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Abstract

In this paper, four kinds of Z Transformations are used to get many laws of general solutions
of mth-order linear and nonlinear partial differential equations with n variables. Some general
solutions of first-order linear partial differential equations, which cannot be obtained by using
the characteristic equation method, can be solved by the Z Transformations. By comparing,
we find that the general solutions of some first-order partial differential equations got by the
characteristic equation method are not complete.
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Introduction

In recent years, some numerical methods have been developed to solve linear partial differ-
ential equations (PDEs), such as Finite integration method [1, 2], Bernoulli matrix method [3],
Chebyshev matrix method [4] and so on, the existence [5], uniqueness [6, 7] and stability [8] of
their solutions are also the focus of research.

In [9], we used new analytical methods to preliminarily study some laws of general solutions
of the mth-order linear PDEs with n variables. In this paper, we will use four kinds of Z Trans-
forms to further study the mth-order linear and nonlinear PDEs with n variables.

1. New principles and methods

∗E-mail address: honglaizhu@gmail.com
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In order to obtain the general solutions of PDEs in various orthogonal coordinate systems, we
proposed the concepts and laws of the independent variable transformational equations (IVTEs)
and the dependent variable transformational equations (DVTEs) in [9]. About the IVTEs, there
is an important new theorem:

Theorem 1. In the domain D, (D ⊂ Rn), if G (y1, y2, . . . yn, u, uy1 , uy2 . . . uyn , uy1y2 , uy1y3 . . .) =
0 is an arbitrary independent variable transformational equation of a mth-order PDE F (x1, x2 . . . xn,
u, ux1 , ux2 . . . uxn , ux1x2 , ux1x3 . . .) = 0, so
1.If F=0 is a linear PDE, then G=0 is an mth-order linear PDE.
2.If F=0 is a nonlinear PDE, then G=0 is an mth-order nonlinear PDE.

Proof. Since

uxi =

n∑
p=1

uyp
∂yp
∂xi

, (1)

uxixj =

n∑
p=1

uyp
∂2yp

∂xi∂xj
+

n∑
p=1

n∑
q=1

uypyq
∂yp
∂xi

∂yq
∂xj

, (2)

uxixjxk
=

n∑
p=1

uyp
∂3yp

∂xi∂xj∂xk
+

n∑
p=1

n∑
q=1

uypyq

(
∂2yp

∂xi∂xj

∂yq
∂xk

+
∂2yp

∂xi∂xk

∂yq
∂xj

+
∂yp
∂xi

∂2yq
∂xj∂xk

)

+

n∑
p=1

n∑
q=1

n∑
r=1

uypyqyr
∂yp
∂xi

∂yq
∂xj

∂yr
∂xk

,

(3)

· · ·

where i, j, k, p, q, r ∈ {1, 2, · · ·n}, namely uxi , uxixj , uxixjxk
· · · are linear relationship with uyp , uypyq ,

uypyqyr · · · , and the highest order of the partial derivatives on both sides of the equations are
equal. Therefore each linear term in F = 0 is transformed into a new linear term; every non-
linear term in F = 0 is transformed into a new nonlinear term; and the highest order of the
partial derivative of the dependent variable of each term is constant. So the independent variable
transformation not only does not change the linearity or non-linearity of the original PDEs, but
also does not change their order. Then Theorem 1 is proved. �

For the DVTEs, the specific lth-order transformation v = h(x1, · · ·xn, u, ux1 , · · ·uxn , ux1x2 , · · · )
may be linear or non-linear. For the linear transformation, each linear term of an mth-order
linear PDE is transformed into a new linear term, so a (l+m)th-order linear PDE will be trans-
formed. For an mth-order nonlinear PDE, each nonlinear term will transform a new nonlinear
term, normally it will be transformed a (l + m)th-order nonlinear PDE.

For the nonlinear transformation, an mth-order linear PDE is usually transformed into a
(l+m)th-order nonlinear PDE, an mth-order nonlinear PDE may be transformed into a (l+m)th-
order nonlinear PDE or a (l + m)th-order linear PDE.

In Rn whose independent variables are x1, x2, · · ·xn, if the solution of a PDE contains an
arbitrary function, the number of independent variables of the arbitrary function is generally
not equal to n, unless the essence of the PDE is 0 = 0, such as

uxi − uxi = 0. (4)

It is obvious that the general solution of Eq. (4) can be an arbitrary first differentiable function
with n variables, but this PDE has no practical meaning. We call a PDE whose essence is 0 = 0
a banal PDE , and a PDE whose nature is not 0 = 0 a non-banal PDE .
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For non-banal PDEs, we propose a conjecture:

Conjecture 1. In Rn,(n ≥ 2), if the solution of a non-banal PDE contains an arbitrary
function, the number l of independent variables of the arbitrary function satisfies 1 ≤ l ≤ n− 1.

In [10], we presented Z1 − Z3 transformations with the following contents.

Z1 Transformation. In the domain D, (D ⊂ Rn), any established mth-order PDE with n space
variables F (x1, · · ·xn, u, ux1 , · · ·uxn , ux1x2 , · · · ) = 0, set yi = yi(x1, · · ·xn) and u = f(y1, · · · yl)
are both undetermined mth-differentiable functions (u, yi ∈ Cm(D), 1 ≤ i ≤ l ≤ n), y1, y2 · · · yl
are independent of each other, then substitute u = f(y1, · · · yl) and its partial derivatives into
F = 0,
1. In case of working out yi = yi(x1, · · ·xn) and f(y1, · · · yl), then u = f(y1, · · · yl) is the solution
of F = 0,
2. In case of dividing out u = f(y1, · · · yl) and its partial derivative, also working out yi =
yi(x1, · · ·xn), then u = f(y1, · · · yl) is the solution of F = 0, and f is an arbitrary mth-
differentiable function,
3. In case of dividing out u = f(y1, · · · yl) and its partial derivative, also getting k = 0, but
in fact k 6= 0, then u = f(y1, · · · yl) is not the solution of F = 0, and f is an arbitrary mth-
differentiable function.

