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Abstract
Starting with a general rational wave function, we search for potentials
admitting it as a bound energy eigenfunction. We thus derive singular and
regular potentials asymptotically decaying as the inverse of x squared,
with the latter being simple or multiple volcanoes having a finite number
of bound eigenstates. We present specific examples and examine the

transition from singular to volcano potentials.
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1. Introduction

Volcano potentials frequently appear in braneworld scenarios [1-4], while they’ve
also been used in non-relativistic quantum mechanics [5].

A typical volcano potential includes a well, usually at the origin, having finite bottom
and height on both sides, while at infinity, it can be unbounded from below (minus
infinity) or it can tend to a constant, finite value (including zero) [6].

Herein, we examine volcano potentials admitting a rational bound energy

eigenfunction. These volcano potentials, which include a simple or multiple well and
decay asymptotically as 1/ x”, have a finite number of bound eigenstates, with the

highest of them having fixed energy that can be set to zero. Since they are finite at

infinity, we’ll refer to them as finite volcano potentials.

2. Rational eigenfunctions

We consider the function

(x)=A——% (1)
Ul

where P ,Q,  are polynomials of degrees n,m, respectively, with m>n+2 [7], and
x, 1s a positive length scale.
The polynomial O, has no zeros', i.e. it has constant sign in R, so that t//(x) has no

. .. 2
singularities. Then, m must be even’.

Notes
1. By zero, we mean real zero.
2. BEvery odd-degree polynomial has at least one zero, since it is continuous and its

values at minus and plus infinity have different signs.

A is the normalization constant with dimensions of wave function, i.e. [A] =L,
Since x/x, is dimensionless, all coefficients of P, have the same dimensions and,

likewise, all coefficients of O, have also the same dimensions.



Then, since the normalization constant has dimensions of wave function, the
dimensions of the coefficients of the two polynomials are the same and they are
eliminated.

Thus, without loss of generality, we assume that the coefficients of the two
polynomials are dimensionless.

Besides, if p, and g, are, respectively, the leading coefficients of P, and O, , then

b (xj 13” (xj
Xo _ Py Xo

Q’n [xj q’n Q’n [xj
X, X,

where the polynomials P, and Qm are monic in x/x, .

Incorporating the dimensionless factor p,/q, into the normalization constant, we

make both polynomials monic, and thus, without loss of generality, we assume that

both P and Q, are monic.

Since O, has no zeros, y(x) has no singularities.

Moreover, as we see from (1), y(x) is infinitely many times differentiable on R, i.e.
it is C*(R).

Also, since deg(Q,,)>deg(P,)+2, y(x) tends to zero faster than 1/x*, as |x| > oo,

and thus it is square integrable.

Therefore, t//(x), as given by (1), is eligible to describe a bound energy eigenstate of

some potential.

We’ll see that, although the wave function w(x) is C”(R), the potential can have

singularities, particularly simple poles.

3. The potential
Assuming that the wave function (1) is an eigenfunction of energy E,., of some

potential V' (x), it will satisfy the time-independent Schrédinger equation, i.e.

(x)+ 2 (E, 1 () (1) =0




We denote the mass by m,, so that we don’t confuse it with the degree m of Q, .

Solving the previous equation for the potential yields

V(x)zzio%w,

Since the potential depends on the ratio y”(x)/y (x), the normalization constant A

is eliminated and we can omit it in the calculation of the potential.

Introducing the dimensionless variable

f=— )

& d
x> x,0 dx’

and, in terms of X, the potential is written as

CEre

‘E, 3)

where now the prime denotes differentiation with respect to x .

In terms of X, (1) is written as, omitting the normalization constant,

y (%)== 4
(-2
Differentiating with respect to x, we obtain

B R3O, ()
V=0 m T 0

Differentiating once again yields




Thus

v (%) 0, (%) 0, (¥)P,(%)
Substituting into (3) yields
a1 120,7(9)-0,(9)0, (%), 0,(F) R (§)-20, ()£ (%)
Y )= s 0,7 (%) " 0, ()P, (%) tE ()

In (5), the term (2Qm'2 (x)-0,(%)0, ()E))/sz (%) is regular and does not depend

on B(%), while the term (0, (¥R (¥)-20, () B (%)) /(Qm()E)Pn()E)) has
singularities at the zeros of P, (%) (if any).

We’ll consider only removable singularities — which are practically no singularities —
and simple poles in the potential (5).

If at the zeros of P, (fc) , the potential (5) has removable singularities, it can be written

as a regular function, which is actually C”(R). In this case, all zeros of P, (%) are

simple [8], i.e. of multiplicity 1.
Next, we’ll derive the expression of the potential at long distances.

To this end, we observe that

deg(0,” (%)) =2(m-1)



deg 0, ()0, (%)) =m+m=2=2(m-1)
deg(sz ()E)) =2m

Since Q, is monic, the leading term of the polynomial 20 " ()E) -0, ()E) 0/ ()E) is

2m* 2" —m (m—1) 0 = (2m2 —m(m-— 1)) £ = (m2 + m) 2,

The leading term of the polynomial Q ()7:) is ¥°".

Thus, at long distances,

20,(9)-0,(9)0," () (m*+m)F" w2y m

sz (i) 56'2:71 56'2

In the same way, we have

*
-~

deg 0, ()P (%))=m+n-2=m+n-2

*1f n=0,1, the polynomial O, ()E)Pn" ()E) vanishes.

Also

ok
-~

deg (0, ()P (%))=m=1+n—1=m+n=2

% If n =0, the polynomial Q' (%) P (%) vanishes

Thus

~ "o~ !~ ' (~ m+n_2’n¢0
deg(Qm (X)Pn (x) _2Qm (X)P (x)) - {O n=0
Also



Since the polynomials P and Q, are monic, the leading term of the polynomial
0, (%P’ (%)-20, (2)B/(%) is (n(n—1)—2mn)%"", and vanishes if n=0, as it

should, since then the previous polynomial is zero.

