Two-dimensional Fourier transformations and double Mordell integrals

Martin Nicholson

Several Fourier transformations of functions of one and two variables are evaluated and
then used to derive some integral and series identities. It is shown that certain double Mordell
integrals can be reduced to a sum of products of one-dimensional Mordell integrals. As a
consequence of this reduction, a quadratic polynomial identity is found connecting products
of certain one-dimensional Mordell integrals. An integral that depends on one real valued
parameter is calculated reminiscent of an integral previously calculated by Ramanujan and
Glasser. Some connections to elliptic functions and lattice sums are discussed.

I. Introduction: self-reciprocal Fourier transformations

Define the cosine and sine Fourier transformations by the usual formulas

fu(t) = \E | rareostads, 1)
Fu(t) = \/z /0 " F(a) sin ta da. @)

Functions that are equal to their own cosine Fourier transform, i.e. that satisfy the equation f(z) = f.(x),
are called self-reciprocal functions of the first kind, and functions that are equal to their own sine Fourier
transform f(z) = fs(z), are called self-reciprocal functions of the second kind[8]. Some examples of the
functions of the first kind include
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And here are some functions of the second kind
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The first three functions of and the first two functions of were known to Ramanujan and their
detailed study can be found in the book [I]. The third function in is taken from the article [9] where
many other hyperbolic self reciprocal functions are given along with a general method for generating
them. The last two functions in and the last function in appear to be new. One can show that

cosh ax
coshx+c”

There is a well known general recipe to find self reciprocal functions ([11, ch. 9]). Since (f.). = f, the

are the only self reciprocal functions of the form

f(@) + fo()

is a self-reciprocal function of the first kind for an arbitrary function f(z). Obviously this approach works
also for functions of the second kind.

It might seem that this settles the question of finding all self-reciprocal functions completely. However
this is not so because this approach is not helpful in finding interesting particular self-reciprocal functions.
It is much more gratifying to now that the functions in are self-reciprocal as opposed to knowing that
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is self-reciprocal. A more useful general theory suitable for these purposes of finding particular transfor-
mations has been developed by Goodspeed, Hardy and Titchmarsh (see [11] for a nice account of this
theory).

One might ask, what are these particular transformations useful for? The answer is they lead to some
interesting integral and series transformation formulas, among other things. For example, Hardy and
Ramanujan [8/10] used self reciprocal functions to obtain transformation formulas such as
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Another type of identities are obtained by application of the Poisson summation formula, which for an
even function ¢(x) can be stated in the symmetric form [11]

Voo Y dlan) =B Y oc(Bn),  af =2m (7)

n=—oo n=—oo

Similarly, for an odd function ¥ (z)

Vay  x(m)g(an 5Zx Ws(Bn),  aB = (8)
n=1

where x(n ) = sin 7§

function in gives

is a primitive character of modulus 4. For example, application of to the first

Let ¢ = e ™ be the base of elliptic functions with modulus k, ¥’ = v/1 — k? the complementary modulus
and K = K(k), K’ = K (k') the complete elliptic integrals of the first kind. Then [I3} ch. 22.6] ¢/ = e~ ™"
is the base of elliptic functions with modulus &’ and

s 1
K=— _— 10
2 Z cosh man (10)
n=—oo

So @ is nothing but ¢ = e~ ™% in the more familiar notation of the theory of elliptic functions.
Functions (3),(4) imply certain symmetric relations for the Lerch zeta function ([I], ch. 18.5). For
example the fourth function in leads to the identity
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II. Functions of two variables

One may also consider self reciprocal Fourier functions of two variables. Apart from the non-interesting
factorizable functions of this form there are quite non-trivial functions. To find some of them we use the
following observation: If f(z,y) = f(y,x) and

\/z/o f(:c,y) cosaxr dr = g(my) = g(y,a),



3

(in other words, if partial Fourier transform of a symmetric function is symmetric) then f(x,y) is a
self-reciprocal Fourier function of two variables, i.e.
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Ezample : Since (6], formula 3.981.8)