Z2 Transformation. In the domain D, (D ⊂ Rn), any established mth-order PDE with n
space variables F (x1, · · ·xn, u, ux1 , · · ·uxn , ux1x2 , · · · ) = 0, set yi = yi(x1, · · ·xn) known and
u = f(y1, · · · yl) undetermined (u, yi ∈ Cm(D), 1 ≤ i ≤ l ≤ n), y1, y2, · · · yl are independent of
each other, then substitute u = f(y1, · · · yl) and its partial derivatives into F = 0
1. In case of working out f(y1, · · · yl), then u = f(y1, . . . yl) is the solution of F = 0,
2. In case of dividing out u = f(y1, . . . yl) and its partial derivative, also getting 0 = 0, then
u = f(y1, · · · yl) is the solution of F = 0, and f is an arbitrary mth-differentiable function,
3. In case of dividing out u = f(y1, · · · yl) and its partial derivative, also getting k = 0, but
in fact k 6= 0, then u = f(y1, · · · yl) is not the solution of F = 0, and f is an arbitrary mth-
differentiable function.

Z3 Transformation. In the domain D, (D ⊂ Rn), any established mth-order PDE with n
space variables F (x1, · · ·xn, u, ux1 , · · ·uxn , ux1x2 , · · · ) = 0, setting g(x1, · · ·xn), h(y1, · · · yl) and
yi = yi(x1, · · ·xn) are all undetermined function, y1, y2, · · · yl are independent of each other,
(g, h, yi ∈ Cm(D), 1 ≤ i ≤ l ≤ n), then substitute u = gh(y1, · · · yl) and its partial derivatives
into F = 0,
1. In case of working out h, g and yi, then u = gh(y1, · · · yl) is the solution of F = 0,
2. In case of dividing out h and its partial derivative, also working out g and yi, then u =
gh(y1, · · · yl) is the solution of F = 0, and h is an arbitrary mth-differentiable function,
3. In case of getting k = 0, but in fact k 6= 0, then u = gh(y1, · · · yl) is not the solution of F = 0.

In order to obtain general solutions or exact solutions of some PDEs, we further propose Z4

transformation.

Z4 Transformation. In the domain D, (D ⊂ Rn), any established mth-order PDE with n space
variables F (x1, · · ·xn, u, ux1 , · · ·uxn , ux1x2 , · · · ) = 0, set yi = yi(x1, · · ·xk, u) and f(y1, y2, · · · yk,
xk+1, xk+2, · · ·xn) are both undetermined mth-differentiable functions (f, yi ∈ Cm(D), 1 ≤ i ≤
k ≤ n), y1, y2, · · · yk are independent of each other, and set f(y1, y2, · · · yk, xk+1, xk+2, · · ·xn) = 0,
then substitute u, ux1 , · · ·uxn , ux1x2 , · · · into F = 0
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1. In case of working out yi = yi(x1, · · ·xk, u) and f(y1, y2, · · · yk, xk+1, xk+2, · · ·xn), then
f(y1, y2, · · · yk, xk+1, xk+2, · · ·xn) = 0 is the solution of F = 0,
2. In case of dividing out all the partial derivatives of f(y1, y2, · · · yk, xk+1, xk+2, · · ·xn), also
working out yi = yi(x1, · · ·xk, u), then f(y1, y2, · · · yk, xk+1, xk+2, · · ·xn) = 0 is the solution of
F = 0, and f is an arbitrary mth-differentiable function,
3. In case of dividing out all the partial derivatives of f(y1, y2, · · · yk, xk+1, xk+2, · · ·xn), also
getting k = 0, but in fact k 6= 0, then f(y1, y2, · · · yk, xk+1, xk+2, · · ·xn) = 0 is not the solution
of F = 0, and f is an arbitrary mth-differentiable function.

In Z4 Transformation, yi = yi(x1, · · ·xk, u) and f(y1, · · · yk, xk+1, · · ·xn) are both undeter-
mined, yi(x1, · · ·xk, u) may be an unknown function completely or has a determinate form with
unknown constants, the solution of f(y1, · · · yk, xk+1, · · ·xn) may be an arbitrary or a certain
mth-differentiable function, the solution of yi and f may not be single, etc., which are determined
by the PDE and the specific solving process.

According to yi = yi(x1, · · ·xk, u) and f(y1, · · · yk, xk+1, · · ·xn) = 0, we get

fxi =

l∑
j=1

fyj

(
yjxi

+ yjuuxi

)
= 0,

fxixk
=

l∑
j=1

(fyj (yjxixk
+ yjxiu

uxk
+ yjuuxixk

+ yjuuuxiuxk
+ yjuxk

uxi)

+ yjxi
+ yjuuxi)

l∑
s=1

fyjys(ysxk
+ ysuuxk

)) = 0

So

uxi = −
∑l

j=1 fyjyjxi∑l
j=1 fyjyju

, (5)

uxixk
=

1∑l
j=1 fyjyju

(−
l∑

j=1

fyjyjxixk
+

∑l
j=1 fyjyjxk∑l
j=1 fyjyju

l∑
j=1

fyjyjxiu

−
∑l

j=1 fyjyjxi∑l
j=1 fyjyju

∑l
j=1 fyjyjxk∑l
j=1 fyjyju

l∑
j=1

fyjyjuu +

∑l
j=1 fyjyjxi∑l
j=1 fyjyju

l∑
j=1

fyjyjuxk

−
l∑

j=1

((yjxi
− yju

∑l
j=1 fyjyjxi∑l
j=1 fyjyju

)
l∑

s=1

fyjysysxk

−
∑l

j=1 fyjyjxk∑l
j=1 fyjyju

(yjxi
− yju

∑l
j=1 fyjyjxi∑l
j=1 fyjyju

)

l∑
s=1

fyjysysu))

(6)

uxixk
=

1∑l
j=1 fyjyju

(−
l∑

j=1

fyjyjxixk
+ 2

∑l
j=1 fyjyjxk∑l
j=1 fyjyju

l∑
j=1

fyjyjxiu
−

(∑l
j=1 fyjyjxi∑l
j=1 fyjyju

)2 l∑
j=1

fyjyjuu

−
l∑

j=1

((yjxi
− yju

∑l
j=1 fyjyjxi∑l
j=1 fyjyju

)
l∑

s=1

fyjysysxi

−
∑l

j=1 fyjyjxi∑l
j=1 fyjyju

(yjxi
− yju

∑l
j=1 fyjyjxi∑l
j=1 fyjyju

)
l∑

s=1

fyjysysu))

(7)
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By Eqs. (5-7), we can preliminarily judge that using Z4 transformation to solve the first
order PDEs may be convenient, and to solve the second order or greater than the second order
PDEs may encounter difficulties.