~m+n

The leading term of the polynomial 0, (%) £, (%) is X", and thus, at long distances,

0, ()R (¥)-20, (%) (%) (n(n-1)-2mn)x""> n(n—1)-2mn

0, (%)F,(%) b i
We observe that both terms of the potential (5) decay as l/ ¥’ and thus, at long
distances,
v ()E) B nwoom +m+n(n—1)—2mn

- 2 ~2
2mx, X

Since

m? +m+n(n—l)—2mn:m2 —2mn+n’ +m—n:(m—n)2+m—n:(m—n)(m—n+l)

we end up to

-~ —n+1)i° 1
(n=n)(m=n+ DI 1 (6)
2myx, X

Vv, (%)=

We see that, at long distances, the potential (5) is symmetric and, since
(m—n)(m—-n+1)>0", the term (m—n)(m—n+1)* [2m,x,’%* is repulsive.
We also see that, at long distances, the potential depends only on the difference m—n

of the degrees of the two polynomials Q, (%) and P,(%). It does not depend on the

m

coefficients of the two polynomials, thus it does not depend on the number of the

zeros of P, (X) either.

* Actually, since m2n+2, (m—n)(m—n+l)26.

Therefore, all potentials (5) — regular or singular — with the same difference m—n

have the same symmetric asymptotic form (m—n)(m—n+1)n* / 2m,x,’%* , plus a



constant E , which can be set to zero choosing the infinity as reference point and
V(£0)=0.
In any case, since V(ioo) =E_, the energy E is the highest bound energy of the

potential (5).

Proof
Indeed, assuming that there exists a bound energy E' > E , then if ¢(x) is the

respective eigenfunction

2m,

¢ (x)+—3HE =V (x))p(x) = 0 ™

From (5), we see that if the polynomial Pn(fc) has no zeros, the potential is
continuous everywhere, while if it has, then if X =max {|xl.| | P, (xl.) = 0} , the

potential is continuous for |x| >X

In any case, the potential is continuous at long distances, and then
V(x) = V(ioo) = E , and thus from (7) we obtain

" 2 ,
0. (x)+ = (El~E.)p,(x) =0

Then, since £, —E, >0, ¢w(x) ~ exp(ii‘fz;;o (E; —Er)xj.

2
Thus, the probability density ‘QD (x)‘ is either a non-zero constant or it oscillates.

In either case, the probability density does not tend to zero, and thus the eigenstate
|¢> is not bound.

Therefore, the wave function (4) describes the highest bound eigenstate and the

energy E is the highest bound energy of the potental (5).

4. Distributing the zeros of the wave function as typical nodes or
simple poles in the potential

From (3), we see that at each simple zero of the wave function t//(i) which is not a

zero of its second derivative, the potential has a simple pole, or equivalently, at each



simple zero of the polynomial Pn(fc) which is not a zero of the polynomial
0, ()E)Pn" ()E) -20, ()E) P ()E) , the potential (5) has a simple pole.

If at a zero of y(X) — equivalently of P, (X) — the potential (5) has a simple pole, that

zero is considered as a special zero, not as a typical node [8].

If (%) — equivalently P,(X) — has no zeros, then y/(X) is the ground-state wave

function [8, 9] of the potential (5), which is then regular and has only one bound state,

of energy E. . The potential in this case is a simple or multiple finite volcano.
If (%) — equivalently P, (%) — has one zero which is a simple pole of the potential
(5), then t//(i) is the ground-state wave function, while if the zero is not pole of the

potential (5), t//(i) is the first-excited-state wave function of the potential (5). In the

first case, the potential is singular, as it has a simple pole, and it has only one bound

state, of energy E., while in the second case, the potential is regular and has two

bound eigenstates, the ground state and the first-excited state, with the energy of the

second being E ., and the potential in this case is a simple or multiple finite volcano.
In the general case, where w(X) — equivalently P,(X) — has r zeros, with

r=0,1,...,n, some of them may be typical nodes in the wave function and the others

may be simple poles in the potential.
5. Examples of volcano potentials

The case m=4, n=1
We’ll examine the case where m=4 and n=1. We remind that m > n+2 and even.

For simplicity, we’ll assume that Q, (%) is symmetric, i.e.

0, ()E) =x'+¢,% +q, (8)
Since n=1,
B(X)=%+p, )

The polynomial (8) must have no zeros, and since it is monic, it must be positive for
every xeR.

The non-normalized wave function (4) is then written as



‘/’(’E)=& (10)

4 qziz + 4,

Assuming that the potential vanishes at infinity, i.e. V(ioo) =0, yields £ =0.
The wave function has a zero, at X =—p,, which can be a typical node in the wave

function or a simple pole in the potential.

For —-p, to be a typical node, it must be a zero of the polynomial
0,(%) B (¥)-20, () (%)

Since B (¥)=1 and B’ (X)=0, the previous polynomial equals —20, (%), and thus
—p, must be a zero of O, (%), ie. 0, (-p,)=0.

Using that Q,'(¥) = 4% +2¢,% = 2%(2% +¢, ) , we obtain

Po (2p02 +%) =0
and thus

P, =0 or q,=-2p, <0

Every even-degree polynomial R, ()~C) with positive leading coefficient has a
global minimum, i.e. R,, ()E) > R,, for every X e R.

This happens because R,, ()~C) is continuous and finite for every finite X, and it
tends to plus infinity as X tends to minus or plus infinity.

Then, if & >0, the polynomial R, ()E) — R, + &, which differs from R,, ()~C) only

in the constant term, is positive for every X € R.
Thus, if the constant term of an even-degree polynomial with positive
leading coefficient is big enough, the polynomial is everywhere positive, no

matter what its intermediate coefficients are.

Therefore, O, ()E) can be positive even if g, is negative.

