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1. INTRODUCTION

Landau and Lifshitz, in The Classical Theory of Fields (First eng-
lish edition 1951) [1, p. 234, paragraph 84|, deduced the following
formula’

diz = <_gij + goigo; )dxidxj,
goo
where

§oigo; (1)

is the three-dimensional metric tensor, determining the metric, i. e.,
the geometric properties of the space?.
In this paper, we derive mathematically the formula

diz = ( Joo —I—QOZQOJ)(de)Q,

gij

where

t = —¢goo Tt 902903 (2)

gij

1. Henceforward, we consider the Greek indices can be 0, 1, 2, 3 and Latin indices
only 1,2, 3.

2. In The Classical Theory of Fields, Landau and Lifshitz used the symbol 7.3
instead of h;j, such as Zelmanov (Chronometric Invariants) and we did here.
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By analogy of the previous paragraph, we can say that ¢;; is the time
metric tensor, determining the metric, i. e., the geometric properties
of the time.

This will be the subject of the second Section.

In third Section, we derive a new tensor related to the Kronecker
delta, from the idea of Landau and Lifshitz [1, p. 235, (84.8)].

2. THE ELEMENT d/ OF SPATIAL DISTANCE IN TERMS OF THE TIME
COORDINATE

In special relativity, the interval ds is defined by
ds? = gopdz*da’. (3)

If we consider s to be a function of 2 and 2%, i. e., s= f(2®, 2P,
then we can rewrite the interval ds as

0s 0s
— 22 dr> L 22 .8
ds &xf)‘dx +(9£Uﬁdx , (4)

by a definition of differential calculus, see [2, p. 946, (7)]. The squaring
of (4), give us

0s 2 Js Os 0s 2
2 _ a a Jé] Ié]
ds _<—(9x0‘dx ) +2—(9x0‘_8xﬁdx dx +<—8:Uﬁdx ) . (5)

On the other hand, in [1, p. 233, (84.4)], separating the space and
time coordinates, we have for the interval

ds? = g;;dz'da? + 2go;d2®dz’ + goo(da)?. (6)

Comparing term by term between (5) and (6), we can deduce that

0
%Sgdxﬂz V/goodz?, (7)
%%dxo‘dxﬂ = go;dx’dz’ (8)

and

2
(ﬁdxo‘> = gi;da’dad. 9)

xa



From (7), we obtain

0s da®
a7~ VIO g 1

Substituting the right hand side of (10) into the left hand side of
(8), we encounter

0s dz? :
T Rusadll alr-B— 4 403,17
@xo‘< Joo e ﬁ>dx dz” = go;dx”dx
Js  goi da’

0x®  \/goo dze’

We set the right hand side of (11) into the left hand side of (6),

(11)
=

and find
) 2
go; da’ ) S
——dz® | = g;;da’da’
( v/9oo dz 2 (12)
=dzl = dei.
gij goo

We put the right hand side of (12) in the right hand side of (6) and
encounter

\2
ds?= (gg(;z()) (dz*)? + 2go;dz’dz’ + goo(dx®)?. (13)

Let ds— 0 in (13), solve and obtain

di = —90q,0, (14)
goi

Obviously, substituting (14) into (12), we get

dad = —9% 4,0, (15)
Gij

The element dl of spatial distance is given by [1, p. 234]

di2 = (— gij + 2290 )dxidxﬂ' : (16)
goo
where
hij=—gi; + 90ig05
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From (14), (15) and (16), it follows that

a2 = ( oo+ 2000 )(dx% (17)
Gij
where
lij=—9goo+ gongj-
gij

this is the sought expression, which defines the element d/ of spatial
distance in terms of the time coordinate.

Now, we will derive a relation between the two tensors, h;; and ¢;;.
From (1), we find

0i90;
goo
900 goo 90igo;
gi] I gij( ’ goo ( )
=—Ygoo+ 900,
Gij

Replace the left hand side of (2) into the right hand side of (18)

goo gij
=—h;j=t;;= hij="1;; (19
gz’j J 7 doo )

3. ON A NEW TENSOR RELATED TO THE KRONECKER DELTA

Notice that, surely, from g%/g; =4}, we obtain

99 g1+ 9°° go1=01, 97 g0+ 9°° 900=0, g% gjo+ ¢°° goo=1,  (20)

see [1, p. 235, formulas (84.8)]. If we choice the two first equations
from (20), it becomes a system of equations

9" gjo+ 9" goo=0.

Assuming ¢ and ¢'° as variables and solving (21), we encounter
the solutions |
ij goo (SlZ

(22)
gj1 900 — dor gjo




and ,
gi0: gjo(sl . (23)
gorgdjo — gj1 900

Rearranging the terms of (22) and (23), and seeing that g;0= go;,

we find
goo
and
g g+ 202 ) g 2
4Joj
Hereinafter, we define the following tensors
goo
and
Zjl__90l+m_ (27)
90,

The tensor hj;; was studied by Landau and Lifshitz, in The Classical
Theory of Fields [1, p. 234ss|, and it is associated with the spatial
distance. The eminent physicist, Abraham Zelmanov, used the tensor
hj; in his theory of Chronometric Invariants |2, p. 14ss|. It is worth
noting that in the physical or mathematical literature there is no men-
tion of the tensor z;;.

Now, we will derive a relation between the two tensors, hj; and z;;.

From (27), we find

Zj1=—4gol+ 931 900
9oj;
_goo(  goigo;
90j<gjl goo ) (28)
__@<_ at goww)
Joj gdoo
Replace the left hand side of (26) into the right hand side of (8)
Zjl:_@hjl: hjl:_@zjl- (29)
Joj goo

4. CONCLUSION
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Now, it all boils down to looking for applications of these formulas,
presented in this paper.
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