2. General solutions’ laws of partial differential equations with variable coefficients

2.1. General solutions’ laws of linear PDEs with variable coefficients

In this section, if there is no special interpretation, the acquiescent independent variables of
Rn are x1, x2, · · ·xn. ai = ai(x1, · · ·xk), aji = aji(x1, · · ·xk), ai1i2···ik = ai1i2···ik(x1, · · ·xk), bi =
bi(x1, · · ·xk) , and bji = bji (x1, . . . xk) are arbitrary known functions. yi = yi (x1, . . . xk) , Dxi ≡
∂
∂xi

. ci and cji are arbitrary constants, f and fi are arbitrary smooth functions.(i, j = 1, 2, · · · ), (1 ≤
k ≤ n)

Proposition 1. In Rn, if the exact solutions u = yi (x1, . . . xk) of Eq. (8), which are inde-
pendent of each other, are known, (1 ≤ i ≤ l ≤ k − 1),

a1ux1 + a2ux2 + . . . + akuxk
= 0, (8)

then the general solution of Eq. (8) is

u = f (y1, y2, . . . yl, xk+1, xk+2, . . . xn) . (9)

Prove. By Z1 Transformation, set u (x1, . . . xn) = f (y1, y2, . . . yl, xk+1, xk+2, . . . xn), then

a1ux1 + a2ux2 + . . . + akuxk

= a1
(
fy1y1x1

+ fy2y2x1
+ . . . + fylylx1

)
+ a2

(
fy1y1x2

+ fy2y2x2
+ . . . + fylylx2

)
+ . . .

+ ak
(
fy1y1xk

+ fy2y2xk
+ . . . + fylylxk

)
= fy1

(
a1y1x1

+ a2y1x2
+ . . . + aky1xk

)
+ fy2

(
a1y2x1

+ a2y2x2
+ . . . + aky2xk

)
+ . . .

+ fyl
(
a1ylx1

+ a2ylx2
+ . . . + akylxk

)
= 0.

Since a1yix1
+a2yix2

+. . .+akyixk
= 0, (1 ≤ i ≤ l ≤ k − 1), the above equation is correct eternally.

So Proposition 1 is proved. According to the characteristic equation method and Conjecture 1
we can know: Usually l = k − 1. �

According to Proposition 1, if the exact solutions u = yi(x1, · · ·xn) of a1ux1 + a2ux2 + · · ·+
anuxn = 0, which are independent of each other, are known, (1 ≤ i ≤ l ≤ n−1), then its general
solution is u = f(y1, y2, · · · yl).

Proposition 2. In Rn, if the general solution u = f (y1, y2, . . . yl, xk+1, xk+2, . . . xn) of (b1Dx1 +
b2Dx2 + . . . + bkDxk

)u = 0 is known, then

(b1Dx1 + b2Dx2 + . . . + bkDxk
)2u = 0 (10)

The general solution of Eq. (10) is

u = f1 (y1, . . . yl, xk+1, . . . xn) + (c1x1 + c2x2 + . . . + ckxk) f2 (y1, . . . yl, xk+1, . . . xn) . (11)

Prove. Because the general solution u = f (y1, y2, . . . yl, xk+1, xk+2, . . . xn) of (b1Dx1 + b2Dx2 +
. . .+bkDxk

)u = 0 is known, apparently u = f (y1, y2, . . . yl, xk+1, xk+2, . . . xn) is also the solution
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of (b1Dx1 + b2Dx2 + . . . + bkDxk
)2u = 0, setting u = g(x1, · · ·xk)f = csxsf is the solution of

(b1Dx1 + b2Dx2 + . . . + bkDxk
)2u = 0 too, that is g(x1, · · ·xk) = csxs, and cs are arbitrary

constants, (s = 1, 2, · · · k), then

(b1Dx1 + b2Dx2 + . . . + bkDxk
)2u =

 k∑
i=1

b2iD
2
xi

+ 2
∑
i<j

bibjDxiDxj

 (gf)

=

k∑
i=1

b2i (gxixif + 2gxifxi + gfxixi) + 2
∑
i<j

bibj
(
gxixjf + gxifxj + gxjfxi + gfxixj

)

= g

 k∑
i=1

b2i fxixi + 2
∑
i<j

bibjfxixj

+ f

 k∑
i=1

b2i gxixi + 2
∑
i<j

bibjgxixj

+ 2

k∑
i=1

b2i gxifxi

+ 2
∑
i<j

bibj
(
gxifxj + gxjfxi

)
= 2

k∑
i=1

b2i gxifxi + 2
∑
i<j

bibjgxifxj + 2
∑
i<j

bibjgxjfxi

= 2b2scsfxs + 2csbs
∑
s<j

bjfxj + 2csbs
∑
i<s

bifxi = 2csbs

k∑
i=1

bifxi = 0.

That u = csxsf is the solution of (b1Dx1 + b2Dx2 + . . . + bkDxk
)2u = 0 is proved. So its general

solution is (11). �

According to Proposition 2, we present a conjecture.

Conjecture 2. In Rn, if the general solution u = f(y1, y2, · · · yl, xk+1, xk+2, · · ·xn) of (b1Dx1 +
b2Dx2 + · · ·+ bkDxk

)u = 0 is known, then the general solution of

(b1Dx1 + b2Dx2 + . . . + bkDxk
)mu = 0 (12)

is

u =

m∑
j=1

(cj1x1 + cj2x2 + . . . + cjkxk)j−1fj (y1, . . . yl, xk+1, . . . xn) . (13)

Theoretically Conjecture 2 can be proved by mathematical induction, we shall not analyse
it further.

In Rn, for the mth-order linear PDE with variable coefficients∑
i1+i2+...+ik=m

ai1i2...iku
(i1i2...ik)
x1x2...xk

= 0, (14)

where ij are natural number, 1 ≤ j ≤ k ≤ n, If Eq. (14) can be translated into

(b11Dx1 + b12Dx2 + . . . + b1kDxk
)(b21Dx1 + b22Dx2 + . . . + b2kDxk

) . . . (bm1Dx1 + bm2Dx2 + . . .