For p, =0, the wave function (10) becomes



For ¢, =-2p,’, the wave function (10) becomes

-\ X+ p,
l//(x) i4—2p02i2+q0

Both wave functions describe the first-excited state of a respective finite volcano
potential having only two bound eigenstates, the highest of which has zero energy.

Observe that if p, =0 and ¢, =0, the two previous cases are merged.

In any other case, i.e. if p, #0 and ¢, #—2p,’, the wave function (10) describes the

ground state of a singular potential with only one bound state having zero energy.

Next, we’ll examine the case where p, =0 and g, =0.

The wave function (10) then becomes

V()= (11)

with g, >0, so that the denominator does not vanish.
For p,=0, B(X)=% and thus B (X)=1, B (%)=0.
For ¢, =0, Q,(%)=x"+gq, and thus 0, (%)=4%", 0, (¥)=12%".

Plugging into (5), we obtain, for £ =0,

<3\ (=4 ~2 5
V(fc)=2nflz 2(45) ~4(x +2q0)12x . ~4_8x3 .
0%0 (x +q0) (x +q0)x
o [(@R) -(Fra)eR 4w | w (16868 —6q, 47 |
myxy’ ()~c4 +4, )2 ()E4 +qO))~C myx,’ ()~c4 +4, )2 ' +q,
_ W | 103°-6g, % 4% | _ 2% | 5%° -3¢, 2% | _
myxy’ ()~c4 +9, )2 gy | omx) ()E4 +q, )2 X +q,

2P 5E0-3q, ¥ -28 (¥ +q,)  2n® 37 —5¢,7

- 2 N 2 - 2 . 2
myX, (x4+q0) myX, (x4+q0)

That is

2 =6 g, =2
V(fc)— 2h7 3X —5q,x

= 12
moxo2 ()E4+q0)2 12



The potential (12) is symmetric as a result of the wave function (11) having definite

(odd) parity.

If an eigenfunction has definite parity, its second derivative has the same parity,
then the ratio " / W is an even-parity function, and thus the resulting potential is

also of even parity, i.e. symmetric.

At long distances, the potential (12) becomes V, (¥)=6h’/m x,’ , in agreement
with (6) for m—n=3 and £ =0.
The potential (12) vanishes at

350 —5¢,% =0

Thus

X =0 (double zero), X = i4/5%

The derivative of the potential (12) is — omitting the factor 27 / m,x,” which does not

affect the sign of the derivative —

~ ~ ~6 ~2\ 13 _ ~
(x +q0) (x +q0) (x +q0) +4q,
2(92‘##((%5 —5q,%)(%* +q,) 128 +20q0)~c5) =
0
- #(99 +94,% —5q,% —5q, % -125 +20q,%" ) =
X T4,
= % (3% +24¢,% ~5¢,'%) = %f(—?ﬁg +24q,% -3¢, ) =
(% +4, (¥ +q,
) _(~4i—£3(3)~58 —24q0j4 +5q02)
X t4q,
That is
V’(i) = _~42—)~C3(3)~68 —24q0)~c4 + Sqoz)
(%' +4q,

Setting y = X*, the trinomial 3%* —24¢,%* +5¢,* is written as
gy 9 90



3)/2 —24q,y+ 5%2

Its discriminant is 576¢q,” —60q,” = 516q,” > 0, thus it has two zeros, at

24q, £+/5169, 24q,+22.72
et . D 2 - 290 _ 44 +3.79, =021, , 7.79,

Vi

Since both zeros are positive,

7 =y, = = \/E = Xx=*4 Vias Nia =0.21q,, 7.79¢,

The trinomial 3y* —24q,y+5¢,” is then positive for y <y, or y > y,, and negative
for y, <y<y,.

Thus, the trinomial 3%* —24¢,%* +5¢,” is positive for

ey =E<in = <i<iln

or

ey =y 2 E>, = i<y, or 3>y,

and it is negative for

-y, <)E<—(‘/;1 or ‘\‘/y_1<)~c<4y2

Then, we have

For X <—{/y, , V'(X)> 0 and the potential (12) is strictly increasing.

For —{/y, <X¥<—{y,, V'(X)<0 and the potential (12) is strictly decreasing.
For —{/y, <¥<0, V(%) > 0 and the potential (12) is strictly increasing.

For 0 <X <{/y,, V'(%) <0 and the potential (12) is strictly decreasing.

For ‘\‘/y_1 <X <3y, , V'(%)> 0 and the potential (12) is strictly increasing.
For X>{/y, , V'(%) <0 and the potential (12) is strictly decreasing.

Finally, at +4/y,, , V'(X)=0.

Therefore, at —{‘/y_2 , 0,‘\‘/)/_2 the potential has local maxima, while at —‘\‘/y_1 ,{‘/)}71 it has

local minima.



Since the potential is symmetric, its values at the two symmetric minima are equal, as
they are at the two non-zero symmetric maxima too.

The potential (12) is then a symmetric double finite volcano that, at long distances,
decays as 1/ %” . It has only two bound eigenstates, a ground state and a first-excited
state, with the energy of the second being zero.

In Figure 1, the potential (12) is plotted for g, =0.1 (red line), g, =1 (blue line), and

g, =10 (green line), in units 2hz/m0)c02 =1.

'}
V

Figure 1
We see that, as ¢, increases, the minimum value of the potential increases,

approaching zero from below.

The value of the potential at the two minima is

V(ié/;)— 21 3(i4y1)6—5qo(i<‘/y_1)2_ 21 3(x/y_1)3—5qox/71:

R )
_21® 3yn =5a0n _ 21 (3% =54,)\n
mxy”  (n+q,) mx," (v, +q,)

Thus



* (33,5
p (4l )= 2 (32 =54,) /% (13)

myx,” (y1 +4, )2

Substituting y, = 0.21¢, , we obtain

v (£4f0214, )= 2’ (0.63g,-5q,)4021q,  2n* 4.37¢,0.46\q,  2.75K
N myx,’ (1.21q0)2 myx,’ 1.464,’ moxoz\/%

The minimum value of the potential is then —2.75h2/ myx,’\|q, > and it increases as

—1/ q, > as g, increases.