/f x,y) cos ax cos by drdy = f(a,b).
0

o0
/ sin xy cos az de — VT sinh /7y
sinh \/7x 2 cosh /7y + cosh /7a
we get a pair of self-reciprocal Fourier transformations
2 cos ax cos by 1
— dxdy = 12
v / / cosh /mz + cosh /7y T = osh V/ma + cosh \/ma’ (12)
00
[e.elNe e} b
2 sin xy sina
— by dxdy = . 13
/ / sinh y/7x sinh /7y oS AT COSDY ALY = inh V/ma sinh /mb (13)

Though not a self reciprocal function, note the curious transformation

oo o0 b
9 .
- / / 8Ty cos ax cos by drdy = Sna . (14)

cosh \/gx cosh \/gy sinh \/g a sinh \/g b

More self-reciprocal functions of one and two variables can be found in [14].
Poisson summation formula is easily generalized to even functions of two variables as follows

Vap Z d(am, fn) = v/~ Z dc(ym,on), ay = 80 = 2m, (15)

where

2 oo OO
oc(t, s) //qﬁ x,y) cos tx cos sy dxdy.
T
0

It is instructive to see what happens if is applied to . Straightforward calculation shows that

- cos affmn sin ydmn
v 0 = (6 = 2.
of " nz::oo cosh \/Zam - cosh fﬁn " nz_:oo sinh \/Zym - sinh \/gén’ ay=8 g

Here it is assumed that the terms with m = 0 or n = 0 on the RHS of are understood as the limits
lim, .o, lim, .. Setting 6 = «, v = B and making the replacement o — /27, 8 — /273 one obtains
(care should be taken to simplify the sum on the right)

e} o0 o0 oo

1 1 2 an Bn
E g ———+4§ 74—45 _— =1. 16
cosh mna coshmf = sinh mna sinh 3’ of (16)
n=—oo n=—oo n=1 n=1

It is known that [13, ch. 22.735]
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with the same notations as in and F = F(k) complete elliptic integral of the second kind. Therefore
is Legendre’s relation EK' + E'K — KK' = 7 in disguise.

Hyperbolic functions provide many other transformations. Let’s start with the calculation of the
integral

[e.elne e}
co
J = / / 1Y 5 Cos ax cos by dxdy.
cosh pzx cosh
0 0

By formula 3.981.10 from [6]:

[o.¢] b o0
J:/ €082y dy/ €Y osaxde
cosh ™¢ cosh px
g 0
COS by ™ cosh 52 cosh ”y i
/ cosh D cosh 7% —|— cosh ”y Y
0

o
7 cosh Z¢ cosh ¥ cosh ¥
= — 2 2 2 cos by dy
- La M Ta Yy
p cosh ) cosh cosh o T cosh >

ma p
x cosh 32 Cosh T cos ab

\/§ cos p coshpb 2  cos %coshpb’

so finally
[e.elne o} b
2 cos Ty cosh % cosh % cosab
= by dxdy = V2 - & - : 17
™ / / cosh px coah y €08 AT CoSOY aray V2 cosh % coshpb  cosh 7 cosh pb (17)
00

We see that the right hand side is the original function (taken with the minus sign) up to an additional
term, which a factorizable function.
Applying Poisson summation (15)) to one finds

o0

[e9) [eS) o) TBn

1 1 cosh T¢™ cosh ===
5 _ COSiTa Nt COTa =2, 18
fmz_oo cosh mam nz_oo cosh m3n mz_oo cosh mam nz_oo coshmfn’ af (18)