+ bmk
Dxk

)u = 0.
(15)

For

(bj1Dx1 + bj2Dx2 + . . . + bjkDxk
)u = bj1ux1 + bj2ux2 + . . .+ bjkuxk

= 0 , (j = 1, 2, . . .m) . (16)
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If the particular solutions u = yjs(x1, · · ·xk) of Eq. (16), which are independent of each other,
are all known, (1 ≤ s ≤ lj), by Proposition 1 the general solution of Eq. (14) is

u =
m∑
j=1

fj

(
yj1 , yj2 , . . . yjlj , xk+1, xk+2, . . . xn

)
. (17)

If Eq. (14) can be translated into:

q∏
j=1

(bj1Dx1 + bj2Dx2 + . . . + bjkDxk
)pju = 0, (18)

where
q∑

j=1
pj = m, its general solution of conjecture may be written by Conjecture 2.

Proposition 3. In Rn, if the particular solution g = g(x1, · · ·xk) of a1gx1 + a2gx2 + · · · +
akgxk

+ ak+1g = 0 and the exact solutions u = yi(x1, · · ·xk) of a1ux1 + a2ux2 + · · ·+ akuxk
= 0,

which are independent of each other, are all known, (1 ≤ i ≤ l ≤ k − 1), then

a1ux1 + a2ux2 + . . . + akuxk
+ ak+1u = 0, (19)

then the general solution of Eq. (19) is

u = g (x1, . . . xk) f (y1, . . . yl, xk+1, . . . xn) , (20)

Prove. By Z3 Transformation, set u = g (x1, . . . xk) f (y1, . . . yl, xk+1, . . . xn), then

a1ux1 + a2ux2 + . . . + akuxk
+ ak+1u

= a1

(
fgx1 + g

l∑
i=1

fyiyix1

)
+ a2

(
fgx2 + g

l∑
i=1

fyiyix2

)
+ . . . + ak

(
fgxk

+ g

l∑
i=1

fyiyixk

)
+ ak+1gf

= f (a1gx1 + a2gx2 + . . . + akgxk
+ ak+1g) + g

l∑
i=1

fyi
(
a1yix1

+ a2yix2
+ . . . + akyixk

)
= 0

Since a1gx1 + a2gx2 + . . .+ akgxk
+ ak+1g = 0 and a1yix1

+ a2yix2
+ . . .+ akyixk

= 0. The above
equation is correct eternally, so Proposition 3 is proved. �

Proposition 4. In Rn, if the general solution u = g(x1, · · ·xk)f(y1, · · · yl, xk+1, · · ·xn) of
(b1Dx1 + b2Dx2 + . . . + bkDxk

+ bk+1)u = 0 is known, then

(b1Dx1 + b2Dx2 + . . . + bkDxk
+ bk+1)

2u = 0 (21)

The general solution of Eq. (21) is

u = g (x1, . . . xk) (f1 (y1, . . . yl, xk+1, . . . xn) + (c1x1 + c2x2 + . . . + ckxk) f2 (y1, . . . yl, xk+1, . . . xn)) .
(22)

Prove. Because the general solution u = g(x1, · · ·xk)f(y1, · · · yl, xk+1, · · ·xn) of (b1Dx1+b2Dx2+
· · · + bkDxk

+ bk+1)u = 0 is known, apparently u = g(x1, · · ·xk)f(y1, · · · yl, xk+1, · · ·xn) is also
the solution of (b1Dx1 + b2Dx2 + . . . + bkDxk

+ bk+1)
2u = 0, setting

u = ht = csxsg (x1, . . . xk) f (y1, . . . yl, xk+1, . . . xn) , (1 ≤ s ≤ k) , (23)
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where h = csxs, t = g(x1, · · ·xk)f(y1, · · · yl, xk+1, · · ·xn), and cs are arbitrary constants. Assum-
ing (23) is a solution of (21), then

(b1Dx1 + b2Dx2 + . . . + bkDxk
+ bk+1)

2u

=

 k∑
i=1

b2iD
2
xi

+ b2k+1 + 2
∑

1≤i<j≤k

bibjDxiDxj + 2bk+1

k∑
i=1

biDxi

 (ht)

=

k∑
i=1

b2i (hxixit + 2hxitxi + htxixi) + b2k+1ht

+ 2
∑

1≤i<j≤k

bibj
(
hxixj t + hxitxj + hxj txi + htxixj

)
+ 2bk+1

k∑
i=1

bi (hxit + htxi)

= h

 k∑
i=1

b2i txixi + b2k+1t + 2
∑

1≤i<j≤k

bibjtxixj + 2bk+1

k∑
i=1

bitxi

+ t

k∑
i=1

b2ihxixi

+ 2
k∑

i=1

b2ihxitxi + 2t
∑

1≤i<j≤k

bibjhxixj + 2
∑

1≤i<j≤k

bibjhxitxj + 2
∑

1≤i<j≤k

bibjhxj txi

+ 2bk+1t

k∑
i=1

bihxi

= 2
k∑

i=1

b2ihxitxi + 2
∑

1≤i<j≤k

bibjhxitxj + 2
∑

1≤i<j≤k

bibjhxj txi + 2bk+1t
k∑

i=1

bihxi

= 2b2shxstxs + 2bshxs

∑
1≤s<j≤k

bjtxj + 2bshxs

∑
1≤i<s≤k

bitxi + 2bk+1bshxst

= 2bshxs

k∑
i=1

bitxi + 2bk+1bshxst = 2bshxs

(
k∑

i=1

bitxi + bk+1t

)
= 0.

That (23) is a solution of (21) is proved. So its general solution is (22). �

According to Proposition 4, we present Conjecture 3.

Conjecture 3. In Rn, if the general solution u = g(x1, · · ·xk)f(y1, · · · yl, xk+1, · · ·xn) of
(b1Dx1 + b2Dx2 + · · ·+ bkDxk

+ bk+1)u = 0 is known, then the general solution of

(b1Dx1 + b2Dx2 + . . . + bkDxk
+ bk+1)

mu = 0 (24)

is

u = g (x1, . . . xk)

m∑
j=1

(cj1x1 + cj2x2 + . . . + cjnxn)j−1fj (y1, . . . yl, xk+1, . . . xn) , (m ≥ 2) . (25)

In Rn, for the mth-order linear PDE with variable coefficients∑
0≤i1+i2+...+ik≤m

ai1i2...iku
(i1i2...ik)
x1x2...xk

= 0, (26)

where ij are natural number, 1 ≤ j ≤ k ≤ n. If Eq. (26) can be translated into(
b11Dx1 + b12Dx2 + . . . + b1kDxk

+ b1k+1

) (
b21Dx1 + b22Dx2 + . . . + b2kDxk

+ b2k+1

)
. . .(

bm1Dx1 + bm2Dx2 + . . . + bmk
Dxk

+ bmk+1

)
u = 0.