Since the ground-state energy must exceed the minimum value of the potential [10], it
will also approach zero from below, as ¢, increases.

We expect that, as g, — oo, the ground-state energy will approach zero as —l/ q, or

faster, otherwise the minimum value of the potential will exceed the ground-state
energy.

On the other hand, the first-excited-state energy does not depend on g,, it is always
zZero.

Then, as ¢, increases, the difference between the two bound energies decreases, the
ground-state energy comes closer to the first-excited-state energy.

Similarly to (13), the value of the potential at the two local maxima *{/y, is

(45 ) = 21 (3y,-5¢,)\[»,

myx,” (yz +4, )2

Substituting y, =7.79¢, , we obtain

2n* 18.37¢,2.794/q,  1.33R°
V(+4/7.79, ) = =
( T ) myx,’ 77.26q,’ myx,"\/q,

Since  1.337%/myx, \[q, >0, 1.337%/myx’\[g, is the global maximum of the

potential, and thus it is the height of the two volcanoes.

The depth of each of the two volcanoes is then



1.33%° _{_ 275K J_ 4.081°
moxoz\/; moxoz\/% - moxoz\/%
and it goes to zero as 1/ \/g , when g, > ©.
The width of each volcano is W (see Figure 1), thus it increases and goes to
infinity as ‘\‘/a , when g, > ©.

As g, increases, the two volcanoes become shallower and wider and as g, — «, the

height of the two volcanoes vanishes, while their width becomes infinite, i.e. the

volcanoes decay.

Transition from a singular to a regular potential, in a m=4, n=1 case

We showed that if p, # 0 and ¢, #—2p,’, the resulting potential has a simple pole at

Py-
For p, #0 and ¢, =0, the two previous conditions are satisfied and we have the case
of a singular potential, with a simple pole at p, .

In this case, we have
P ()E) =X+p,
0, ()E) =i+ 9o

with g, >0, so that O, (%) #0.

For simplicity, we’ll further assume that g, =1.

Then

0, (¥)=4%", 0" (x)=12%

Plugging into (5), we obtain, for £ =0,



()= n {2(4&3)2 (& +1)128 g5 } i

 2myx,’ (;4 +1)2 ’ ()E4 +1)()~c+p0)

n {32)?6 —-12%° -12% —8%° } n {20)?6 —-125° B 8%

- 2myx, ()?4 +1)2 " ()E4 +1)()~C+p0) - 2m,yx,’ (;4 +1)2 ()?4 +1)()?+p0)

_ > | 10x° —65* B 45’ _ 2h* | 5x° 3% B 25 _
myx," ()?4 +1)2 (Sc“ +1)()E+p0) myx,’ (;4 +1)2 ()E“ +1)()~c+p0)

_ont (5838 (F+py) -2 (8 +1) o 5§ 45p, ¥ 38 - 3p, 828 28 _

B myX,’ ()E4 +1)2 ()E-i—po) B myx,’ ()E4 +1)2 ()~C+p0)
207 3% +5p,x° =58 =3 p, &’
moxo2 ()~c4 -i-l)2 ()E + po)

That is, in units 24> / myx,” =1, the potential is

~7 ~6 _ g=3 ~2
V()E)=3x +ipox : 5~x 3p,x (14)
(x +l) (x+p0)

In Figure 2, the potential (14) is plotted for p, =—1 (red line), p, =0 (blue line), and

p, =1 (green line).
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Figure 2

When the parameter p, takes the critical value p, =0, the two open edges of the

potential pole, one at plus/minus infinity and the other at minus/plus, are “glued”
together forming a volcano which is added to the existing volcano, resulting in a
symmetric double volcano, and at the same time, one more bound eigenstate is
created, with zero energy.

A similar formation of a volcano takes place at every value of n<m—2, with m>2

and even, when the coefficients of the polynomial Q, ()E)Rq"(i)—2Qm'()E)Rq'(fc)
take such values that one of the zeros of the previous polynomial becomes equal to

one of the zeros of the polynomial P, (fc), but the correspondence between the zeros
of P, (%) and the finally formed volcanoes is not one-to-one, as we’ll show below.

If the polynomial Pn(fc) has n zeros and the coefficients of the polynomial

0, (%)P"(x)-20, (X)P' (%) can take such values that there exists an (m—2)-

degree polynomial R, _, (%) such that

0,(%)R"(%)-20, (¥) B/ (%) =R, , (%) B, (%) (15)

with O (fc) # 0, then we can transform the n simple poles of the initial potential,

which has only one bound eigenstate, with zero energy, into a multiple finite volcano
with n bound eigenstates, with the highest of them, i.e. the nth-excited state, having
ZETOo energy.

By means of (15), the potential (5) is written as, for £ =0,

p(F)= | 22" ()= )E 16)

- 2nllO‘)COZ sz (
with 0, (¥)#0.

A double finite volcano with four bound eigenstates, in a m=6, n=3 case

We’ll consider a case where P, (%) is of odd parity and Q; () is of even parity, i.e.



O (;C) =X+ q4)~C4 + qziz +4,

with g, >0, otherwise O (X) has zeros.

Then, P (X) is of odd parity, thus O, (%) R’ (%) is also of odd parity, while P, (%) is
of even parity and Q, ()E) is of odd parity, thus Q, ()E)P3' ()E) is again of odd parity,
and finally, O, (%)B’ (¥)-20Q, (%)B (%) is of odd parity.