(18)) is equivalent to the modulus transformation of Landen’s transform, i.e. (1 + k1)(1+ &') = 2 in the

notation of the book [13]. Indeed, if o = %, B = /XEZB, then

1
N=1Z —
2 n:zoo cosh mfAn’

cosh T m”

iK'
dn( ’k) 2[( Z cosh7rom

2

} > cosh ™
dn (k) =5 Y — 2
n (k) 20’ n:z:oo cosh m3n

Since dn (%, k:) =+1+Ek, eq. reduces to (14 k)(1 + k}) = 2, as required.
There is an integral analogous to involving odd functions:

oo o0 . .
2 _ sinzy ] sinh g—z sinh %b sin ab
p (19)
00

by drdy = V2 - — )
cosh px cosh y Sinaz sin by dudy V2 cosh%coshpb cosh%coshpb



Just to illustrate what kind of transformations one can get by considering more complicated functions:

cos zy cos ax cos by dxdy V3 sin ab cosh g cosh 7
= V3sinab — —

1+ cosab

oo o0
]
Ty (1 + 2cosha)(1 + 2cosh 23Y) sinh 2 sinh wa

sinzysinaxsinby dedy V/3(1 — cos ab) cosh g cosh 7t

(1+2cosh 25%)(1 + 2 coshb)’

sin ab

4
m

1+ 2coshz)(1 + 2cosh 27ry) B sinh % sinh a

/°°
0
III.

Let’s multiply by e~ (@+6%)/2 4nd integrate with respect to a and b

[t
o [JmEn

0 0

CcCos Ty e (ZQ-HJZ)/Q dxdy _

7(a2+b2 /2d db — //
0 0

This can be written in the following symmetrical form

V2. / / e Y dady = /
0 0 0

cosh pzx cosh

cosh 57 cosh cos ab

cosh Ta cosh pb co h T2 cosh pb

cosh &t O“ h By

cosh a:c

cos 2zxy cos

u ]

0

cosh ax cosh By

1+ 2cosh 2Z2)(1 + 2 cosh b)
3

Case studies of several two-dimensional Mordell integrals

e~ (@ +)/2 qaab.

af =2m.  (20)

Note the similarity of with the Landen transform . Since Mordell integrals can be understood
as continous analogs of theta functions [, can be understood as Landen’s transform for Mordell

integrals. However the factorization on the left side of does not occur because of the function cos 2xy

in the integrand (in the discrete case it was possible to choose the parameters so that cos2zy didn’t have

any mixing effect on the two series, so the double series factorized; unfortunately this is not possible for

an integral).

Combining with leads to
0/
7/00005
0 0

0o 2

« cosh &F 2
dxdy = N /

Y cos 2 _
y e ¥ dx
0

cosh ax

cosh ax cosh(2my /)

Corollary 1.

nx —y—2>cos7rxy NG
n \/ﬁ
dedy = Y—I? — Y12 LI
cosh mx cosh my ey 2 't 2 72 + Vb,

nx - i) cos TxY
n
\QFI% + v/l I,

Vi o
dedy = —15 —
CObh?Tx cosh 7y vy 2 2

o0 o
cosh Z& 2 cosh Z* 2
where I = / 2 cos e dx, Is :/ 2 sin e dx, n > 0.
cosh mx 2 cosh mx 2
0 0
In analogous manner, one can deduce from (|19) and @ that
[e.eXNe o] y [e.e] . h ax 2
2 sinh $* 2
// i sin 22y dxdy = a / 2 ge T dx
cosh ax cosh(2my /) 2y/m cosh ax
0 0 0

(22)



Corollary 2.
00 00 . ﬁ) .
oS m: sin Ty J3
dady = —— (1§ — I3 + 2131
// cosh mx cosh Ty Ty axray 2 (4 3+ 213 4),
0 0
nx —‘qﬁ) cosmxy Vn3
n
dedy = —— (I — I} + 231 1) ,
// COShT(‘l’COShﬂ'y Ty aray 9 (I3 — If +23114)
6o ‘il T 9 00 L T )
x sinh T xsinh £
where 132/ 2 o5 1 dz, I4:/ 2 gin T dz, n > 0.
cosh mx 2 cosh mx 2
0 0

Ramanujan showed that integrals I; — I have closed form expressions when n € Q [I]. So the corre-
sponding two-dimensional integrals also have closed form expressions.

