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1) ∑
1

𝑘 
𝑁
𝑘=1  ≈ Ln(N) i.e. ∫

1

𝑥

𝑁

1
 dx = Ln(N) 

2) 𝐿𝑛 (𝐿𝑛(𝑁))  ≈ Ln(∑
1

𝑘 
𝑁
𝑘=1 )  

3) ∑
1

𝑘 
𝑁
𝑘=1   =  ∏

1

1− 
1

𝑝

𝑝≤𝑁   ; p – prime number  

4) 𝐿𝑛(𝐿𝑛(𝑁)) =  Ln (∏
1

1− 
1

𝑝

𝑝≤𝑁 ) = 

5) ∑ 𝐿𝑛(
1

1− 
1

𝑝

𝑁
𝑝≤𝑁  )  

6) Ln(
1

1−
1

𝑝

) = - Ln(1- 
1

 𝑝
) 

7) Solve ∫
𝑑𝑡

1−𝑡 

𝑥

0
  

8)  Let u = 1-t; du = -dt 

9) ∫
𝑑𝑡

1−𝑡 

𝑥

0
 = ∫

−𝑑𝑢

𝑢

1−𝑥

1
 = Ln(1) – Ln(1-x) = -Ln(1-x)  

10) 𝑥 =  
1

𝑝
  

11) 
1

1−𝑡
 = 1 + t +t² + t³ + …. + tʳ  as r →∞  geometric progression  

12) ∫
𝑑𝑡

1−𝑡 

1

𝑝

0
 = ∫ ( 

1

𝑝

0
1 +  t + t² +  t³ +  … . + tʳ ) dt =  

13) 
1

𝑝
 + 

1

2𝑝²
 + 

1

3𝑝³
 +…. + 

1

rtʳ
  ~  

1

𝑝
  

14) Ln(
1

1−
1

𝑝

) ≈
1

𝑝
  

15) Therefore ∑ 𝐿𝑛(
1

1− 
1

𝑝

𝑁
𝑝≤𝑁  )  ≈∑

1

𝑝𝑝≤𝑁    

16) And Ln(Ln(N)) ≈∑
1

𝑝𝑝≤𝑁    

17) Solve ∫
𝑑𝑡

𝑡𝐿𝑛(𝑡)

𝑁

𝑒
  

18)  Let u = Ln(t); du = 
𝑑𝑡

𝑡
 

19) ∫
𝑑𝑢

𝑢

𝐿𝑛(𝑁)

𝐿𝑛(𝑒)
 = Ln(u) = Ln(Ln(u)) = Ln(Ln(N)) – Ln(Ln(e)) = Ln(Ln(N)) – Ln(Ln((e)) = Ln(Ln(N)) 

20)  ∑
1

𝑝𝑝≤𝑁   ≈  Ln(Ln(N)) = ∫
𝑑𝑡

𝑡𝐿𝑛(𝑡)

𝑁

𝑒
  

21)   
1

𝑡𝐿𝑛(𝑡)
  is the probability density function of the sum of the reciprocals of prime numbers i.e. 

 ∑
1

𝑝𝑝≤𝑁  

22) ∫
𝑑𝑡

𝑡𝐿𝑛(𝑡)

100000

𝑒
 = 2.831 

 



 

23) The actual sum of the reciprocals of prime numbers up to (N = 100,000)  = 2.705 ( percentage 

difference of 4.66% 

24) If 
1

𝑡𝐿𝑛(𝑡)
 is the probability density function of the sum of the reciprocals of prime numbers then 

what is the probability density function of the actual sum of prime numbers? 

25) Let y = 
1

𝑥
 ( the reciprocal of the reciprocal i.e. p) 

26) pdfᵧdy = pdfᵪdx 

27) pdyᵧ = pdfᵪ|
𝑑𝑥

𝑑𝑦
| 

28) |
𝑑𝑦

𝑑𝑥
| = x¯² ; |

𝑑𝑥

𝑑𝑦
| = x²  

29) pdfᵧ ( sum of primes) = x² X  (
𝟏

𝒙𝑳𝒏(𝒙)
) = 

𝒙

𝑳𝒏(𝒙)
 

30) ∫
𝑥𝑑𝑥

𝐿𝑛(𝑥)

100000

𝑒
  = 455,059,956 ; ∑ 𝑝

𝑝<100000
2  = 454,495,540  

 

31) % difference is 0.124% ( very close) 

 

32) 
∫

𝑥𝑑𝑥

𝐿𝑛(𝑥)

𝑁

𝑒

∫
𝑑𝑥

𝐿𝑛(𝑥)

𝑁

𝑒

  is the approximate mean value of prime numbers between e and N for a probability 

density of function of 
1

𝐿𝑛(𝑥)
 

 

33) 
∑ 𝑝ᵢ

𝑝<𝑁
𝑒

∫
𝑑𝑥

ln (𝑥)

𝑁

𝑒

  ≈ mean value of prime numbers less than N 

 

34) 
∫

𝑥𝑑𝑥

𝐿𝑛(𝑥)

𝑁

𝑒

∫
𝑑𝑥

𝐿𝑛(𝑥)

𝑁

𝑒

  ≈  
∑ 𝑝ᵢ

𝑝<𝑁
𝑒

∫
𝑑𝑥

ln (𝑥)

𝑁

𝑒

  ≈ mean value of primes less than N 

 

35) ∫
𝑑𝑥

𝐿𝑛(𝑥)

𝑁

𝑒
 ≈ 

∑ 𝑝ᵢ
𝑝<𝑁
𝑒

𝑚𝑒𝑎𝑛 𝑝
  ≈ 

𝑁

ln (𝑁)
, which is the prime number theorem 
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