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Abstract 

A gravitational momentum space wavefunction and its inverse spacetime Fourier transformation are 

constructed from the classical particle Lagrangian. From non-relativistic metric, the momentum space 

wavefunction gives the Maxwell-Boltzmann distribution with gravity temperature relation and the 

spacetime wavefunction gives the Schrodinger equation with a harmonic oscillator potential, leading to 

the Gauss’s law for gravity with mass density gravity relation. From the special relativity metric, which is 

shown to set the temperature at about 7.64 × 10−12𝐾 and density at about 3.58 × 109𝑘𝑔𝑚−3, the 

momentum space wavefunction gives a relativistic momentum distribution and the spacetime 

wavefunction gives the Dirac equation with a spacetime potential. Finally, the many identical particles 

wavefunctions are also constructed.  

 

I. Introduction 

In this work, the momentum space wavefunction and its inverse spacetime Fourier transformation is 

constructed from the classical particle Lagrangian 𝐿 of a particle with mass 𝑚 and momentum vector 𝒑  

in a gravitational field with metric matrix 𝒈, which can be expressed in the form  

𝐿 = −
1

2
𝑡𝑟 [

𝑝𝜇𝑔𝜇𝜈
−1𝑝𝜈

𝑚
]                                                                                                                                                 (1) 

From non-relativistic metric, the momentum space wavefunction gives the Maxwell-Boltzmann 

distribution with temperature gravity relation and the spacetime wavefunction gives the Schrodinger 

equation with a harmonic oscillator potential, which leads to the Gauss’s law for gravity with mass 

density gravity relation. From special relativity metric, which is shown to set the temperature at about 

7.64 × 10−12𝐾 and density at about 3.58 × 109𝑘𝑔𝑚−3, the momentum space wavefunction gives a 

relativistic momentum distribution and the spacetime wavefunction gives the Dirac equation with a 

spacetime potential. Finally, the many identical particles wavefunctions are also constructed.  

 

II. Wavefunctions 

a. Momentum space wavefunction  



From the Lagrangian in equation (1), let us construct a normalized [1] momentum space 

wavefunction 𝜓(𝒑) of the particle with momentum vector 𝒑  in a gravitational field with metric matrix 𝒈 

as  

𝜓(𝒑) = det [
𝑝𝜇𝑔𝜇𝜈

−1𝑝𝜈

ℎ𝑚
]

1
2

exp [−
1

2
𝑡𝑟 [

𝑝𝜇𝑔𝜇𝜈
−1𝑝𝜈

ℏ𝑚
] ]                                                                                               (2) 

 

b. Momentum space wavefunction Fourier transformation  

The spacetime wavefunction 𝜓(𝒙) is given by the Fourier transformation [2] of the momentum 

space wavefunction 𝜓(𝒑) in equation (2) as       

𝜓(𝒙) = ∫
𝑑𝑛𝑃

ℏ𝑛
det [

𝑝𝜇𝑔𝜇𝜈
−1𝑝𝜈

ℎ𝑚
]

−
1
2

𝜓(𝒑)𝜓(𝒑, 𝒙)
∞

−∞

                                                                                                 (3) 

With  

𝜓(𝒑, 𝒙) = exp [−
𝑖

ℏ
𝑡𝑟[𝑝𝜇𝑥𝜈]]                                                                                                                                  (4) 

Using equations (2) and (4) in equation (3) gives the spacetime wavefunction 

𝜓(𝒙) = 𝑑𝑒𝑡 [
𝑚𝑥𝜇𝑔𝜇𝜈𝑥𝜈

ℎ
]

1
2

exp [−
1

2
𝑡𝑟 [

𝑚𝑥𝜇𝑔𝜇𝜈𝑥𝜈

ℏ
] ]                                                                                         (5) 

 

a. Spacetime wavefunction inverse Fourier transformation  

The inverse Fourier transformation of the spacetime wavefunction in equation (5) is given by 

𝜓(𝒑) = ∫ 𝑑𝑛𝑥𝑑𝑒𝑡 [
𝑚𝑥𝜇𝑔𝜇𝜈𝑥𝜈

ℎ
]

−
1
2

𝜓(𝒙)𝜓∗(𝒑, 𝒙)
∞

−∞

                                                                                            (6) 

Evaluating equation (6) gives back the momentum wave function in equation (2) 

𝜓(𝒑) = det [
𝑝𝜇𝑔𝜇𝜈

−1𝑝𝜈

ℎ𝑚
]

1
2

exp [−
1

2
𝑡𝑟 [

𝑝𝜇𝑔𝜇𝜈
−1𝑝𝜈

ℏ𝑚
] ]                                                                                               (7) 

 

III. Non-relativistic wavefunctions  

In non-relativistic quantum and classical mechanics, the momentum 𝒑, position 𝒙 and gravity field 𝒈 

have the following form 



𝒑 = 𝑚𝒗, 𝒗 =  [

𝑣𝑥

𝑣𝑦

𝑣𝑧

] , 𝒙 = [
𝑥
𝑦
𝑧

]  and  𝒈 = [

𝑔 0 0
0 𝑔 0
0 0 𝑔

]                                                                            (8) 

 

a. Velocity space wavefunction 

  Substituting equations (8) in equation (7) gives the velocity wavefunction 

𝜓(𝒗) = 𝑣𝑥𝑣𝑦𝑣𝑧 [
𝑚

ℎ𝑔
]