(27)
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If the particular solution u = gj(x1, · · ·xk) of (bj1Dx1 + bj2Dx2 + · · · + bjkDxk
+ bjk+1

)u = 0
and the exact solutions u = yjs(x1, · · ·xk) of (bj1Dx1 + bj2Dx2 + · · · + bjkDxk

)u = 0, which are
independent of each other, are all known, (1 ≤ j ≤ m, 1 ≤ s ≤ lj), by Proposition 3 the general
solution of Eq. (26) is

u (x1, . . . xn) =

m∑
j=1

(
gj (x1, . . . xk) fj

(
yj1 , yj2 , . . . yjlj , xk+1, xk+2, . . . xn

))
. (28)

If Eq. (26) can be translated into:

q∏
j=1

(
bj1Dx1 + bj2Dx2 + . . . + bjnDxn + bjn+1

)pju = 0, (29)

where
q∑

j=1
pj = m, its general solution of conjecture may be written by Conjecture 3.

In Rn, for the mth-order linear PDE with variable coefficients∑
0≤i1+i2+...+ik≤m

ai1i2...iku
(i1i2...ik)
x1x2...xk

= A (x1, x2, . . . xn) , (30)

where A(x1, x2, · · ·xn) is an arbitrary known function. In general, we need to solve the particular
solution of (30) first, and then use the general solution of its homogeneous equation to obtain its
general solution. For some PDEs, we can get the general solution by Z Transformation directly,
such as

Proposition 5. In Rn, if the particular solutions u = yi(x1, · · ·xk) of a1ux1 + a2ux2 + · · · +
akuxk

= 0 are all known, (1 ≤ i ≤ k − 1), then

a1ux1 + a2ux2 + . . . + akuxk
+ ak+1 = 0, (31)

the general solution of Eq. (31) is

u = f (y1, . . . yk−1, xk+1, . . . xn) +

∫
ak+1 (y1, . . . yk, xk+1, . . . xn) dyk
a1ykx1 + a2ykx2 + . . . + akykxk

, (32)

where y1, y2, · · · yk are independent of each other, and xj = xj(y1, y2, · · · yk) can be solved,
(1 ≤ j ≤ k).

Prove. By Z1 Transformation, set u(x1, x2, · · ·xn) = u(y1, y2, · · · yk, xk+1, xk+2, · · ·xn) and
ai(x1, x2, · · ·xn) = ai(y1, y2, · · · yk, xk+1, xk+2, · · ·xn), where yt = yt(x1, x2, · · ·xk), (t = 1, 2, · · · k),
and y1, y2, · · · yk are independent of each other, then

a1ux1 + a2ux2 + . . . + akuxk
+ ak+1 = a1

k∑
t=1

ytx1uyt + a2

k∑
t=1

ytx2uyt + . . . + ak

k∑
t=1

ytxkuyt + ak+1

=
(
a1y1x1 + a2y1x2 + . . . + aky1xk

)
uy1 +

(
a1y2x1 + a2y2x2 + . . . + aky2xk

)
uy2 + . . .

+
(
a1ykx1 + a2ykx2 + . . . + akykxk

)
uyk + ak+1 = 0.

(33)
If the particular solutions u = yi(x1, · · ·xk) of a1ux1 + a2ux2 + · · · + akuxk

= 0 are all known
(1 ≤ i ≤ k − 1), then Eq. (33) can be translated into(

a1ykx1 + a2ykx2 + . . . + akykxk

)
uyk + ak+1 = 0. (34)
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A particular solution of Eq. (34) is

u =

∫
ak+1 (y1, . . . yk, xk+1, . . . xn) dyk
a1ykx1 + a2ykx2 + . . . + akykxk

. (35)

To compute (35) we need to find a first differentiable yk = yk(x1, x2, · · ·xk) and make y1, y2, · · · yk
independent of each other, and can solve xj = xj(y1, y2, · · · yk), then the general solution of (31)
is (32). So the proposition is proved. �

Proposition 6. In Rn, if the particular solutions yi = yi(x1, x2, · · ·xk, u) of a1yx1 + a2yx2 +
· · ·+ akyxk

− ak+1yu = 0, which are independent of each other, are all known, (1 ≤ i ≤ k ≤ n),
then

a1ux1 + a2ux2 + . . . + akuxk
+ ak+1 = 0, (36)

the general solution of Eq. (36) is

f (y1, y2, . . . yk, xk+1, xk+2, . . . xn) = 0, (37)

where aj = aj(x1, x2, · · ·xk, u) are arbitrary known functions (1 ≤ j ≤ k + 1).

Prove. By Z4 Transformation, set f(y1, y2, · · · yk, xk+1, xk+2, · · ·xn) = 0 and

yi = yi (x1, x2, . . . xk, u) , (1 ≤ i ≤ k ≤ n) (38)

y1, y2, · · · yk are independent of each other. According to (5), we get

a1ux1 + a2ux2 + . . . + akuxk
+ ak+1

= −a1
∑k

i=1 fyiyix1∑k
i=1 fyiyiu

− a2

∑k
i=1 fyiyix2∑k
i=1 fyiyiu

− . . .− ak

∑k
i=1 fyiyixk∑k
i=1 fyiyiu

+ ak+1 = 0

=⇒ a1

k∑
i=1

fyiyix1
+ a2

k∑
i=1

fyiyix2
+ . . . + ak

k∑
i=1

fyiyixk
− ak+1

k∑
i=1

fyiyiu

=
(
a1y1x1

+ a2y1x2
+ . . . + aky1xk

− ak+1y1u
)
fy1

+
(
a1y2x1

+ a2y2x2
+ . . . + aky2xk

− ak+1y2u
)
fy2 + . . .