Then, since P,(X) is of odd parity, R,(X) in (15) must be of even parity, and thus it
has the form

R, (X)=ri" +n¥ +r,

Plugging into (15), we obtain

(F+ .5 +q,% +q, )65 -2(6F +4¢,5° +2¢,%) (3% —1) = (n, & +n¥ +1,)(¥ - %)=
= 6% +6¢,% +6¢,F +6¢,%-2(18F - 6% +12¢,5 —4¢,% + 64,7 —2¢,%) =

=% —rX +n%Y -+, X =

= 6%’ +6q,% +6q,% +6q,5—-36% +12%° —24q,% +8¢,%X —12¢,% +4q,% =

=% —rX +n%X -+, X =

= —3057 —18¢,% —6¢,% +6q,% +12% +8¢,% +4q, 5 =r,7 +(r,—1,) ¥ +(r, - 1) ¥ — 1, =
i

+
= -30%" +6(2-3¢,) X +2(4q, —3¢,) ¥ +2(3q, +2¢, ) X =1,X" +(r, =1, ) X + (1, =1 ) X =1, %

Comparing the same-degree terms in both sides of the last equation, we obtain

r,=-30 (17)
r-r,=6(2-3q,) (18)
r,—1,=2(4q,-3q,) (19)
1, =2(3q, +2¢,) (20)

Substituting (17) into (18) yields

7 +30=6(2-3¢,)=12-18¢, =>18¢,=-18-1, = ¢, =~ _1%

Substituting ¢, into (19) yields



7 2r. 4y
Th=h :2(4(_ _ﬁj_?’%J:z(— —?2—3%j=—8—?2—6% =

4r. Sr 4 S5r, r
=6g,=-8——2-r+r="l+2-1=>¢q,=—-+—"2-2
q, 9 0T 9 0 9, 3 54 6

Substituting ¢, into (20) yields

4 5r, 8 S5, - 16 10r, 2r
1, =2|3q, +2| ——+=2-21||=2|3¢q,——+=2-2|=6g,——+—2-=
o (% ( 3 54 6)} (q‘) 3727 3) DT TS

— 6q, =, 0 105 2n 16 10n 1 8 5 &
3 27 3 3 27 3

If the intermediate coefficients ¢, and g, of O (%) are non-negative, and the
constant term ¢, is positive, O, (X) has no zeros.

For g, to be non-negative,

-0 2 < 1=y <18
18 18

For g, to be non-negative,

A Mg A g Oh
3 54 6 6 3 54 9

For g, to be positive,

8 5, 1 >0:>r0<8 Sr, 10r,

— —<———==7 <16
9 81 18 18 9 81
We observe that if 7, is enough negative and r, <-18, all three inequalities are

satisfied.

In the limiting case, where

5(-18
r,=—18 and r, =-8+ ( 5 ) =-8-10=-18,
the third inequality holds, since
10(-18
—18<16—%:>—18<16+20:36 (it holds)

Then



5(-18) -
q0:§_u_£:§+g+1:3
9 81 18 9 9

R,(¥)=-30%" —18%° -18

Substituting into (16) yields

w [ 2(658°) (5 +3)308°  _30%* —18%>—18

V(%)

[ (68°) (3 +3)158 158197249

myx," (,;6 +3)2 ()Eé +3)

) 2myx,’ ()~c6 -i-3)2 ’ (ié +3)

o 3680 —15%0 455" (155 + 9% +9)(% +3)

moxo2 ()~c6 4-3)2
B 3630 —15%"° —45%* —158"° —455* —95* =277 -9x°* =27
= 3 - 3 =
my X, (x +3)
B 630 —-90%* —9%° —27%* —93° -27
= 3 . 3 =
My X, (x +3)
B 630 —-95* —9x°—90%* —27%* -27
= 2 6 2
my X, (x +3)
That is

3 25" -3x%°-3x%°-30%* - 9% -9

2 > 2
My Xy (x +3)

At long distances, the potential (21) takes the form

- 3t 2570 6nt 1
V. (x): 2 12 =

- 2
myx,” X myx,” X

1)



in agreement with the general expression (6) for m—n=3 and E. =0.
In Figure 3, the potential (21) is plotted in units 3h2/ myx,” =1. It is a symmetric

double finite volcano potential with four bound eigenstates, the highest of which, i.e.

the third-excited state, has zero energy and is described by the wave function
t//()?) = A)E()Ez —1)/(566 +3) , where A is the normalization constant.

We see that, although the polynomial P, ()E) = X’ —X has three zeros, the potential is

still a double and not a triple volcano.

A
—— 4 —
I “\,\1 / —
\ | X
'x ;
\ 5
\ [
M|
Al
I:I 1
f

Figure 3
A triple finite volcano with five bound eigenstates, in a m=6, n=4 case
We’ll consider a case where
P (%)=(#-1)(F-2)=5" -3 +2

0, (%)=%"+q,3* +¢,%" +q,

with g, >0, otherwise O, () has zeros.



Both polynomials are of even parity, thus O, (i)ﬂ”(i)—2Q6'(i) P4'()E) is now of
even parity, and since P,(X) is also of even parity, R, (%) must be of even parity too,

and thus it has the form

R, (X)=ri" +n¥ +r,

If O, ()7:) is of even patity and P, ()E) has definite parity, i.e. it is of even or odd

parity, then P." (%) has the same parity as P, (%), and thus O, ()E)P" (%) has

n

also the same parity as P, ()~C), while Pn' ()E) has different parity from that of

P ()~C), and since Q' ()~C) is of odd parity, Q,’ ()E)P' ()~C) has the same parity as

P,(X), and thus the polynomial O, (¥)P," (¥)-20Q, (¥)P,(X) has the same
paity as P, (X), and then from (15) we derive that R,_,(X) must be of even
parity.

That is, if O, (X) is of even parity and P, (X) has definite parity, R,_, (X) is of

even parity.

