
On spacetime transformations 
Jean Pierre Rukundo 

Email: rukundojp@hendrix.edu 

March 29th, 2016 

 

Abstract 

In this paper, a general spacetime transformation from biquaternion left and right multiplications is 

introduced. First, it is shown that the transformation leaves the spacetime length invariant. 

Furthermore, the Lorentz transformation is derived as a special case of the general biquaternion 

transformation. Surprisingly, some commutation and anticommutation properties generally found in 

quantum mechanics are manifested by the biquaternion transformation. 

I. Introduction 

In 1843, William Rowan Hamilton introduced the concept of quaternion which extended the 

concept of complex number to three imaginary components. One year late, he introduced the concept 

of biquaternion which are combination of ordinary complex numbers with quaternion. More than half a 

century later, Albert Einstein introduced the special theory of relativity which was based on a 

transformation introduced by Hendrik Lorentz earlier. In this paper, it is shown that the special theory of 

relativity is generally based on the concept of biquaternion multiplication and a general biquaternion 

transformation in the form of biquaternion left and right multiplication is introduced, where the Lorentz 

transformation is shown to be a special case. Finally, some useful properties of the biquaternion 

transformation such as commutation and anticommutation relations known for Pauli spin matrices as 

well as a derivation of an equivalent set of Dirac matrices are also shown. 

II. Biquaternion Transformation Matrices 
a. Boost along arbitrary direction 

Consider the four velocities 𝑈 = [𝑢𝑐𝑡, 𝑢𝑥, 𝑢𝑦, 𝑢𝑧]  and 𝑉 = [𝑣𝑐𝑡 , 𝑣𝑥, 𝑣𝑦, 𝑣𝑧] which satisfies 

 𝑢𝑐𝑡
2 − 𝑢𝑥

2 − 𝑢𝑦
2 − 𝑢𝑧

2 = 𝑐2 and 𝑣𝑐𝑡
2 − 𝑣𝑥

2 − 𝑣𝑦
2 − 𝑣𝑧

2 = 𝑐2 . 

Let us intruduce a boost along an arbitrary direction with transformations 

 [

𝑐𝑡′

𝑖𝑥′

𝑖𝑦′

𝑖𝑧′

] =
1

𝑐

[
 
 
 
𝑢𝑐𝑡 −𝑖𝑢𝑥 −𝑖𝑢𝑦 −𝑖𝑢𝑧

𝑖𝑢𝑥 𝑢𝑐𝑡 −𝑖𝑢𝑧 𝑖𝑢𝑦

𝑖𝑢𝑦 𝑖𝑢𝑧 𝑢𝑐𝑡 −𝑖𝑢𝑥

𝑖𝑢𝑧 −𝑖𝑢𝑦 𝑖𝑢𝑥 𝑢𝑐𝑡 ]
 
 
 

∙ [

𝑐𝑡
𝑖𝑥
𝑖𝑦
𝑖𝑧

]                                                                                                      (1) 

and  



[

𝑐𝑡′

𝑖𝑥′

𝑖𝑦′

𝑖𝑧′

] =
1

𝑐

[
 
 
 
𝑣𝑐𝑡 −𝑖𝑣𝑥 −𝑖𝑣𝑦 −𝑖𝑣𝑧

𝑖𝑣𝑥 𝑣𝑐𝑡 𝑖𝑣𝑧 −𝑖𝑣𝑦

𝑖𝑣𝑦 −𝑖𝑣𝑧 𝑣𝑐𝑡 𝑖𝑣𝑥

𝑖𝑣𝑧 𝑖𝑣𝑦 −𝑖𝑣𝑥 𝑣𝑐𝑡 ]
 
 
 

∙ [

𝑐𝑡
𝑖𝑥
𝑖𝑦
𝑖𝑧

]                                                                                                        (2) 

Note that transformations in equations (1) and (2) are equivalent to the right and left multiplication of 

biquaternions with real time component and pure imaginary spatial components.  

