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Abstract: In our previous works on possible relationship between Schrédinger wavefunctions
and spacetime structures of quantum particles we suggested that a Ricci scalar curvature for a
particular quantum state of a quantum system could be constructed using the Schrédinger
wavefunctions as mathematical objects. In this work we will extend our discussions by
suggesting possible line elements that can be used to construct relativistic spacetime
structures of a hydrogen atom. We also discuss the possibility to use a covariant Ricci flow as
evolution equations to describe the dynamics of the hydrogen atom geometric structures.

In our previous works, we showed that by identifying geometrical objects with physical
entities possible spacetime structures of both macroscopic and microscopic physical systems
can be constructed purely geometrically by differential evolution equations [1,2]. In this work
we will extend our discussions to the construction of the spacetime structures of a hydrogen
atom using the contracted Bianchi identities and the Lie differentiation. It is shown in
differential geometry that the Ricci tensor R%# satisfies the contracted Bianchi identities

1
VpR* = EQ“BV[;R (1)

where R =g“ﬁRa[3 is the Ricci scalar curvature. Even though Equation (1) is purely
geometrical, it has a covariant form similar to the field equations for the electromagnetic
tensor written in a covariant form V F*f = ujf. If the quantity %g“ﬁvﬁR can be identified

as a physical entity, such as a four-current of gravitational matter, then Equation (1) has the
status of a dynamical law of a physical theory. In this case a four-current j* = (p,j;) can be
defined purely geometrical as
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We showed that the purely geometrical four-current j¢ given in Equation (2) can be used to
construct spacetime structures for quantum particles by identifying the Ricci scalar curvature
with the potential in classical physics. In this work, however, we will focus on the problem of
how to construct possible structures for a hydrogen atom using Equation (1) for the case in

which %g“ﬁVBR = 0. Equation (1) reduces to the equation

VgRY =0 (3)
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We will consider two different possible solutions that can be resulted from Equation (3).
Firstly, since the metric tensor satisfies the identity Vﬂg“ﬁ = 0, Equation (3) implies

Ra,B = Agaﬁ (4)

where A is an undetermined constant. Using the identities g“ﬁgaﬁ =4 and g“ﬁRaﬁ = R, we

obtain A = R/4. Secondly, it is observed that within the subgroup of time-independent
coordinate transformations, partial time-derivative of a covariant tensor is also a covariant
tensor, and for the case of a covariant metric tensor g,z We are able to derive the identity

YV, (0:9ap) = 0:(Vygap) = 0 . In this case, Equation (3) also implies

= kiRag 5)

where k; is a scaling factor [3]. Equation (5) has the form of the Ricci flow [4]. Even though
both Equations (4) and (5) are derived from Equation (3), they have different dynamical
characteristics. While Equation (4) can be used to describe static physical structures,
Equation (5) describes evolution processes which are intrinsic geometrical properties of
physical systems. This can be seen by applying the Lie differentiation into relativistic
dynamics as follows. It is shown in differential geometry that besides the covariant
derivatives with respect to affine connections, Lie derivatives are also invariant under
coordinate transformations on a differentiable manifold [5]. On a manifold M, we define a
tangent vector field dx*/du on a congruence of curves which are given by x* = x#(u). If a
tangent vector field can be defined for every curve in the congruence then a vector field X*
can be established over the whole manifold. On the other hand, due to the unique existence of
solution for an ordinary differential equation, a congruence of curves can be obtained from a
given non-zero vector field defined over a differentiable manifold and a tensor field 75"~ (x)
can then be differentiated by using the vector field X#. We use the congruence of curves to
drag the tensor at some point P, Tl?__'_"(P), along the curve passing through P to some

neighbouring point Q and then compare the dragged-along tensor with the tensor already at
Q, T~ (Q). A derivative can be defined by subtracting the dragged-along tensor T[;?‘_'"(Q) and
the tensor at @, which is Tg"~(Q), as follows

75 (Q) — T (Q)
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Using Equation (6), the Lie derivative of a general tensor field T[j?_;_" can be obtained as
LT = KMOTS — Tf0, X — - {0 + - )

For the case of a covariant metric tensor g, we obtain

LyxGap = X#augaﬁ + guaaﬂxﬂ + guﬁaaxﬂ (8)



Besides the important properties of being linear, satisfying the product rule for differentiation
and commuting with contraction, the Lie differentiation with respect to a vector field X* also
preserves the type of a tensor. Since the Lie derivative of a covariant metric tensor of second
rank is also a covariant tensor of second rank we may propose the following tensor equation

Lx9ap = KRap 9
where k is a dimensional constant [6]. Using Equation (8), Equation (9) can also be written as
X“@ugaﬁ + guaaﬁX” + guﬁaaX“ = KRU(B (10)

Mathematically, the covariant flow given in Equation (10) can be reduced to the Ricci flow
given in Equation (5) if the vector field X# can be smoothly assigned values in the form
X* = (X°0,0,0), where X is a constant temporal component of the vector field. In this case
we obtain the form of the Ricci flow given in Equation (5) as

X°009ap = KR4 (11)