+
(
a1ykx1

+ a2ykx2
+ . . . + akykxk

− ak+1yku
)
fyk = 0.

Set
a1yix1

+ a2yix2
+ . . . + akyixk

− ak+1yiu = 0, (i = 1, 2, . . . k) . (39)

For
a1yx1 + a2yx2 + . . . + akyxk

− ak+1yu = 0. (40)

If the particular solutions yi = yi(x1, x2, · · ·xk, u) of (40), which are independent of each other,
are all known, then the general solution of (36) is (37). So the proposition is proved. �

2.2. General solutions’ laws of some nonlinear partial differential equations with
variable coefficients

Methods for solving exact solutions of nonlinear PDEs are complex and diverse, such as
homogeneous balance method [11-13], multiple exp-function method [14,15], tanh-sech method
[16-18] and so on. For certain seemingly complex nonlinear PDEs, we can obtain their general
solution by using algebraic algorithm and some conclusions in the previous section. For example,
according to Proposition 1 we can get Proposition 7 directly:
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Proposition 7. In Rn, if the general solutions u = fi(yi1 , yi2 , · · · yili , xk+1, xk+2, · · ·xn) of
ai1ux1 + ai2ux2 + · · ·+ aikuxk

= 0 are known, (1 ≤ i ≤ m, 1 ≤ li ≤ k − 1), then

(a11ux1 + a12ux2 + . . . + a1kuxk
)c1(a21ux1 + a22ux2 + . . . + a2kuxk

)c2 . . .

(am1ux1 + am2ux2 + . . . + amk
uxk

)cm = 0,
(41)

the general solution of Eq. (41) is

m∏
i=1

(
u− fi

(
yi1 , yi2 , . . . yili , xk+1, xk+2, . . . xn

))
= 0. (42)

According to Proposition 3 we can obtain directly Proposition 8:

Proposition 8. In Rn, if the general solutions u = gi (x1, . . . xk) fi

(
yi1 , yi2 , . . . yili , xk+1, xk+2, . . . xn

)
of ai1ux1 + ai2ux2 + · · ·+ aikuxk

+ aik+1
u = 0 are known, (1 ≤ i ≤ m, 1 ≤ li ≤ k − 1), then(

a11ux1 + a12ux2 + . . . + a1kuxk
+ aik+1

u
)c1(a21ux1 + a22ux2 + . . . + a2kuxk

+ a2k+1
u
)c2

. . .
(
am1ux1 + am2ux2 + . . . + amk

uxk
+ amk+1

u
)cm = 0,

(43)

the general solution of Eq. (43) is

m∏
i=1

(
u− gi (x1, . . . xk) fi

(
yi1 , yi2 , . . . yili , xk+1, xk+2, . . . xn

))
= 0. (44)

According to Proposition 6 we can get directly Proposition 9:

Proposition 9. In Rn, if the general solutions fi(yi1 , yi2 , · · · yik , xk+1, xk+2, · · ·xn) = 0 of
ai1ux1 + ai2ux2 + · · · + aikuxk

+ aik+1
= 0 are known, where aij = aij (x1, x2, · · ·xk, u) are arbi-

trary known functions (1 ≤ i ≤ m, 1 ≤ j ≤ k + 1), then(
a11ux1 + a12ux2 + . . . + a1kuxk

+ aik+1

)c1(a21ux1 + a22ux2 + . . . + a2kuxk
+ a2k+1

)c2
. . .
(
am1ux1 + am2ux2 + . . . + amk

uxk
+ amk+1

)cm = 0,
(45)

the general solution of Eq. (45) is

m∏
i=1

fi (yi1 , yi2 , . . . yik , xk+1, xk+2, . . . xn) = 0. (46)

3. General solutions laws of partial differential equations with constant coefficients

Here we will research the general solutions’ laws of PDEs with constant coefficients, which
are the special cases of PDEs with variable coefficients. In this section, if there is no special inter-
pretation, the acquiescent independent variables of Rn are x1, x2, · · ·xn, (2 ≤ k ≤ n), Dxi ≡ ∂

∂xi
.

ai, bi, bij and ai1i2···in are arbitrary known constants, ci, cij , cisj , li and lji are arbitrary constants,
f and fi are arbitrary smooth functions (i, j, s = 1, 2, · · · ).

Proposition 10. In Rn,

a1ux1 + a2ux2 + . . . + akuxk
= A (x1, x2, . . . xn) , (2 ≤ k ≤ n) , (47)
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the general solution of Eq. (47) is

u = f (y1, y2, . . . yk−1, xk+1, xk+2, . . . xn) +

∫
A (y1, y2, . . . yk, xk+1, xk+2, . . . xn) dyk

a1ck1 + a2ck2 + . . . + akckk
, (48)

where
yi = ci1x1 + ci2x2 + . . . + cikxk, (1 ≤ i ≤ k) , (49)

∂ (y1, y2, . . . yk, xk+1, xk+2, . . . xn)

∂ (x1, x2, . . . xn)
=

∂ (y1, y2, . . . yk)

∂ (x1, x2, . . . xk)
6= 0, (50)

ci1 =
−a2ci2 − a3ci3 − . . .− akcik

a1
, (1 ≤ i ≤ k − 1) . (51)

Prove. According to Z1 Transformation, set u (x1, x2, . . . xn) = u (y1, y2, . . . yk, xk+1, xk+2, . . . xn),
A (x1, x2, . . . xn) = A (y1, y2, . . . yk, xk+1, xk+2, . . . xn) and

y1 = c11x1 + c12x2 + . . . + c1kxk

y2 = c21x1 + c22x2 + . . . + c2kxk,

· · ·
yk = ck1x1 + ck2x2 + . . . + ckkxk

(52)

and
∂ (y1, y2, . . . yk)

∂ (x1, x2, . . . xk)
6= 0, (50)

where cij are undetermined constants. According to (50, 52), xi = xi(y1, y2, · · · yk) always has a
unique solution (1 ≤ i, j ≤ k). So

a1ux1 + a2ux2 + . . . + akuxk
= a1

k∑
i=1

ci1uyi + a2

k∑
i=1

ci2uyi + . . . + ak

k∑
i=1

cikuyi

= (a1c11 + a2c12 + . . . + akc1k)uy1 + (a1c21 + a2c22 + . . . + akc2k)uy2 + . . .