From both equations (1) and (2), computing  

 [𝑐𝑡′, 𝑖𝑥′, 𝑖𝑦′, 𝑖𝑧′] ∙ [

𝑐𝑡′

𝑖𝑥′

𝑖𝑦′

𝑖𝑧′

]                                                                                                                                             (3) 

yields 

𝑐2𝑡′2 − 𝑥′2 − 𝑦′2 − 𝑧′2 = 𝑐2𝑡2 − 𝑥2 − 𝑦2 − 𝑧2                                                                                                  (4) 

Which means that transformations in equations (1) and (2) leave the spacetime length invariant. 

 

A combination of transformations of the left and right multiplication of the biquaternions in 

equations (1) and (2) can be written as 

[

𝑐𝑡′

𝑖𝑥′

𝑖𝑦′

𝑖𝑧′

] =
1

𝑐2

[
 
 
 
𝑢𝑐𝑡 −𝑖𝑢𝑥 −𝑖𝑢𝑦 −𝑖𝑢𝑧

𝑖𝑢𝑥 𝑢𝑐𝑡 −𝑖𝑢𝑧 𝑖𝑢𝑦

𝑖𝑢𝑦 𝑖𝑢𝑧 𝑢𝑐𝑡 −𝑖𝑢𝑥

𝑖𝑢𝑧 −𝑖𝑢𝑦 𝑖𝑢𝑥 𝑢𝑐𝑡 ]
 
 
 

∙

[
 
 
 
𝑣𝑐𝑡 −𝑖𝑣𝑥 −𝑖𝑣𝑦 −𝑖𝑣𝑧

𝑖𝑣𝑥 𝑣𝑐𝑡 𝑖𝑣𝑧 −𝑖𝑣𝑦

𝑖𝑣𝑦 −𝑖𝑣𝑧 𝑣𝑐𝑡 𝑖𝑣𝑥

𝑖𝑣𝑧 𝑖𝑣𝑦 −𝑖𝑣𝑥 𝑣𝑐𝑡 ]
 
 
 

∙ [

𝑐𝑡
𝑖𝑥
𝑖𝑦
𝑖𝑧

]                                            (5)   

Equation (5) also satisfies the Minkowski spacetime length invariance in equation (4). 

b. Boost along the x axis case 

Consider the case 𝑢𝑦 = 𝑢𝑧 = 𝑣𝑦 = 𝑣𝑧 = 0. The left and the right transformations in equations (1) 

and (2) become respectively 

[

𝑐𝑡′

𝑖𝑥′

𝑖𝑦′

𝑖𝑧′

] =
1

𝑐
[

𝑢𝑐𝑡 −𝑖𝑢𝑥 0 0
𝑖𝑢𝑥 𝑢𝑐𝑡 0 0
0 0 𝑢𝑐𝑡 −𝑖𝑢𝑥

0 0 𝑖𝑢𝑥 𝑢𝑐𝑡

] ∙ [

𝑐𝑡
𝑖𝑥
𝑖𝑦
𝑖𝑧

]                                                                                                          (6) 

[

𝑐𝑡′

𝑖𝑥′

𝑖𝑦′

𝑖𝑧′

] =
1

𝑐
[

𝑣𝑐𝑡 −𝑖𝑣𝑥 0 0
𝑖𝑣𝑥 𝑣𝑐𝑡 0 0
0 0 𝑣𝑐𝑡 𝑖𝑣𝑥

0 0 −𝑖𝑣𝑥 𝑣𝑐𝑡

] ∙ [

𝑐𝑡
𝑖𝑥
𝑖𝑦
𝑖𝑧

]                                                                                                            (7) 

 Furthermore, consider the case 𝑢𝑐𝑡 = 𝑣𝑐𝑡  and 𝑢𝑥 = 𝑣𝑥. The combined left and right 

transformation in equation (5) become  



[

𝑐𝑡′

𝑖𝑥′

𝑖𝑦′

𝑖𝑧′

] =
1

𝑐2

[
 
 
 
 
𝑢𝑐𝑡

2 + 𝑢𝑥
2 −2𝑖𝑢𝑐𝑡𝑢𝑥 0 0

2𝑖𝑢𝑐𝑡𝑢𝑥 𝑢𝑐𝑡
2 + 𝑢𝑥

2 0 0

0 0 𝑢𝑐𝑡
2 − 𝑢𝑥

2 0

0 0 0 𝑢𝑐𝑡
2 − 𝑢𝑥

2]
 