3
2

exp [−
1

2

𝑚𝒗2

ℏ𝑔
]                                                                                                                     (9) 

Equation (9) and the Maxwell-Boltzmann distribution [3] gives a temperature and gravity relation 

𝑇 =
ℏ𝑔

𝑘
                                                                                                                                                                         (10) 

 

b. Spatial wavefunction 

Substituting equations (8) in equation (5) gives the spatial wavefunction of a particle as 

𝜓(𝒙) = 𝑥𝑦𝑧 [
𝑚𝑔

ℎ
]

3
2

exp [−
1

2

𝑚𝑔𝒙2

ℏ
]                                                                                                                     (11) 

Equation (11) is the solution of the Schrödinger equation [4] with the harmonic oscillator potential 

[−
ℏ2

2𝑚
∇2 +

1

2
𝑚𝑔2 𝒙2] 𝜓(𝒙) =

9

2
ℏ𝑔 𝜓(𝒙)                                                                                                         (12) 

 

c. Hooke-Newton’s  Law  

Taking the gradient of the potential in equation (12) gives the Hooke’s law  

𝑭 = −𝑚𝑔2𝒙                                                                                                                                                                (13) 

Using Newton’s law 𝑭 = 𝑚𝒂 in equation (13) gives 

𝒂 = −𝑔2𝒙                                                                                                                                                                    (14) 

 Taking the divergence of the acceleration in equation (14) gives Gauss’s law [5] for gravity 

𝛁 ∙ 𝒂 = −3𝑔2                                                                                                                                                              (15) 

With mass density gravity relation 

ρ =
3𝑔2

4𝜋𝐺
                                                                                                                                                                       (16) 

 



IV. Special relativistic wavefunctions 

For special relativistic wavefunctions, the momentum 𝒑, position 𝒙 and gravity field 𝒈 have the 

following form 

𝒑 = [

𝑝𝑐𝑡

𝑝𝑥
𝑝𝑦

𝑝𝑧

] , 𝒙 = [

𝑐𝑡
𝑥
𝑦
𝑧

]  and  𝒈 = [

−1 0
0 1

0 0
0 0

0 0
0 0

1 0
0 1

]                                                                                       (17) 

From the temperature and density metric relations in equations (10) and (16), the special relativity 

metric in equation (17) set the temperature at about 7.64 × 10−12𝐾 and density at about 

3.58 × 109𝑘𝑔𝑚−3. 

 

a. Momentum space wavefunction 

  Substituting equations (17) in equation (7) gives momentum wavefunction 

𝜓(𝒑) =
𝑖𝑝𝑐𝑡𝑝𝑥𝑝𝑦𝑝𝑧

ℎ2𝑚2
exp [−

1

2

𝒑2

ℏ𝑚
]                                                                                                                        (18) 

 

b. Spacetime wavefunction 

Substituting equations (17) in equation (6) gives the spacetime wavefunction of a particle as 

𝜓(𝒙) =
𝑚2𝑖𝑐𝑡𝑥𝑦𝑧

ℎ2
exp [−

1

2

𝑚𝒙2

ℏ
]                                                                                                                         (19) 

Equation (19) is the solution of the wave equation with a potential 

[⎕ −
𝑚2𝒙2

ℏ2
] 𝜓(𝒙) = −12

𝑚

ℏ
 𝜓(𝒙)                                                                                                                       (20) 

From equation (20), the Dirac equation [6] with spacetime potential can be written as 

𝛾𝜇 [𝜕𝜇 + 𝑖
𝑚

ℏ
𝑥𝜇] 𝜓(𝒙) = 0                                                                                                                                      (21) 

 

V. Many particles 

From equations (2) and (5), the many identical particles momentum space wavefunction 𝜓(𝒑; 𝑛) 

and the spacetime wavefunction 𝜓(𝒙; 𝑛) are given by  

𝜓(𝒑; 𝑛) =
1

√𝑛!
det [

𝑝𝜇𝑔𝜇𝜈
−1𝑝𝜈

ℎ𝑚
]

𝑛
2

exp [−
1

2
𝑡𝑟 [

𝑝𝜇𝑔𝜇𝜈
−1𝑝𝜈

ℏ𝑚
] ]                                                                                (21) 



𝜓(𝒙; 𝑛) =
1

√𝑛!
𝑑𝑒𝑡 [

𝑚𝑥𝜇𝑔𝜇𝜈𝑥𝜈

ℎ
]

𝑛
2

exp [−
1

2
𝑡𝑟 [

𝑚𝑥𝜇𝑔𝜇𝜈𝑥𝜈

ℏ
] ]                                                                          (22) 

 

 

VI. Conclusion 

In summary, the momentum space wavefunction and its inverse spacetime Fourier transformation 

were constructed from the classical particle Lagrangian. From non-relativistic metric, the momentum 

space wavefunction gave the Maxwell-Boltzmann distribution with temperature gravity relation and the 

spacetime wavefunction gave the Schrodinger equation with a harmonic oscillator potential, which lead 

to the Gauss’s law for gravity with mass density gravity relation. From special relativity metric, which is 

shown to set the temperature at about 7.64 × 10−12𝐾 and density at about 3.58 × 109𝑘𝑔𝑚−3, the 

momentum space wavefunction gave a relativistic momentum distribution and the spacetime 

wavefunction gave the Dirac equation with spacetime a potential. Finally, the many identical particles 

wavefunctions are also constructed.  
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