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§1. Definition and simple properties

According to [11], the pseudo-Smarandache function Z(n) is defined by

Z(n) :min{m: n’m(m;_l)}

Some elementary properties can be found in [11] and [1].

R. Pinch [20]. For any given L > 0 there are infinitely many values of n such that

Z 1 Z(n—1
M > L, and there are infinitely many values of n such that M > L.
Z(n) Z(n)
For any integer k > 2, the equation % =k has infinitely many solutions n.
n
2n
The ration (2n) is not bounded.
Z(n)

1
Fix 3 < B < 1 and integer t > 5. The number of integers n with e~ < n < e’ such that
Z(n) < n” is at most 196t%e°*.

oo
1
The series ——— 18 convergent for any o > 1.
; 7o) gent for any

Some explicit expressions of Z(n) for some particular cases of n were given by Abdullah-
Al-Kafi Majumdar.
A. A. K. Majumdar [18]. Ifp >5 is a prime, then

p_]-a Zf4|p_]-7
P if 4lp+1,

p_]-a Zf3|p_]-7
s if 3lp+1,

Z(2p) =

Z(3p) =
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No.

Z(4p)

Z(6p)

A. A. K. Majumdar [18].

Z(5p) =

If p > 11 is a prime, then

If p > 13 is a prime, then

H. Liu

R if 8]p+1,
3p—1, if 8|3p+1,
3p, if 813p+1,
p—1, if 12|p—1,

) if 12]p+1,
2p—1, if 4|3p+1,
2p, if 4]|3p—1.

If p > 7 is a prime, then

P, if 10]p+1,
2p—1, if 5|2p—1,
2, if 5|20+ 1.

p—1, if T[p—1,
, if T[p+1,
2p—1, if 7|2p—1,
2p, if 5]2p+1,
3p—1, if 7|3p—1,
3p, if T|3p+1.

p-1, if 1]p—1,
D, if 11[p+1,
op—1, if 11]2p—1,
2, if 11]2p+1,
3p—1, if 11]3p—1,
3p, if 11|3p+1,
dp—1, if 11|4p—1,
4p, if 11]4p+1,
5p—1, if 11]5p—1,
5p, if 11]5p+ 1.
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A. A. K. Majumdar [18]. Let p and q be two primes with ¢ >p > 5. Then
Z(pq) = min {qyO - 1ap$0 - 1}7
where

yo = min{y: z,y €N, qy —pr =1},
min{z: z,y € N;pzx —qy =1}.

Zo

A. A. K. Majumdar [18]. Ifp > 3 is a prime, then Z(2p*) =p*> — 1. Ifp>5isa
prime, then Z(3p?) = p? — 1.
If p > 3 is a prime and k > 3 is an integer, then

k. if 4 p—1 andk is odd,
2% = P f 4|p
p* —1, otherwise,
k. if 3| p+1 andk is odd,
230 = P f 3|p

p* —1, otherwise.
S. Gou and J. Li [2]. The equation Z(n) = Z(n + 1) has no positive integer solutions.
For any given positive integer M, there exists a positive integer s such that

1Z(s) — Z(s +1)| > M.

Y. Zheng [29]. For any given positive integer M, there are infinitely many positive
integers m such that
|Z(n+1)—Z(n)| > M.

M. Yang [27]. Suppose that n has primitive roots. Then Z(n) is a primitive root modulo
n if and only if n = 2,3,4.
W. Lu, L. Gao, H. Hao and X. Wang [17]. Letp > 17 be a prime. Then we have

Z(2P+1)>10p,  Z(2°—1) > 10p.

L. Gao, H. Hao and W. Lu [?]. Letp > 17 be a prime, and let a,b be distinct positive
integers. Then we have
Z (a? + b?) > 10p.

Y. Ji [10]. Let r be a positive integer. Suppose that r # 1,2,3,5. Then

| 1
Z(2+1)> (-1+ V25 4a1).
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Assume that r # 1,2,4,12. Then

Z(2" - 1)

( 14/2r+3.3 - 2)

L\J\H

§2. Mean values of the pseudo-Smarandache function
Y. Lou [16]. For any real x > 1 we have

Zan(n) =zlnz+ O(x).

n<x

W. Huang [9]. For any integer n > 1 we have

i lnf(k)
= : : _HO(lnln) Zzlr(an)(k) :O(lnln>'

k<n

L. Cheng [4]. Let p(n) denote the smallest prime divisor of n, and let k be any fixed
positive integer. For any real x > 1 we have

k
p(n) a;x T
. O
Z (n) lnx 12 T (lnk+1z> ’

21113:

n<lz

where a; (i =2,3,--- k) are computable constants.
X. Wang, L. Gao and W. Lu [23]. Define

Qn) = 0, ifn=1,

aupr + aopa + - appy,  if n=plips? . pin.