 
 
 

∙ [

𝑐𝑡
𝑖𝑥
𝑖𝑦
𝑖𝑧

]                                                                      (8) 

We can use the hyperbolic functions as  
𝑢𝑐𝑡

𝑐
= cosh(

𝜂

2
) and 

𝑢𝑥

𝑐
= 𝑠𝑖𝑛ℎ (

𝜂

2
). Then, we have 

 
1

𝑐2
(𝑢𝑐𝑡

2 + 𝑢𝑥
2) = 𝑐𝑜𝑠ℎ (

𝜂

2
)
2
+ 𝑠𝑖𝑛ℎ (

𝜂

2
)
2

= coshη , 
2

𝑐2 𝑢𝑐𝑡𝑢𝑥 = 2cosh (
𝜂

2
) 𝑠𝑖𝑛ℎ (

𝜂

2
) = 𝑠𝑖𝑛ℎ𝜂  and of 

course, 
1

𝑐2
(𝑢𝑐𝑡

2 − 𝑢𝑥
2) = 𝑐𝑜𝑠ℎ (

𝜂

2
)
2
− 𝑠𝑖𝑛ℎ (

𝜂

2
)
2

= 1. Equation (8) become 

[

𝑐𝑡′

𝑖𝑥′

𝑖𝑦′

𝑖𝑧′

] = [

coshη −𝑖𝑠𝑖𝑛ℎ𝜂 0 0
𝑖𝑠𝑖𝑛ℎ𝜂 coshη 0 0

0 0 1 0
0 0 0 1

] ∙ [

𝑐𝑡
𝑖𝑥
𝑖𝑦
𝑖𝑧

]                                                                                                            (9) 

Which is the standard Lorentz transformation for a boost along the x axis. 

III. Some Properties of the Biquaternion Transformation Matrices 
a. Notation 

Let us introduce the following notation: 

𝑋 = [

𝑐𝑡
𝑖𝑥
𝑖𝑦
𝑖𝑧

],𝑋′ = [

𝑐𝑡′

𝑖𝑥′

𝑖𝑦′

𝑖𝑧′

], 𝑈𝐿 =

[
 
 
 
𝑢𝑐𝑡 −𝑖𝑢𝑥 −𝑖𝑢𝑦 −𝑖𝑢𝑧

𝑖𝑢𝑥 𝑢𝑐𝑡 −𝑖𝑢𝑧 𝑖𝑢𝑦

𝑖𝑢𝑦 𝑖𝑢𝑧 𝑢𝑐𝑡 −𝑖𝑢𝑥

𝑖𝑢𝑧 −𝑖𝑢𝑦 𝑖𝑢𝑥 𝑢𝑐𝑡 ]
 
 
 

 and 𝑉𝑅 =

[
 
 
 
𝑣𝑐𝑡 −𝑖𝑣𝑥 −𝑖𝑣𝑦 −𝑖𝑣𝑧

𝑖𝑣𝑥 𝑣𝑐𝑡 𝑖𝑣𝑧 −𝑖𝑣𝑦

𝑖𝑣𝑦 −𝑖𝑣𝑧 𝑣𝑐𝑡 𝑖𝑣𝑥

𝑖𝑣𝑧 𝑖𝑣𝑦 −𝑖𝑣𝑥 𝑣𝑐𝑡 ]
 
 
 

   (10) 

Equations (1), (2) and (5) can now be written as 

𝑋′ =
1

𝑐
𝑈𝐿 ∙ 𝑋 , 𝑋′ =

1

𝑐
𝑉𝑅 ∙ 𝑋 and 𝑋′ =

1

𝑐2 𝑈𝐿 ∙ 𝑉𝑅 ∙ 𝑋                                                                                         (11) 

𝑈𝐿  and 𝑉𝑅 can also be written as 

𝑈𝐿 = 𝛼𝜇𝑢𝜇  and  𝑉𝑅 = 𝛽𝜇𝑣𝜇                                                                                                                          (12) 

With  

𝛼0 = 𝛽0 = [

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

]                                                                                                                              (13) 

