁ@azbZ\i . _

Yh+ Ly, + —<§2> +1 Y, =0
= < — =

3 2
Yo+ Ly, + G Y, =0

\
Since a & b are equal constants, they are irrelevant, so choose a = 1 to define J, 3.

Thus: pu=3 , v=-3 ie:



_|_
)=
.

2
So, so far: Ji% , Ji% ; (Ji% : n e A0, 1})
have been determined without resort to infinite series methods.
Any Jinrz_H may be determined in this manner, as follows.

1-(D" { 1 ;iff n isodd

Define: pol(n) =

2 0 ;iff n iseven
Let:
( n—pol(n)
2
— _ A2i+pol(n)
< n—2+pol(n)
2 b2is1—poi(n)
Joams =S vy tund v = 2 ey
A =
(" n—pol(n)
2 .
U, = Z a2i+pol(n)x—[21+pol(n)]
=0
n—2+pol(n)
2
V= DL bouipeimyx 2HIpolm)]
i=0
n—pol(n)
' 2 .
uy = 25 —[2i+ pol(n)]asispoix o]
< =0
n—pol(n)
2
W= 3 [2i+pol(m)][2i+ 1+ pol(n) a2 )
=0
n—2+pol(n)
2
V= Y. —[2i+ 1= pol(n)]baisi-poigmyx F+relm]
i=0
n—2+pol(n)
2
v, = [2i + 1 — pol(n)][2i + 2 — pol(n) ]1bais1—poi(myx 2301
q i=0
Jo=-LtLlyvs, ro=—dxl s =1 P S R P
2 2 X773 2 - 2 B
J = ~J1 - 11, ry =—1 52 = —dx | sh = L2 g = 3
4T T oY X s = s

Ay = (up + Puy,) + Qu, + Puy)

( % X 1) + v, + Pv,) —va(x7!)
B, = (v, + Pv)) + (2v,, +Pv,,)( %

v
) +v,,(431x - 1) — (Quy + Puy) — up(—x71)

Since: s, =r1 & r2 = —s1 = 4, = -B, & B, = A, ; this is sufficient.
So, for: P =x7!:
1 -2

411 —u, +2v,
B, = v, + Zv,,x‘2 — v, = 2u,
For targets of Bessel LHODEs:

Ax2=Duy = Ay =u, + Loyx? —u, +2v,

Ay = upy + S unx

4
A X2 =1)v, =-B,=v, + %v,,x‘2 — v, —2u,
So:
> 1 2. M /
A 411 X Up — U, =2V
2 1Y),=
A 4 )XV 2u,,
So:
n—pol(n)
2
[ (22 = L) = 20+ potm)][2: + 1 + pol(m)] Jasispoinyr o100 =
=0 n—2+pol(n)
2
=2 [Zi +1 —pol(n)]b2i+1_p01(n)x‘[2i+2‘p01(”)]
i=0

Separating into evens and odds,
foreven n > 0 :

n o
5

) [(12 - %) —[2i][2i + IJ}az,-x-[z”ZJ = -2 3 [2i + 1]baj1x 712442
i=0
= [~ 3) - e+

+ Z[(ﬂ 4> [27][2i + 1] i|a2x [2i42] — _p

=>(/12 L) = m+11-0=2-+2151

|=

-1

™

Il
[}

[Zi + 1]b2i+1x‘[2i+2]

1

[n(n+1)—21(21+1)]a2,- = 2[2i + 11bant {ie]l 1 0<i< g—l}
forodd n > 0 :



n—1

i=0

2
S [nln+ 1) = [20 + 1][20 + 1+ 1]Jagix 243 =

n—2+1

22: [2i + 1 = 1]boix P = —4 Z iby 121
= [n(n+1)—[n ][n+1]] ~[n+2]
2 "
+ Z(; [n(n+ 1) = [2i + 1][2i + 2]]azix 23] = —4 ,é; iy 12it1]
5 n—1
= 22: [n(n+1) =[2G — 1) + 1][2(G — 1) + 2]]az-1)nx 20D = —4 22: B2
= Z [n(n + 1) = [2 = 1][2/]]azy-1x 71 = -4 22; by 2] _ 4 22; ibync241) 4 0
[”('H 1)_[2’][2i— lazit = ~4iba Cfierjrsis 2z}
X2V, = vy = 2uy,

Likewise, for: (AZ

n pol(n)

i=0

=2

2

2

i=0

Separating into evens and odds,

foreven n > 0 :
n=2

ﬁ;[(x? §) -l
(O

=0

=4

<
m|= lMNl:

,_.