Plugging into (15), we obtain

(5 +q,5 +q,% +q,) (128 —6) - 2(6F° +44,% +2¢,7 ) (45° - 6%) =

=(n& +nF +5) (=38 +2) =

= 125° — 65° +12¢,5° - 6¢,%* +12¢,%* — 6,5 +12¢,5* — 64, —

—2(245° - 365 +16¢,%° — 249, +8¢,%' ~12¢,5 ) = 1,7 = 31,7 + 21,7 + 1,7 3 + 21, % +
+r, %t =30 % + 21, = 125° —6X° +12¢,X° —6¢,%* +12¢,%* — 6¢,%° +12¢,X* — 64, —

—485° +72x%° —32¢,%° +48¢q,%* —16¢, X" +24¢,%° =r, 7" + (r2 —3r4))~c6 + (2r4 —=3r, +1, ))E4 +
+(2r2 -3, ))Ez +2r, =

= 365" +665° —20q,%° +42¢,5* —4q,5* +18¢,7* +12¢,5> —6¢, =

=7,x +(r2 —3r4))~c6 +(2r4 -3, +r0))f4 +(2r2 —31*0))?2 +21 =

= 363" +2(33-10¢,) % +2(21¢, - 24, ) ¥* +6(3¢, +2¢, ) ¥* — 6¢, =

=X+ (r, =3r,) X +(2r, =3, + 1) X" + (21, =31, ) ¥ + 27,

Comparing the same-degree terms in both sides of the last equation, we obtain

r, =36 (22)



r, —3r, =2(33-10g,) (23)

2r, =3r, +1, =2(21q4 —2q2) (24)
2r, =31, = 6(3q, +2q,) (25)
e (26)

Substituting (22) into (23) yields
r,+108 = 2(33—10q4) =r,+108=66-20g, = 20g, =—42—r,
Thus

g =—To—o> @7)

Substituting (22) and (27) into (24) yields

* ¢
123 47, :2(21(_21_2}_2%}:2(_211 21 21n _2%}:_21 21 21,

10 20 0 20 5 10
441 21 81 9

=>4q,=———-"2+T72+3r, -1, =——+—2—,

=775 0 T
Thus

81 9, 1,

__ 8.0 K 28

=00 a0 4 (28)

20 40 4 20 40 4
% %
:_3 243+3 271*2_9i+12q0:>
10 20
% %
:12%:3 243_3 27r2+9i+2r2_3r022_41r2+3i
10 20 2 10 20 2
Thus

729 41, 3r,
_ 17 Alh O 29
T =120 240 " 24 (29)

Substituting (29) into (26) yields



729 4l 3\ 729 4ln, 3n,  4ln 729 1lr, 4ly 729
2y =6 oy 2 2 P T A N R R ST

120 240 24 20 40 4 40 20 4 10 5
Sl =12 A

10
Thus
729 4l

r= 30

55 110 39)
Substituting (30) into (29) yields

_729  4ln

729 4ln "\ 55 110)_729 4l 2187 123
o 120 240 24 120 240 1320 2640
729 2187 123, 4l 5832 328r, 729 4lp

120 120*11 240*11 240 1320 2640 165 330
That is

729 4lr,

_T729 31
=165 330 S
Substituting (30) into (28) yields

729 4ln

_ 81 9n 55 110 _ 81 9n 729 4ln _ 729 81 9 4ln _
& 20 40 4 20 40 220 440 20*11 20 40 40*11

162 58, 81 29r,

220 440 110 220
That is

81 29r,

__ 81 32

L7710 220 (32)

Since g, must be positive, from (31) we obtain

41r, 729
<—=n<
330 165

240570
6765

=35.56

729 4ln, >0
165 330

To simplify things, we consider the case where r, vanishes.
Then, (31), (32), and (27) give, respectively,

E>O

T =765



T
_ 2
9, 10

Thus, the polynomial O, ()E) is

21, 81 _, 729
X' X +—
10 110 165

The polynomial Q; (%) is plotted in Figure 4 and, as we see, it is everywhere positive,

1.e. it has no zeros.

Figure 4
For r, =0, (30) gives

129
0 55

Then, since 7, =—36 (eq. (22)), the polynomial R, (%) is

R,(%)=-36%" —%
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Substituting into (16), we obtain, in units K / 2m0x02 ,

2
5 55 10 110 165 5 55 N

o 21_, 81 _, 729Y
XX X+t
107 110" 165

w 21., 81 ., 729

X XFr—-——xX+—

10 110 165

The previous potential is plotted in Figure 5. It is a symmetric triple finite volcano
potential consisting of two deep, symmetric-around-zero volcanoes and one shallow
volcano which is also symmetric around zero.

The potential has five bound eigenstates, the highest of which, i.e. the fourth-excited

state, is described by the wave function

A(iz—l)(i2—2)
T 20 8L 729

X X
10 110 165

, where A is the normalization constant,

and it has zero energy.

Figure 5



The case n=0

Since P, ()E) =1, the wave function (4) is, including the normalization constant A4 ,

v (%)= 0, (%) (33)

with m > 2 and even.

Then, the potential (5) becomes

- 27”0Xb2 szz(

(-2 20700

Since O, (%) has no zeros, the potential has no singularities. Actually it is C* (R).
The wave function (33) has no zeros, thus it describes the ground state of the previous
regular potential [8, 9], which has only one bound state, of energy E .

Using that n=0, from (6) we derive that, at long distances, the previous potential

takes the form
m (m + 1) h?

- 1
V(%)== =tk (34)
070

Assuming that the potential vanishes at infinity, £, =0, and then it is written as

r

L 20, (%)- )E )0, (%) (35)

- 2’n0xb2 szz(

~2m

As an example, we’ll examine the case where Q, (X)=X""+¢,, with m=1,2,..., and

g, >0, so that O, (%) # 0. In this case, the wave function has definite (even) parity.