Ezamples.
cos 2 3x — g) cos TxY V3-1
// dxdy = ———,
cosh mz cosh my 26
sin 2 ( 3% — %) cos XY 23
dy =
// cosh mx cosh my v 42
0 0
oo o0
//co )sinm:y dedu — 1
cosh 7x cosh y vy ey = 8v/2m2
0 0

It is possible to calculate even more general integrals. In analogy with Ramanujan’s integral analogs
of theta functions [I] define

[e.elne e}
_ // cos Txy cos mhx cos TPy -0z +8y?) /2 dudy. (23)
cosh mx cosh my
0 0

Then

Vap e /Gt I@B g, 5 (0, ) + By )01/5(i0) i/ B)

h Ty

©0 h T h wlx 7 cosh ¥ cosh T2¥
_ \/5/ COs 5 COS o 6_7”52/(20() do - / 2 ] e—TryQ/(QB) dy (24)
cosh Tz cosh 7y

0

Equation generalizes . Now one can apply the method developed by Ramanujan [I] to the
function @, 5 (6, ¢). From the definition of ®, 5 (6, ¢), it follows that

cosh 7y

. r h ™% )
Do p5(0+1i,0)+ Pop(0—i,¢) =e ™/ (QQ)\/E / cosmoy Cosh 7™ -n(s+1/at /2 g, (25)
0

Now combine and to get

\/E (e”e Do (0+a,0) +e ™ Dup(0—a qj)) m¢?/(26)+ma/2

7r¢>y 7r¢y

[e.@]
_ / cos my cosh @YDV 2, 4 /5 oS cosh l@ / cosh & cosh —mv?/CB) gy (26)
cosh 7y 2 COSh Ty

0 0
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Thus when «/i € Q is a rational number, formulas (24H26) reduce the problem to the calculation of one-
dimensional Mordell integrals. This shows that when a/i € Q and 3/i € Q are both rational, ®, g (6, ¢)
can be calculated in closed form. Similar formulas exist for

r 0 sy
0, 6) = //Slnﬁmysm x sin ¢y (@ +BY)/2 g g
cosh mx cosh my

IV. Reduction of certain family of double Mordell integrals to combination of one-dimensional
Mordell integrals

Consider the following generalization of

oo o0
_ // COSTYLY  —m(aa+8y%)/2 dudy.
cosh 7wz cosh 7y
00

We want to find a combination of parameters -, a;, 8 such that this integral reduces to a sum of products
of one-dimensional Mordell integrals which we define according to Ramanujan [1] as

cosh mv

[ cos .
/cosw T —maa? g (27)
0

satisfies the transformation formula ([I], Entry 14.3.1)

¢a(6) _ \}a efﬂez/(4a)¢1/a(z‘9/a).

() :

First, we apply a series of transformations to @, 3

(I)(’Y) A/ d
O‘ﬁ_/coshﬂyqsa/z(fyy) Y

(B4 /a)y? /2 . p
=1\/= / cosh iy $2/a(2ivy/a) dy
[9 —2ma® fa—m(B+v? /o)y /2 )
= //e cosh Z12Y dxdy.
Q cosh wx coshmy «
0 0

It is convenient to extend integration over the whole plane:

1 7 T e—2me?/a—2myey/a—m(B+2/a)y?/2
o) — 1/ / ¢ dzdy
B Sa cosh 7wz coshmy

\/> e 2m(@+vy/2)? /a—mpy? /2 o

8 / / cosh mx coshmy ey
1 e—2ma? [a—m By /2 o
8 / / cosh(x — vy/2) coshmy ey

oo o0
1 6727m:2/a77r6y2/2 1 1
=1\ 55 / / + dxdy
32« cosh my coshm(x —~y/2) = coshm(x + vy/2)

—00 —O0



e=2m? [a=mBY* /2 cosh o cosh =¥
/ / 2 dxdy.
8a coshm(x — vy/2) cosh(z + ~yy/2) coshmy