[n(n+ 1) -
forodd n > 0 :

n—1

M

I’
[}

I

Il
'M"’

Il
S

[n(n+1) -

M

T
o

= Dlntn+ 1) = (2~ 1[27]1yx) = 4

2

1][2i +2]}b2,+1x [2i43]

[(’12 4) [2G-1)+1][2(G - 1)+2]}b20 Dy 2671043]

Mo

Il
—_

[2i — 1][2i]]b2i-1 = diay;

n—1

[Zi + 1]a2i+1x‘[2i+1+1]

1

[2i][2i + 1]]bax712*2) =

n—l

=2 Z 2i +1 az i+1X —[2i+2]

[2{][2i + 1]]1)2, = 2[2i + 1]azn

nl

[(22= 1) =120+ 1= pot)][2: + 2 = pol(n)] |Baiar-potimr 2i4#) =
n—pol(n)

[2i + pol(n)]azispoinyx 12 1H#2/)]

n

2

Z asz [2i+1]
=0

L

— [20 + 1][2i + 2] [borix B4 = 4 3 dan P41 4+ 0

i=1

lazx —[2i+1]

[(}tz 4) [2i+ 1= 1][20 + 2~ 1] | 26370 =

, {iel|0<i<zly

= [nn+1)-
Tabulating the results:
n even:
[n(n + 1) — [20][2i — 1]]boi1 = diax; {z‘ el|1<is<¥
= —2[2i + 1]baiss {i el |0<i< %—1}

[n(n + 1) — [24](2i + 1)]ax

n odd:
[n(n + 1) = [24][2i — 1]]as = —ibx; {ier)1=icsnzl}
[n(n +1) = [20][20 + 1]Jbai = 2[2i + Nazgy {ieT|0<i=251)

We already have J, el

: ned0,1},

so as examples:

n=2:
by = a; {fiel | 1<iZ1}
—3ap=b1|{iel | 0<i<0}
Js =)= ()1 uzr = —ao(j—2 - 1)
s = (vz)J% +(u2)J_% vy = —ao%
( Clearly, the standard value is for: ag = —1)
n=3:
10a; =—4by | {iel | 1 <i<1}
12bg =2a; |[{iel | 0<i<1}
6b2 = 6613




= (uz)J% - (Vz)J_% Uy = 1—15a3()1c_§ B %>
. = (Vz)J% + (uz)J_% vy = ILS%(% B )

( Here, clearly, the standard value is for: a3 = 15)

Tabulating the results:

n even:
bn—l = dn
_ [+ 1) -[2]]Q2i+ D][n(n + 1) = [2i][2i = 1]] , . _n
boiv1 = — 8i[2i+ 1] b1 {l el | 1<i< ’21 1}
ay = 2o D=1, {ietj1=is2-1}
bl = @ao
Wthh may be summarized:
_ P b, n(n+ 1) - [2i][2i — 1] B
J n =7 n(n+1) 1+Z . |: 4i :|+ x”l
b = ﬂ_% boiy [m(n+1)—[2i]Q2i+ 1)][n(n+ 1) —[2i][2i — 1]]
L X Ay 8i[2i + 1]
where:
_ [m(n+1) - [2i](2i + 1)][n(n + 1) — [2i][2i — 1]] . .
baiv1 = - 8i2i+ 1] bai-1 {ze]ll 1515%—1}
n odd:
_n(mn+1) 4[121][21—1] o1 = by {iE]I| ISiS”_l
[n(n + 1)_[21][2i;i1[;1[f(1’1]+ D-[2[2i-1) {i el | 1<i<i=l
n(n+1)by = 2a,

Wthh may be summarized:

n=1
_a S g [ [n(n+1) = [2d][2i + 1]][n(n + 1) — [2i][2i — 1]]
) = 2 [ 8i2i + 1] }
-l
_ 2 2 a0 [ n(n+1)—[2i][2i — 1]
\vnzn(n+1)al_; ;?2l'1|: 4 :|
where:
P [n(n+1)—[2{][2i gil[;]i[};(lnf 1) —[2i][2i — 1]] i {i cT|1<iz< nz;l}

With these assignments:
Joun = upJ1 —vpJ_1
2 2 2

J oo =vJ1 +uyJ 1
2 2 2

establishes the solutions for the odd half-integer Bessel equation solutions.

Although any odd half integer Bessel equation solution may be obtained from the first, and the Recurrence formula: J,-1 + Ju1 = 2—7TJ,,

n—1 o

the above has reduced the problem to calculating and tabulating the recurrence relations for numerators over the powers of x .

The theory and confirmations above give confidence that this linear algebra technique provides a useful method of obtaining exact
solutions to homogeneous linear ordinary differential equations.

The Bessel half integer solutions, being long well known, have been used here to verify with confidence the above linear independence
technique for solving ordinary differential equations.

The Bessel second order LHODE has been used, here, as an example application of this vector space transformation technique. Clearly, it
may be used on other non-general elementary second order LHODE, such as the Legendre, Laguerre, Hermite and other second order
LHODE’s. Using the two linearly independent solutions of a second order linear homogeneous ordinary differential equations insures that the
two functions are linearly independent. However, any two linearly independent functions may be used, and the two resulting differential
equations need not be the same, as was the case for the Bessel’s above. In fact, clearly, the technique may also be used for higher order
LHODE'’s, since there are N linearly independent solutions of an N-th order LHODE there would be an equal number of transformation
equations.

So, the process proceeds analogously to the above.

Vi=Yuy; & Y=U <= y=U"Y
J=1

i =2ty &y =Ry
J=1

etc.
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