+ (a1ck1 + a2ck2 + . . . + akckk)uyk .

Set

a1c11+a2c12+. . .+akc1k = a1c21+a2c22+. . .+akc2k = a1c(k−1)1+a2c(k−1)2+. . .+akc(k−1)k = 0.

We obtain

ci1 =
−a2ci2 − a3ci3 − . . .− akcik

a1
, (1 ≤ i ≤ k − 1) . (51)

Then

a1ux1+a2ux2+. . .+akuxk
= (a1ck1 + a2ck2 + . . . + akckk)uyk = A (y1, y2, . . . yk, xk+1, xk+2, . . . xn) .

(52)

The particular solution of (52) is u =
∫
A(y1,y2,...yk,xk+1,xk+2,...xn)dyk

a1ck1+a2ck2+...+akckk
, so the general solution of

Eq. (47) is (48). �

According to Proposition 10, in Rn,

a1ux1 + a2ux2 + . . . + anuxn = A (x1, x2, . . . xn) , (53)
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the general solution of Eq. (53) is

u = f (y1, y2, . . . yn−1) +

∫
A (y1, y2, . . . yn) dyn

a1cn1 + a2cn2 + . . . + ancnn
, (54)

where
yi = ci1x1 + ci2x2 + . . . + cinxn, (55)

ci1 =
−a2ci2 − a3ci3 − . . .− akcik

a1
, (1 ≤ i ≤ n− 1) . (56)

According to Proposition 10 we can get Proposition 11:

Proposition 11. In Rn,
a1ux1 + a2ux2 + . . . + akuxk

= 0, (57)

the general solution of Eq. (57) is

u = f (y1, y2, . . . yk−1, xk+1, xk+2, . . . xn) , (58)

where yi satisfy (49-51).

The proof of Proposition 11 is not complicated, the readers can try it.

According to Proposition 2 and 11, we can get directly Proposition 12:

Proposition 12. In Rn, if the general solution u = f (y1, y2, . . . yk−1, xk+1, xk+2, . . . xn) of
(b1Dx1 + b2Dx2 + . . . + bkDxk

)u = 0 is known, yi = yi (x1, . . . xk) , ( i = 1, 2, . . . k − 1), then

(b1Dx1 + b2Dx2 + . . . + bkDxk
)2u = 0 (59)

the general solution of Eq. (59) is

u = f1 (y1, . . . yk−1, xk+1, . . . xn) + (c1x1 + c2x2 + . . . + ckxk) f2 (y1, . . . yk−1, xk+1, . . . xn) . (60)

According to Conjecture 2, we may present Conjecture 4:

Conjecture 4. In Rn, if the general solution u = f(y1, · · · yk−1, xk+1, · · ·xn) of (b1Dx1 +
b2Dx2 + · · ·+ bkDxk

)u = 0 is known, then the general solution of

(b1Dx1 + b2Dx2 + . . . + bkDxk
)mu = 0 (61)

is

u =
m∑
i=1

(ci1x1 + ci2x2 + . . . + cikxk)i−1fi (y1, . . . yk−1, xk+1, . . . xn) . (62)

In Rn, for the mth-order linear PDE with constant coefficients∑
i1+i2+...+ik=m

ai1i2...iku
(i1i2...ik)
x1x2...xk

= 0, (63)
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where ij are natural number, 1 ≤ j ≤ k ≤ n. If Eq. (63) can be translated into

(b11Dx1 + b12Dx2 + . . . + b1kDxk
) (b21Dx1 + b22Dx2 + . . . + b2kDxk

)

. . . (bm1Dx1 + bm2Dx2 + . . . + bmk
Dxk

)u = 0.
(64)

According to Proposition 11, we can get the general solution of Eq. (63) is

u =
m∑
r=1

fr
(
yr1 , yr2 , . . . yrk−1

, xk+1, . . . xn
)
, (1 ≤ r ≤ m) , (65)

where
yrs = crs1x1 + crs2x2 + . . . + crskxk, (1 ≤ s ≤ k − 1) , (66)

crs1 =
−bs2crs1 − bs3crs2 − . . .− bskcrsk

bs1
. (67)

If Eq. (63) can be translated into:

q∏
j=1

(bj1Dx1 + bj2Dx2 + . . . + bjkDxk
)pju = 0, (68)

where
q∑

j=1
pj = m, its general solution of conjecture may be written by Conjecture 3.

Proposition 13. In Rn,

a1ux1 + a2ux2 + . . . + akuxk
+ ak+1u = 0 (69)

the general solution of Eq. (69) is

u = f (y1, y2, . . . yk−1, xk+1, xk+2, . . . xn)
k∑

i=1

lie
−ak+1xi

ai , (70)

where li are arbitrary constants, and yi satisfy (49-51).

Prove. According to Z3 Transformation, set u (x1, . . . xn) = g (x1, . . . xk)h (y1, y2, . . . yk, xk+1, xk+2, . . . xn),
yi = ci1x1 + ci2x2 + . . . + cikxk and

∂ (y1, y2, . . . yk)

∂ (x1, x2, . . . xk)
6= 0. (50)

So

a1ux1 + a2ux2 + . . . + akuxn + ak+1u

= a1gx1h + a1g

k∑
i=1

ci1hyi + a2gx2h + a2g

k∑
i=1

ci2hyi + . . . + akgxk
h + akg

k∑
i=1

cikhyi + ak+1gh

= (a1c11 + a2c12 + . . . + akc1k) ghy1 + (a1c21 + a2c22 + . . . + akc2k) ghy2 + . . .

+ (a1ck1 + a2ck2 + . . . + akckk) ghyk + (a1gx1 + a2gx2 + . . . + akgxk
+ ak+1g)h = 0.

Set

ci1 =
−a2ci2 − a3ci3 − . . .− akcik

a1
, (1 ≤ i ≤ k − 1) . (51)

And set
a1gx1 + a2gx2 + . . . + akgxk

+ ak+1g = 0, (71)
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And set g(x1, · · ·xk) = g(xi), (i = 1, 2, · · · k), Then

a1gx1 + a2gx2 + . . . + akgxk
+ ak+1g = aigxi + ak+1g = 0 =⇒ g (xi) = lie

−ak+1xi
ai , (72)

where li are arbitrary constants. Namely g (x1, . . . xk) =
k∑

i=1
lie

−ak+1xi
ai is a particular solution of

a1gx1 + a2gx2 + . . . + akgxk
+ ak+1g = 0, Thus

a1ux1 + a2ux2 + . . . + akuxn + ak+1u = (a1ck1 + a2ck2 + . . . + akckk) ghyk = 0 =⇒ hyk = 0.