After the change of variables £ = z — vy/2, n = x + vy/2, considerable simplification occurs when

af =2
1 1 / / (&%) /e cogh (f;‘ﬁ) cosh 7T(€2—77) o
0‘72/a " n\ 8« coshmécoshmn  cogp =) v
7

—00 —O0

To complete the process of reduction we set v = 4n + 2, n € Ny:

m(&24n?) h 7"(5‘“7) n
(4n+2) /1 “cos k mk(§—n)/(2n+1)
o -1 dzd
,(4n+2)? 4n+2 8 / / cosh 7T§ cosh mn Zn( )l e

—00 —00 k=—

(&24n?)/« n
k m(2n+2k+1)§ 7(2n—2k+1)¢
2n+1\/7//COSh7T§COSh7rn Z (—=1)" cosh ==25== cosh == 75— dudy.
—n

Thus, we have proved the first reduction formula

n 1 « 2 " e ]
<I>§4/oj—(izz+2) 2n+1\/g <{¢>a 2 } +2Z %(2 2k )%(2 4n2+k2+11)> , neNy. (28)

()

There is a transformation formula between two functions ® 5 that we will now derive. First, iterating
the gaussian integral 4.133.2 from [6]

/ e~ %"/(49) cos az cosh ba do = /e e’ —4%) cos(2abc),
0

where Re ¢ > 0, one can show that

oo 0
24 b
—(z2+y?)/2 b dedy — T _a + qa
e Ccos\gx COS ax COoS ox ax € COS .
0/0/ (azy) Yo i P\ 2+ A

Then multiplying this integral by 1/(Cosh(f )cosh(\/g%)) and integrating wrt a and b we come to

aﬁ]o]o (=412 cos(qay) drdy = // { z? + y? } cos 7oz dady
cosh( faa: ) cosh( fﬂy V= ./1+q 21+ ¢?) cosh\f ) cosh( fﬁ
0 0
This implies the following general three-parameter transformation for ¢ 0723
pCu/VaB) _ [ OB pav/aB/(1+4)
2/a2/B  \[ 14 g2 " 20/(14¢%),26/(1+¢%)

Combining with we find another family of double Mordell integrals that reduce to a combination of
one-dimensional integrals

(4n + 2)a ‘Dgl/ofi%lnﬂ {¢1/ (2) % } +2Z ¢1/( (2712:1%;1 )9251/ 2a)(2n4;¥;1i), n € Np.

(29)
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This is second reduction formula. and are main formulas of this section. Note that both double
Mordell integrals in and 1’ are of the type @g"/ﬁ@).

Two examples of the reduction formula are shown below:

i) n = 0: In this case we recover (20)).

i) n=1:

\[ / / COSREY/S) _ o —noa®—my/(360) iy
cosh mx cosh my

cosh o 2 2 7 cosh T 2 7 cosh 2ZZ 2
= e " dr ) —2 6 emma gy | —— 6 7T g,
cosh x cosh x cosh
0 0

0

There is a curious consequence of the formula above:

Va{ta (3} = 2vada(})oa(Z) = VB {es (2)} —2v/Bes(2)ds(%),  aB=1/36.

This is a quadratic relation connecting 6 different Mordell integrals. Linear relations between one-
dimensional Mordell integrals have been studied before (e.g., [12]) and two-dimensional Mordell integrals
have been investigated recently in connection with vector-valued higher depth quantum modular forms
[3]. However, it seems the fact that there are non-trivial reductions of certain two-dimensional Mordell
integrals to one-dimensional Mordell integrals, or the fact that there are non-trivial quadratic relations
between one-dimensional Mordell integrals have not been recognized in the existing literature.