Physically, Equation (11) has the form of an evolution equation that can be explained in
terms of relativistic dynamics using comoving synchronous coordinate systems as described
in [7]. First we choose a homogeneous three-dimensional spatial manifold S. For physical
analysis, this initial three-dimensional spatial manifold can be assumed to be formed by some
form of a fluid substance. We then assign a coordinate time t to all events on the manifold
and set up a spatial coordinate system x*, u=1,2,3 on S. These spatial coordinates
propagate off S and throughout all spacetime by means of the world lines. The spatial
coordinates are then considered to be comoving if they are assigned to events at which the
world line intersects the hypersurface S. Because the hypersurfaces S are given by the
condition t = constant, the spatial basis vector d/x*, u = 1,2,3 at any given event are
tangent to the hypersurface and the temporal basis vector d/dt is tangent to the world line. In
this case, the temporal coordinate is the proper time of the world line and is the four-velocity
of the motion of the fluid substance that form the three-dimensional spatial manifold. With
this relativistic picture, solutions to Equations (4) and (5) are basically a description of the
three-dimensional spatial structures of a physical system.

Now, we assume that Equation (4) describes the spacetime structure of a physical field, such
as the gravitational field. If we consider a centrally symmetric field with a time-independent
metric of the form

ds? = e¥c?dt? — eXdr? — r?(d6? + sin®0d¢?) (12)
then the Schwarzschild solution can be found as [8]

C Ar? c Arz\!
ds? = <1 -=- L) c2de? — <1 -=- L) dr? — 72(d6? + sin20d¢?) (13)

where C is an undetermined constant. If the constant C is identified as C = 2GM /c? then the
Schwarzschild solution can be used to describe a gravitational field. It is also observed that,



as in the case of the electromagnetic field where the energy-momentum tensor is determined
from the electromagnetic field tensor, with the Schwarzschild solution obtained and given in
Equation (13), the energy-momentum tensor T,z for the gravitational field can be established

if we define it through Einstein’s field equations by the relation T,z = %(Raﬁ — %gaﬁR). In
this case, we obtain

A
Taﬁ = _Ega[)’ (14)

On the other hand, we assume that Equation (5) describes an evolution process that can be
applied to the dynamics of a hydrogen atom. However, instead of Equation (5), we need an
evolution equation that involves the Ricci scalar curvature so that we can identify it with the
classical potential. By contracting Equation (5) with the contravariant metric g®#, we obtain

ag
gf—L = luR (15)

Consider an evolution process with a line element of the form
ds? = D(cdt)? — A(x,y,z,t)((dx)* + (dy)? + (dx)?) (16)

where D is constant. This line element can be applied to either a macroscopic phenomenon
such as the cosmological evolution or a microscopic phenomenon such as the evolution of a
quantum particle. In our previous work [2], we already discussed the cosmological evolution
using the line element given by Equation (16) therefore in this work we will only discuss the
evolution of the spacetime structure of a hydrogen atom. If we apply Equation (3) in the
appendix and the Ricci scalar curvature given in Equation (8) also in the appendix to
Equation (15) we obtain the following evolution equation

5 62A+2v2A+3aA+ 3 (VA2 =0 17
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However, if we impose the conditions of isotropy and homogeneity on the three-dimensional
spacelike hypersurface of the spacetime manifold then Equation (15) can be solved for the
case when the Ricci scalar is constant. It is shown in differential geometry that a space of
constant curvature is characterised by the equation

Raﬁuv = K(gaugﬁv - gavg[s’u) (18)

where Rgp,, is the Riemannian curvature tensor and K is the Gaussian curvature. The Ricci
curvature tensor R, and the Ricci scalar R are found as

Rap = 2K gagp (19)

R = 6K (20)



If the Ricci scalar R is constant then from Equation (15) and Equation (3) in the appendix, we
obtain the following solution for the quantity A(x,y,zt) for the line element given in
Equation (16)

ckiR,
A(x,y,z,t) = Ag(x,y,2)e” 3 (21)

where A, is an initial spacelike hypersurface of spacetime manifold. Depending on the sign
of the quantity k, R, we have three different possibilities. If k;R = 0 then spacetime is static
and it reduces to a Minkowski spacetime if Ay(x,y,z) = constant. If k;R > 0 then
spacetime is expanding and it reduces to de Sitter universe if Ay(x,y,z) = constant. If
k4R < 0 then the spacelike hypersurface of the spacetime manifold will collapse.