Namely
h = f (y1, y2, . . . yk−1, xk+1, xk+2, . . . xn) ,

where f is an arbitrary first differentiable function, so the general solution of Eq. (69) is

u = gh = f (y1, y2, . . . yk−1, xk+1, xk+2, . . . xn)
k∑

i=1

lie
−ak+1xi

ai .

�

According to Proposition 4 and 13, we can get Proposition 14 directly:

Proposition 14. In Rn,

(b1Dx1 + b2Dx2 + . . . + bkDxk
+ bk+1)

2u = 0, (73)

the general solution of Eq. (73) is

u =

 2∑
j=1

(sj1x1 + sj2x2 + . . . + sjkxk)j−1fj (y1, . . . yk−1, xk+1, . . . xn)

 k∑
i=1

lie
−bk+1xi

bi , (74)

where li, sjr are arbitrary constants (1 ≤ r, i ≤ k), and yi satisfy (49-51).

According to Proposition 14, we may present Conjecture 5:

Conjecture 5. In Rn,

(b1Dx1 + b2Dx2 + . . . + bkDxk
+ bk+1)

mu = 0 (75)

the general solution of Eq. (75) is

u =

 m∑
j=1

(sj1x1 + sj2x2 + . . . + sjkxk)j−1fj (y1, . . . yk−1, xk+1, . . . xn)

 k∑
i=1

lie
−bk+1xi

bi , (76)

where li, sjr are arbitrary constants (1 ≤ r, i ≤ k), and yi satisfy (49-51).

In Rn, for the mth-order linear PDE with constant coefficients∑
0≤i1+i2+...+ik≤m

ai1i2...iku
(i1i2...ik)
x1x2...xk

= 0, (77)
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where ij are natural number, 1 ≤ j ≤ k ≤ n. If Eq. (77) can be translated into(
b11Dx1 + b12Dx2 + . . . + b1kDxk

+ b1k+1

) (
b21Dx1 + b22Dx2 + . . . + b2kDxk

+ b2k+1

)
. . .
(
bm1Dx1 + bm2Dx2 + . . . + bmk

Dxk
+ bmk+1

)
u = 0.

(78)

By Proposition 13, the general solution of Eq. (77) is

u =
m∑
r=1

(
fr
(
yr1 , yr2 , . . . yrk−1

, xk+1, . . . xn
) k∑
i=1

ljie

−bjk+1
xi

bji

)
, (79)

where yrs satisfies (66-67), (1 ≤ s ≤ k − 1).
If Eq. (77) can be translated into:

q∏
j=1

(
bj1Dx1 + bj2Dx2 + . . . + bjkDxk

+ bjk+1

)pju = 0, (80)

where
q∑

j=1
pj = m, its general solution of conjecture may be written by Conjecture 5.

Proposition 15. In Rn,

a1ux1 + a2ux2 + . . . + akuxk
= A (u) (81)

the general solution of Eq. (81) is

f (y1, y2, . . . yk, xk+1, xk+2, . . . xn) = 0, (37)

where A(u) is an arbitrary known function, and

yi = ci1x1 + ci2x2 + . . . + cikxk −
∫

aici1 + a2ci2 + . . . + akcik
A (u)

du, (82)

∂ (y1, y2, . . . yk)

∂ (x1, x2, . . . xk)
6= 0, (50)

cij which satisfy (50) are relatively arbitrary constants (i, j ∈ {1, 2, · · · k}).

Prove. According to Z4 Transformation, set f(y1, y2, · · · yk, xk+1, xk+2, · · ·xn) = 0 and

yi = ci1x1 + ci2x2 + . . . + cikxk + Bi (u) , (i = 1, 2, . . . k) , (83)

y1, y2, · · · yk are independent of each other. According to (5), we get

a1ux1 + a2ux2 + . . . + akuxk
= −a1

∑k
i=1 ci1fyi∑k
i=1Biufyi

− a2

∑k
i=1 ci2fyi∑k
i=1Biufyi

− . . .− ak

∑k
i=1 cikfyi∑k
i=1Biufyi

= A (u)

=⇒ a1

k∑
i=1

ci1fyi + a2

k∑
i=1

ci2fyi + . . . + ak

k∑
i=1

cikfyi + A (u)

k∑
i=1

Biufyi

= (a1c11 + a2c12 + . . . + akc1k + B1uA) fy1 + (a1c21 + a2c22 + . . . + akc2k + B2uA) fy2 + . . .

+ (a1ck1 + a2ck2 + . . . + akckk + BkuA) fyk = 0,
(84)

where Biu ≡ dBi
du , set

aici1 + a2ci2 + . . . + akcik + BiuA = 0, (i = 1, 2, . . . k) . (85)
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Then

Bi (u) = −
∫

aici1 + a2ci2 + . . . + akcik
A (u)

du. (86)

So the general solution of Eq. (81) is (37)

f (y1, y2, . . . yk, xk+1, xk+2, . . . xn) = 0, (37)

where yi satisfy (50, 82). �

It is not difficult to verify that the incomplete general solution of (81) only be got by using
the characteristic equation method.

For some special nonlinear PDEs with constant coefficients, their general solutions can be
obtained by similar methods in 2.2 section, we will not specifically study here.

4. Conclusions

In this paper, we first prove a new theorem for the independent variable transformational
equations, that is, the independent variable transformation not only does not change the linearity
or non-linearity of the original PDEs, but also does not change their order.

We propose the concept of the banal PDE and the non-banal PDE, and then use the proposed
four kinds of Z Transformations to obtain the plentiful laws of general solutions of the linear
PDEs with variable coefficient and constant coefficients, and get some laws of general solutions
of the nonlinear PDEs, and present five new guesses.

The characteristic equation method is a basic method to solve first order linear and quasilin-
ear PDEs. By comparing with the Z Transformations, we can find that it has many limitations,
such as using it cannot get the general solutions of the first order linear PDEs (31.47), cannot
obtain the complete general solutions of (57,81) and so on.
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