We have

er (i) = 2m)‘c'2mfl , err ()’"C') = 2m(2m _ 1) i2m—2

Plugging into (35) yields



p 2(2me ) (R + g, )2m(2m-1)F

V0?=m%%z = _
R 8m’x" 7 —2m(2m—1)x""7 - 2m(2m—1)q, ¥

- 2m0x02 ()Ezm g, )2 =
o (8m?=2m(2m=1))%"7 —2m(2m—1)q,#"?

o (7" +q,) )

nto (4 42m) R —2m(2m=1)q, @7 g2 2m((2m+1)F7 - (2m-1)q,)

~2m-2
X

= 2m0x02 (izm +q, )2 = 2m0x02 (izm ” )2
_n m((2m+1)%" —(2m—1)q0)iszz
e (" +4,)
That is
- _ ~2m-2
V()E): #> : m((2m+l)x~ (2m2 l)qo)x -
Moo (¥ +4,)

The potential (36) is symmetric, as a result of the wave function having definite
parity.
At long distances, (36) becomes

om(2m+1)x"2 B2 2m(2m+1)  2m(2m+1)R° 1

V, (x) = 2 ~4m = > 2 ) = > 2 2
myX, X myX, X myX, X

in agreement with (34) for £. =0 and m — 2m.
The potential (36) vanishes at

2m-1

>0
2m+1q0 1
~=

(@m+1)7" —(2m-1)g, =0= " =211y 3 xz:(z’"—lqojm:

S 2m+l 2m+1
1
- 2m—1 \em
=Xx=x=
(2m+l%j

andat O if m>1.
Since ¥*"* >0 and the denominator of (36) is positive, we have

1

2m—-1 o
V(x)>0 for [x
(%)>0 for |x|>(2m+1q0j




v (%)<0 for |)z|<(2’"_1
2m+1

1
jz'" and $20 (if m>1)

Thus, if m > 1, the potential (36) is a symmetric double finite volcano, while if m =1,
it is a symmetric simple finite volcano, since then it does not vanish at 0.
In both cases, m =1 and m > 1, the potential (36) has only one bound state, its ground

state, with zero energy, which 1is described by the wave function
A/ 7" +q0
In Figure 6, the potential (36) is plotted in units #*/myx,> =1, for g, =1 and m=1

(red line), m =2 (blue line), and m =3 (green line).

'}
V

Figure 6

The case m=4, n=2
For simplicity, we’ll assume that both P,(X) and Q,(X) are symmetric.

Then, since both are also monic, they have the form
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with 0, (%)>0.

As explained, for every value of ¢, , there exists a g, such that the global minimum of
0, (X) is positive.

Also, p, #0, so that the zeros of P, (%) (if any) are simple zeros.

The wave function (4) is, including the normalization constant A4,

~2

X +p
T S (37)
X +g,x" +gq,

The wave function (37) has definite parity (even), thus t//”(fc) has also definite parity
(even), and then the potential (3) is of even parity (symmetric).

Assuming, as usual, that the potential vanishes at infinity, £, =0, i.e. the energy of

r

the eigenstate described by the wave function (37) is zero.

LIf p,>0, P(X)>0 and the wave function (37) has no zeros, and thus it describes

the ground state of the potential (5) (with £ = 0), which is regular.
In this case, the potential is a symmetric double finite volcano.

ILIf p, <0, P,(%) has two zeros, at +,/—p, .

Then, the polynomial Q, (%)B" (¥)-20, (¥) P/ (%) is

2% 44,7 +q,)—2(4% +2¢,%)2% = 145" —6¢,% + 2,

That is

0,(F) B (%)-20, (%) B (%) =—2(7%" +3¢,5" - g, )

The previous polynomial is symmetric, thus its zeros (if any) will come in opposite
pairs.

Then, since P, (%) has two opposite zeros, either none or both of them will be zeros of
0,(¥) B (%)-20, (¥) B (%).

Ila. Substituting the two zeros of P (%) into the expression of

0,(%)R" (x)-20, (%) P/ (%), we obtain



7(i —Po )4 +3q, (i —PDo )2 —qy = 7p02 —39,P,— 9,

The discriminant of the previous trinomial is 9¢,” + 28, .

But g, >0, otherwise Q,(X) has zeros.

Thus, the discriminant is positive and the trinomial has two zeros, the product of

which is —¢,/7 <0, thus one zero is positive and the other is negative.

The negative zero is p, = (3q2 - /9%2 +28¢, )/14 .

Therefore, for every pair of the parameters ¢g,,q,, with g, >0, there exists a p, <0

such that the polynomial Q, ()E) P’ ()E)—2Q4' ()E)P; ()E) vanishes at +,/—p, , and the

resulting potential is regular.
In this case, the potential is again a symmetric double finite volcano, but now it has
three bound eigenstates, with the highest of them, i.e. the second-excited state, being

described by the wave function (37), which takes the form

7 +3q, —«/9q22 +28q, (38)

4 qucz +4,

p(X)=4

where we’ve incorporated into the normalization constant 4 the factor 1/14
appearing in the expression of p, .

The wave function (38) has two zeros, thus it is the second-excited-state wave

function of the resulting potential, with energy £ =0.

Next, we’ll calculate the potential for the case where g, =0.