Now, in order to incorporate the Schrodinger wavefunctions into the spacetime structures of a
quantum system, we will follow the procedure that was used in Schrodinger’s original works
on the quantum structure of a hydrogen atom [9]. As shown in our previous works, there is a
relationship between Schrodinger wavefunctions and the spacetime structures of a quantum
system in the sense that Schrédinger wavefunctions are considered purely as mathematical
objects that can be used for the construction of spacetime structures of the quantum states of a
quantum system. Since Schrodinger’s original works were on the time-independent quantum
states of the hydrogen atom, we first recapture the main ideas of Schrodinger’s method to
obtain the time-independent wave equation for the hydrogen atom. Schrédinger commenced
with the Hamilton-Jacobi equation, written in terms of the Cartesian coordinates (x,y, z) as
[9,10]

() +(Z) +(Z) -2m(£+25) <0 2
0x dx 0x m r ) (22)
However, in order to obtain a partial differential equation that would give rise to the required

results, Schrodinger introduced a new function i, which is real, single-valued and twice
differentiable, through the relation

S = Alny (23)

where the action S is defined by

S = f Ldt (24)

and L is the Lagrangian defined by
L=T-V (25)

with T is the kinetic energy and V is the potential energy. Now we show that Schrédinger
wavefunction ¥ can be used to construct the spacetime structures of the quantum states of a
hydrogen atom. By using the relations L = dS/dt, dS/dt =9,S +Y;_,0,S(dx*/dt),
T=mY,;_,(dx*/dt)* and V = T — L, we obtain
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V=m) (dx#/dt)? —8,S+ Y 9,S(dx*/dt) (26)

In terms of the Schrédinger wavefunction y, Equation (26) can be rewritten as

oY + 2z=1 O (dxt /dt)
" v

3
V= mZ(dx”/dt)z - 27)

From the assumed relations V = k,R, we arrive at the following relation between the
Schrédinger wavefunction ¥ and the Ricci scalar R

0t + Xia=1 0u3p (dx* /dt)
Y

3
1
R=p mZ(dx“/dt)z —h (28)
u=1

If we use Equation (15) together with Equation (3) in the appendix and Equation (28) for the
Ricci scalar curvature, we obtain the following evolution equation

dx*
cac =" mi(dw) - ¢+Zi=;0uw(%) A (29)

u=1

where k = k,/k,. In order to solve Equation (29), the new function ¥ needs to be
determined. In terms of the new function y Equation (22) takes the form

Y\ 0P\? 61/)22m kq ,

) +G) G = v =0 (30)
Then by applying the principle of least action & [ Ldt = 0, Schrodinger arrived at the
required equation

) 2m kq?
Vi + o (E+— )y =0 (31)

When the wavefunctions y are found then they can be applied into Equation (29) to construct
possible spacetime structures for the hydrogen atom. It should be mentioned here that we
only use the Schrodinger wave equation given by Equation (31) to find mathematical objects
to construct the geometrical structure of the three-dimensional spatial hypersurface of the
total relativistic spacetime structure of the hydrogen atom. In terms of the spherical
coordinates (r, 8, ¢), the Schrédinger wave equation given in Equation (31) becomes

h? 1a<za L\ ket L\ ”
2m\r2or r 61‘) h2r? r Y= (32)

where the orbital angular momentum L? is defined by
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The eigenfunctions ¥, (1, 08,¢) for the hydrogen atom, which are solutions to the
Schrédinger wave equation given in Equation (31), can be found in the separable form as [11]

Ynim (r, 0, ¢) = Rp ("Y1 (6, ¢) (34)

where Y,,,(6, @) is the spherical harmonics and R,,;(r) is a radial function. We obtain two
separate equations and their solutions for the harmonics Y;,,,(6, ¢) and the radial function
R, (r) as follows

L*Y; (6, ¢) = L(1 + 1)1}, (6, ¢) (35)
1
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1
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where p = 2r/na, with a, = h?/mkq?. The energy eigenvalues E,, for the bound states are

also obtained as

mk?q* 1
2h%? n?

E,=- (39)

The first few normalised wavefunctions for the hydrogen atom, their corresponding Ricci
scalar curvatures and evolution equations are given below

1 /1 % -r
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R = k_z (m ((a) + T251n2¢ (E) + r? (E) > + —ao E) (47)
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The evolution of the spacetime structures of a hydrogen atom can also be investigated if
instead we apply the Ricci scalar curvature given in Equation (28) together with the scalar
curvature given by Equation (8) in the appendix. In this case we obtain the following
evolution equation

3 62A 2 VZA + —(VA)?
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=zl ) - m (49)

u=1

In terms of spherical coordinates, the Ricci scalar given in Equation (28) and the evolution
equation given in Equation (49) take the following respective forms

(@ o @) (G2
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The first few normalised wavefunctions for the hydrogen atom, their corresponding Ricci
scalar curvatures and evolution equations are given below
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Appendix

With the line element given in Equations (16), we have

goo =D, gii=—A where i=1,23 (D
00 _ 1 ii 1 -
g =D gt = 7 where i =1,2,3 (2)
dg 304
ap 9B _ 2 77
cot  Acot ®

Using the affine connection defined in terms of the metric tensor

A, = lg a0 (990v | 0Gou  0Guy @
2 dx*  JdxvV  0x°
the non-zero components of the affine connection are found as
1 0A 1 0A 1 0A
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With the components of the affine connection given in Equation (5), using the Ricci
curvature tensor defined in terms of the affine connection
_ oL, _ arg

uv axo— ax‘,tj + F#AV FAO-O' - F[ilo'l—‘lo;/ (6)




we obtain the following non-zero components of the Ricci curvature tensor
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Using the relation R = g°°Ryo + g R11 + 9%*R,, + g33R53 We arrive at
R= 3 62A+ 2 V24 + & (VA)2 8
~ c2DAatz A2 243 ®
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