V. Absolute value of the Mordell integral

In this section we study integrals of the type

o0

; 2
ezax
dx,
cosh mx

0

where a € R. The square of the absolute value of this integral can be transformed in the following way:

o0 o 00 .
el 61&362 efwz(:z:er)2
4 / - / dz / Ty
cosh Tr:U cosh mz coshm(x + )
0 —00
—zocy —2iaxy
dzd
/ / cosh mz cosh m(z + y) T
-0 —O0

B—szary drd
N / / cosh7(z —y/2) coshn(z + y/2) vy

—00 —00

—2iozmy
= d
/ / cosh 2wz + cosh 7y o

sin ay?
=2 | ——d
/ sinh 7y sinh ayy Y

—0oQ0

This can be written as

o0

[e.e] o0 2
sin a? cos oz’ sin aa?
R.
/ sinh 7z sinh a;lt ( / coshmz > ( / cosh mz ) ) o€ (30)
0 0

0
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Analogous considerations lead to other formulas of similar kind

o0 [e.o]

oo
sin 202 cos 202 cosh ¢ 2
SLars e~ elort/2 g R 31
/ sinh iz sinh oz / cosh 7z cosh am / coshmx T aeR (31)
0 0 0
% sin % coth 5 coth 5% — % cOS 32‘: i p3iaw? 2
) €eR, 32
7r/ (1+2005hx)(1+2(:osha:1: /1+2cosh:n “ (32)
0
and to the following curious closed form
o
/tanh 7z tanh oz cos 202 de = 0, a €R. (33)
0

Here we give an explanation for the first equality in and for . For the first, starting from

we put b = aa

oo 0 9
2 cos TY sin aa
— cos ax cos aay drdy = — -
co

sh/Zx - cosh /Ty sinh \/Za - sinh \/Faa

and integrate with respect to a from 0 to oo to obtain

oo e}

cos 2ax? sin 2cx:2
dr = | —— dx.
cosh 7z cosh ax sinh 7z sinh ax

0 0

For the second, starting from and its sine analog

oo oo
2 cos Ty _ _ 1 Vra /b 1 — cosab
= by dzdy = - tanh tanh - 34

// sinh /7 sinh /7y SHL AL SILDY ALay = 5 Tl o T sinh y/7a sinh \/7b’ (34)

(by the way, implies the self reciprocal function smh\l/%;%) we put b = aa in both, take the

sum of multiplied by e***/2 and multiplied by #¢®**/2_ integrate from 0 to co using formulas

[e.e]
/ COS ax Cos aay e 2 qg = ;T—Z —i(#*+a?y?)/(20) ¢og Yy,
/ a

o0 .
/ sin ax sin aay e’ 2 4o = i % e~ i@ +eRy?)/(20) iy xy,
0

to obtain

oo [e.e]
i /tanh VTa tanh Vraa giaa?/2 go o / —Z(l — cos aa‘Q) + sin aa? giaa®/2 g
2 2 2 sinh \/ma sinh /Taa
0

From this, it is straightforward to deduce and as a byproduct

o0 o0

2sin “5- . 9

——=—dxr = [ tanh 7z tanh ax sin 2az” dz, a€R.
sinh 7 sinh oz

0 0
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Note the equivalent formulation of :

o0
cosh (7 — )z 9 1 /o
2 dr = —4/— 0. 35
/ coshzcoshag b 4F 4\/;7 «“= (35)
0

Formulas and are reminiscent of the integral of Ramanujan

oo
/ EZZE :i cos ax? dr = %cos %, aeR, (36)
0
([7] see also generalizations in [4]5]) . and (| contain trigonometric function of the argument
az? and hyperbolic functions of the arguments T and ax. However the crucial difference between them
is that the integrand in has poles not only at the zeroes of cosh mx, but also at the zeroes of cosh a:.
Integrals of this sort are related to integrals for the product of two hyperbolic self-reciprocal functions
studied by Ramanujan ([10], formula (10)). To show this we put b = aa in and and integrate
with respect to a. The result is

o0 oo

2 T az
cos ax cosh X2 cosh &&
? do = o o d R 37
f/ cosh mx cosh az v / coshmx coshax Z, aER, (37)
0 0
o] oo L Tz ol oo
sin ax? sinh ZF  sinh &¢
2 dx = 2. 2 €R. 38
\f/ coshrz coshaz / coshz coshaz @ (38)
0 0