𝛼1 = [

0 −𝑖 0 0
𝑖 0 0 0
0 0 0 −𝑖 
0 0 𝑖 0

] , 𝛼2 = [

0 0 −𝑖 0
0 0 0 𝑖 
𝑖 0 0 0
0 −𝑖 0 0

] and  𝛼3 = [

0 0 0 −𝑖 
0 0 −𝑖 0
0 𝑖 0 0
𝑖 0 0 0

]                           (14) 

𝛽1 = [

0 −𝑖 0 0
𝑖 0 0 0
0 0 0 𝑖 
0 0 −𝑖 0

] , 𝛽2 = [

0 0 −𝑖 0
0 0 0 −𝑖 
𝑖 0 0 0
0 𝑖 0 0

] and  𝛽3 = [

0 0 0 −𝑖 
0 0 𝑖 0
0 −𝑖 0 0
𝑖 0 0 0

]                            (15) 



 

b. Properties of Alphas and Betas Matrices 

Alphas and Betas matrices in equations (14) and (15) have commutation relations 

 

[𝛼𝑖, 𝛼𝑗] = 2𝑖𝜖𝑖𝑗𝑘𝛼𝑘                                                                                                                         (16) 

[𝛽𝑖, 𝛽𝑗] = −2𝑖𝜖𝑖𝑗𝑘𝛽𝑘                                                                                                                      (17) 

Also, they have the following anticommutation relations 

{𝛼𝑖, 𝛼𝑗} = 2𝛿𝑖𝑗𝐼                                                                                                                               (18) 

{𝛽𝑖, 𝛽𝑗} = 2𝛿𝑖𝑗𝐼                                                                                                                               (19) 

These properties are also known for Pauli matrices and we can construct equivalent Dirac 

gamma matrices set 

𝛾0 =  𝛽3 = [

0 0 0 −𝑖 
0 0 𝑖 0
0 −𝑖 0 0
𝑖 0 0 0

]                                                                                                                             (20) 

𝛾1 =  𝑖𝛽1 ∙ 𝛼1 = [

𝑖 0 0 0 
0 𝑖 0 0
0 0 −𝑖 0
0 0 0 −𝑖

]                                                                                                                    (21) 

𝛾2 =  𝑖𝛽1 ∙ 𝛼2 = [

0 0 0 𝑖 
0 0 𝑖 0
0 𝑖 0 0
𝑖 0 0 0

]                                                                                                                          (22) 

𝛾3 =  𝑖𝛽1 ∙ 𝛼3 = [

0 0 −𝑖 0 
0 0 0 𝑖
−𝑖 0 0 0
0 𝑖 0 0

]                                                                                                                    (23) 

With anticommutation properties  

{𝛾𝜇 , 𝛾𝜈} = 2𝑔𝜇𝜈𝐼                                                                                                                                                      (24)  

Also, using the anticommutation relations in equations (18) and (19) and rapidity 
1

2
𝜂 and  

1

2
𝜃, 

transformation matrices in equation (11) can be written as  

1

𝑐
𝑈𝐿 = 𝑒

𝟏
𝟐
𝜶∙𝜼                                                                                                                                      (25) 

1

𝑐
𝑉𝑅 = 𝑒

𝟏
𝟐
𝜷∙𝜽                                                                                                                                      (26) 

1

𝑐2
𝑈𝐿 ∙ 𝑉𝑅 = 𝑒

𝟏
𝟐
𝜶∙𝜼 ∙ 𝑒

𝟏
𝟐
𝜷∙𝜽                                                                                                               (27) 

 



IV. Discussion and Conclusion 

The general biquaternion transformation matrix introduced in equation (5) leaves the spacetime 

length invariant and the Lorentz transformation in equation (9) is shown to be the special case of 

the general biquaternion transformation. Intuitively, the biquaternion transformation in equation 

(5) is equivalent to the rotation in four-dimensional Euclidian space where imaginary components 

for Minkowski spacetime are introduced and it is isomorphic to Van Elfrinkhof (1897) rotation 

formula in Euclidian space. Finally, section III on properties of the biquaternion transformation 

matrices shows the relation of the biquaternion transformations to quantum mechanics Pauli and 

Dirac matrices, so this work suggests a natural extension of biquaternion transformation to quantum 

mechanics as demonstrated in article [1].  
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