Let k > 2 be any fized positive integer. For any real x > 1 we have

_ 23
E Z(n)Q) = _
—~ ()2 (n) 31nx ln :c ( k+1 x) ’

where a; (i =2,3,--- k) are computable constants.
H. Hao, L. Gao and W. Lu [8]. Let d(n) denote the divisor function, and let k > 2
be any fized positive integer. For any real x > 1 we have

mt z? P a2 x2
E Z(n)dn)=— - — E v O ———+-—
(n)d(n) 36 Inzx + ~— In'z N (lnk‘H m) ’
n<x =2
where a; (i =2,3,--- ,k) are computable constants.

X. Wang, L. Gao and W. Lu [24]. Define

D(n) min{m: méeN,n | Hd(z)}

i=1
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Let k > 2 be any fized positive integer. For any real x > 1 we have

k
C(3) In2 3 a;x3 x3
Z(n)InD(n S O —F—
ngz . 3 lnz+glnm+ Ity )’
where a; (i =2,3,--- ,k) are computable constants.

§3. The dual of the pseudo-Smarandache function, the near pseudo-Smarandache
function, and other generalizations

According to [21], the dual of the pseudo-Smarandache function is defined by

Z*(n)zmax{meN: m(”";“)m}

D. Liu and C. Yang [15]. Let A denote the set of simple numbers. For any real x > 1

we have ) ) )
A X X
ZZ*(H)201M+021112$+0< 3 ),

n<e In°
neA

where Cy,Cs are computable constants.

X. Zhu and L. Gao [30]. We have

00Zn
Z;(

= me(m + 1
The near pseudo Smarandache function K (n) is defined as

= i+k(n)
i=1

n

where k(n) =min{ k: k€ N,n | Zz + k} Some recurrence formulas satisfied by K(n) were
i=1
derived in [19].

H. Yang and R. Fu [26]. For any real x > 1 we have

1 1
Zd(K(n)—n(n;)> = ixlogx—l—Aac—l—O(aﬁlogzm),
n<z

nn+1 93 3.,
Z¢(K(n)—( 5 )> = 287r2x2+0(x2+)7
n<z

where ¢(n) denotes the Euler function, A is a computable constant, and € > 0 is any real
number.

1
Y. Zhang [28]. For any real number s > 3 the series

=1
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s convergent, and

=1 2 5 = 1 11 22 +21n2
=—-In2+ = =g =
Z;Km) 3T g;K%m 108" 27
Y. Li, R. Fu and X. Li [14]. We have
z2Inlnz x2 2z2Inlnz x2
K = —— + B— 0]
nz;x () 3lnx * 1H$+ 9In® z * <1Il2aj>7
ngA
1 2 Inlnz
—— = Z(Inlnz)’+ DInl E+0 .
;K(n) 3(nngc) +Dlnlnz+ FE + (ln:z:)
TLE_A

L. Gao, R. Xie and Q. Zhao [5]. Define

pan)=1[d.  aaln)=]] ¢
d

d|n
d<n
For any real x > 1 we have
x® x® x° z°
K = Inl Aj— + ———1Inl —
Z (Pa(n)) Slnzx nmrt 11n1‘+251n2x nn$+0<n2x)’
n<x
ncA
a3 3 3 3
K = Inl Ay— 4+ ———Inl O(——
nz<; (aa) 3lnz e 211131”/—~_9111233 e (n%:)7
neA

where Ay, A are computable constants.
Other generalizations on the near pseudo-Smarandache function have been given. For

example, define

%mqu{m;memnﬁﬁm+2W+m}.

The elementary properties were studied in [6] and [7].
Y. Wang [25]. Define

Ut(n)zmin{kz: 1t+2t+--~+nt—|—kz=m,n\m,k,t,meN}.

For any real number s > 1, we have
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M. Tong [22]. Define

Zo(n) min{m: m e N,n|m(m+1)}, if2]|n,
On =
min{m : m € N,n | m?}, if 2t n.

For any real x > 1, we have

> Zo(2n—1) = %f’)ﬁ +0 (x+) .

n<az
X. Li [12]. Define
C(n) :min{a+b: a,beN,n | a(ag_l)—kb}.
For any real x > 1, we have

Y Cn) = V2r?+0(2),

n<lz
1
1
ng;d(C(n)) = lenx—l—x(Qv—i—;an—;)—1—0(302),

where v is the Euler constant.
Y. Li [13]. Define

1
D(n):max{ab: a,beN,n:a(a;)_Fb}.

For any real x > 1, we have

D(n) = %x% +0 (xg) ,
. Cn)  9V3
n<zD(n) = Tlnx—l—O(l).
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