VI. Connection to lattice sums

1
Multiplying and by —— and integrating with respect to a and b leads to

Vab

2

TT cos L dxdy by cosh Z2
2 — 2 d
\f/ / cosh x2 cosh /2 / coshz? 0| (39)
0 0 0
0o 9 2
sin =4 dxdy sinh %
= d . 4
\[/ / cosh 3:2 cosh y? / coshz? ** (40)
0

The RHS of and contain integral representation of certain Dirichlet L-series, while the LHS
are 2D-lattice sums of Bessel and Neumann functions, as shown below on a formal level. Evaluation of
double sums of Bessel functions in terms of Dirichlet L-series is well known [2].

Consider the double integral on the LHS of . First, the functions sech z? are expanded into the

~2*  This results in a double sum of double integrals

0o 00 22

//6 (2m+1)z2—(2n+1)y> COS Yy dzdy,
™

0 0

powers of e

where m and n are non-negative integers. The integral over y is easily calculated

7 2,2
/e_(2”+1)y2 cos Y dy = T ! + ! )
) @ 2 \/m2m+1)+ix2  /m(2m +1) —ia?
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To calculate the integral over  we need formula 3.364.3 from [6]

OO —(2n+1)z? 1 3m i
/ T s dx = 5(—1)m+” i Ky <$2(2m +1)(2n+ 1))> :
0

Note that Ko(iz) = —5(Yo(z) + iJo(x)), + € R. As a result the double integral in reduces to a
combination of double sums

i Z (g(Qm +1)(2n + 1)) :
m,n=0

where Zj is either Bessel Jy or Neumann Y[ function.
Acknowledgements. The author of this paper wish to thank Dr. Lawrence Glasser for valuable corre-
spondence and comments.

! B. Berndt and G.E. Andrews, Ramanugjan’s lost notebook, part IV, Springer New York (2005).

2 J.M. Borwein, M.L. Glasser, R.C. McPhedran, J.G. Wan, 1.J. Zucker, Lattice sums then and now, Cambridge
University Press (2013).

3 K. Bringmann, J. Kaszian, A. Milas, Vector-valued higher depth quantum modular forms and higher Mordell
integrals, Journal of Mathematical Analysis and Applications, Volume 480, Issue 2, p. 123397 (2019).

4 M. L. Glasser, Generalization of a definite integral of Ramanugjan, J. Indian Math. Soc., 37, 351 (1973).

® M. L. Glasser, A Remarkable Definite Integral, arXiv:1308.6361v2| (2013).

6 1.S. Gradshteyn, and I.M. Ryzhik, Table of Integrals, Series, and Products, 6th ed., Academic Press, Boston
(2000).

7 S. Ramanujan, Some definite integrals, J. Indian Math. Soc., XI, 81-87 (1919).

8 G.H. Hardy, Note on the function f;o e2@ =)t Quart. J. Pure Appl. Math., 35, 203 (1903).

9 B. Cais, On the transformation of infinite series (unpublished).

10§, Ramanujan, Some definite integrals, Mess. Math., XLIV, 10 - 18 (1915).

1 E.C. Titchmarsh, Introduction to the Theory of Fourier Integrals, 2nd.ed., Oxford University Press (1948).

12 G. N. Watson, Generating functions of class-numbers, Compositio Mathematica, v. 1, p. 39-68, (1935).

13 E.T. Whittaker and G.N. Watson, A Course of Modern Analysis, Cambridge university press (1996).

www.someformulas.blogspot.com


http://arxiv.org/abs/1308.6361
www.someformulas.blogspot.com

	Introduction: self-reciprocal Fourier transformations
	Functions of two variables
	Case studies of several two-dimensional Mordell integrals
	Reduction of certain family of double Mordell integrals to combination of one-dimensional Mordell integrals
	Absolute value of the Mordell integral
	Connection to lattice sums
	References