In this case, p, =— % , and then

Also

0,(%)=%+q,, 0, (¥)=4%, 0," (¥)=12%

Then, we have



20, (%)-0,(%)Q/" (%) 328" 128 (' +4,) _ 208 ~12¢,
0. (%) (7 +q,) (+q,)

and

0. ()P (%)-20, (B (%) __2(¥ +q,)-16%" _14%" + 24,

0, (%) A (%) _(xuqo)[xz—\/qﬂ (f”%)[’fz‘\/qjoj
_14()?4_% ) —14(;2 —\/qﬂ[xu\/qjoj __14{)22 +\/q77°j

:(fc4+q0){i2—\/qj"j_ (x4+q0)[,;2_\/qjoj o (#+q)

Substituting into (5), with £ =0, we obtain the potential

14 x%\/g 7| % +\/g
nto| 20%° —12¢,%° 7)|_ n | 10x°-6g,% 7))

2
V(%)= _ - _
O 2 eaf Era) | | (ea) ()

w2 (1086, TR+ g, | w103 —6q,F (75 +/Tq, )(¥' +4,)
()E4 +q, )2 (564 +q0)

myx,’ myx,’ ()E4 +4, )2
R 105° —6q,%° —7x° —7q, %" - 79,5 —Tq,9, 1> 3% —\7q,%" =13q,%* /74,4,

B myx,’ ()E4 +q, )2 B myx,’ ()E4 +q, )2
That is
2 26 ~4 ~2
V(%)= h 2 35" —{7q,% 13%; 74049, (39)
myX, ()E4 +4, )

At long distances, the potential (39) takes the form V, ()E) = 3h2/ myx,’%*, in
agreement with (6), for m—n=2 and E. =0.

In units /”/m,x,> =1, the potential (39) becomes

35— [7q, % ~13¢,% 74,4,
(v

V(%)



For g, =1/7 and g, =4/7 the previous potential is written as, respectively,

3)?6—924—9)22—1 3)?6—924—9)22—1
V(5)= 7 7 7 7 T3 -TR-T*13%° -7
= : = = . : =
N N ]
1475%° —49%* -91%* -7
= ~4 7
(75" +1)
That is
14735 —495* —915%* -
V(x)z 7x 9x 2x 7
~4
(75" +1)
And
<6 Ayt 4, 4 L6 e 2., 8
V()‘E)_?))C —2X —13;)(: —2;_3)&' —2X —7)(: _;_72*3i6_72*2i4_7*52i2_7*8_
= : = = - : =
Fa] e (5
147%° —98%* —364%* —56
= » 3
(7% +4)
That is
14735 —98%* —364%* —
V(x)z 7x" —98x" —364x" —56

(75" +4)

Both potentials are plotted in Figure 7 (red and blue line, respectively). Each of them
has three bound eigenstates, with the highest of them, i.e. the second-excited state,
being of zero energy.

We see that, as ¢, increases, the bottom of the symmetric double volcano approaches

zero. Then, since the ground-state energy must exceed the minimum value of the
potential [10], both the ground-state and the first-excited-state energies approach zero,

as g, increases. In other words, as ¢, increases, the two lower bound energies of each

volcano potential get closer to the third, which is fixed to zero.



Figure 7
b, If p, # (39, ~94," +284, /14, the polynomial Q, ()R (¥)-20, (¥)B ()

does not vanish at the two simple zeros of P, (fc) and then the potential is singular, it

has two simple poles, at +,/—p, .

In this case, the two zeros of the wave function (37) are not typical nodes, they are
special zeros, and the wave function is the ground-state wave function of the potential

(5) (with E. =0), which is a symmetric singular potential with only one bound state,

its ground state, having zero energy.

As the coefficient p, reaches the critical value (3q2 —/9g,> +28¢, ) /14, the two

open edges at each of the two simple poles of the potential are “glued” together
forming a volcano and, at the same time, two more bound eigenstates are created, with

the highest of them, i.e. the second-excited state, having zero energy.

For the case where ¢, =0, we saw that the critical value of p, is —/q,/7 .

We’ll examine what happens if p, = —(1+5),/q0/7 , where ¢ >—1, so that p, <0.

For £ =0, we obtain the critical value of p, .



The polynomials P, (%) and Q, (%) are, respectively,
P (%)=x —(1+g)\/q;°, 0,(%)=x"+q,

The regular term of the potential (5), i.e. the term (2Q4'2 ()E) -0, ()E) Q4" (i))/Qf ()E) ,

1s the same as before, i.e.

20,7 (%)-0,(%)0," (%) _ 203° —12¢,%
Q42 (;C) ()~c4+q0)2

while the singular term (Q4 (¥)B' (%)-20, (%)P ()z)) /Q4 (%) (%) is

L G

0, (%) A (%) _ (x4+qo)[f2—(“‘9) q7j

Substituting the two previous terms into (5), we obtain, assuming again that the

potential vanishes at infinity, i.e. £ =0,

14| 5t - Do
2 2 ~6_12 ~2 ( j
V(fc) /] 0x qo* 7

2’| (%) (i4+qo)[’f2—(1+8) q;j

To simplify the calculation, we further assume that g, =7.

Then, in units 7 / m,x,” =1, the previous potential is written as

v(e)-L 208 —12¢78  14(¥-1) }_10%66*7922 7(%-1)
2 (,;4+7)2 (¥ +7)( -(1+¢)) (,;4+7)2 (¥ +7)( -(1+¢))
(108 — 428 )(# —(1+¢))-7(5* —1)(%* +7)

(+7) (F-(1+¢))

But



(105 — 427 )(# —(1+¢)) - 7( =1)(&* +7) = 108" ~10(1+ &) ¥ - 42%* +42(1+ &) ¥’ -
=7(# + 65 = 7) =108° ~10(1+ ) #° - 425" +42(1+ £) & - 7% - 425" +49 =
=33 —10(1+¢)x° —84x* +42(1+ &) % +49

Thus, we end up to the potential

3% -10(14+6)X° 845" +42(1+5)x° +49

(+7) (F-(1+¢))

For ¢ # 0, the potential (40) has two simple poles, at £v/1+¢& (with £ >—1).

(40)

V(%)

For £=0, a volcano is formed at each pole and the potential then becomes a double
volcano, with three bound eigenstates, the highest of which, i.e. the second-excited
state, has zero energy.

In Figures 8-10, the potential (40) is plotted for £ =-0.01, £=0, and £=0.01,

respectively.

Figure 8
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