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\quad If\quad { 2 }*{ p-1 }\quad \equiv \quad 1\quad mod\quad ({ p }
~{ 3 })\quad then\quad 2,-1,{ 2 }*{ p-2 }\quad are\quad solutions\quad
to\quad the\quad equation\\ f(a)\quad =\quad 1\quad -\quad { a }*{ p }
\quad -\quad { (1-a) }*{ p\quad \quad }\equiv \quad o\quad mod({ p }
~{ 3 }).\quad Using\quad this\quad fact\quad and\quad an\quad
expression\quad for\\ { (x+y) }*{ n }\quad \quad in\quad terms\quad
of\quad xy\quad ,\quad (x+y)\quad ,\quad ({ x }*{ 2 }+xy+{ y *{ 2 })
\quad it\quad is\quad prooved\quad that\\ { 2 }*{ p-1 }\quad \ncong
\quad 1\quad mod({ p }*{ 3 })\quad for\quad any\quad prime\quad 'p'.\\
\\ PROOF\\ \\ Expression\quad for\quad { (x+y) }*{ n }\quad for\quad
odd\quad values\quad of\quad n\\ \\ Let\quad n\quad =\quad 6m-3\quad ,
\quad 6m-1\quad ,\quad or\quad 6m+1\quad \quad and\quad \quad { P }

_{ s Nquad =\frac { 2 }{ n-2s+1 } \quad \times \quad \frac { n-2s+1 }
{2} {C}r{2s-1 \\ { (x+y) }*{ n FNquad -\quad { x }*{ n }\quad -
{y ¥ n Nquad =\quad n\sum _{ 1 }*{ m M {p }_{s } } {\left\

{ xy(x+y) \right\} }*{ 2s-1 N\quad { ({ x }*{ 2 }xy+{y *{ 2 }) }
~{ \frac { n-6s+3 ¥{ 2 } }——- (1)\\ If\quad x=a\quad and\quad
y=\quad 1-a\quad =b\quad then\\ f\left( a \right) \quad =\quad 1\quad
-\quad { a }{ p F\quad -\quad { (1-a) }*{ p }\quad =\quad 1\quad -
\quad { a }*{ p F\quad -\quad { b }*{ p }\quad =\quad p\sum { { P }

{ s} ¥} { (ab) ¥{ 2s-1 N\quad { (1-ab) }*{ \frac { p-6s+3 }

{2} }—- (2)\\ \\ Let\quad f(a)\quad \equiv \quad @\quad mod({ p }
~{ 3 })\quad and\quad 1-ab\quad \ncong \quad ©@\quad
mod(p) (3)\\ Then\quad \frac { 1 }{ p } f(a)\quad =\quad

ab\quad { (1-ab) }*{ \frac { p-3 }{ 2} HNquad \sum { { P } { s } }
{ \left[ \frac { { (ab) {2 } H{ { (1-ab) }*{ 3 } } \right]l 1}

~{ s-1} (4)\\ Let\quad ab{ (1-ab) }*{ ~{ \frac { p-3 }

{ 2} 1} }=\quad B\quad ;\quad \quad \frac { { (ab) }*{ 2 } } { (1-
ab) ¥*{ 3 } } \quad =\quad K\quad ;\quad \sum { { P } { s} } {K?}
~{ S-1 FN\quad =\quad \Phi (K)\\ Then\quad \frac { 1 }{ p } f(a)\quad
\quad =\quad B\quad \Phi (K)\quad
(5)\\ \frac { dB }{ da } \quad =\quad \quad \frac { 1 }{ 2 } \quad (b-
a)\quad { (1-ab) }*{ \frac { p-5 }{ 2 } }\quad (2+ab-pab)\quad

(6)\\ \frac { dK }{ da } \quad =\quad
\quad (b-a)\quad ab\quad (ab+2)\quad { (1-ab) }*{ -4 }\quad \quad
\quad (7)\\ If\quad ab\quad \ncong \quad
1\quad mod(p)\quad \quad \frac { dB }{ da } \quad and\quad \frac

{ dK }{ da } \quad \equiv \quad @\quad mod(p)\quad if\quad a\quad
\equiv \quad 2\quad ,\quad -1\quad ,\quad { 2 }*{ p-2 }\quad mod(p)\\
In\quad what\quad follows\quad \quad a\quad \equiv \quad { 2 }*{ p-2 }
\quad mod(p)\quad (8)\\ Let\quad { a }_{ 1\quad }=\quad
p+{ 2 }*{ p-2 N\quad ;\quad { a }_{ r X\quad =\quad { a }_ {1}

~{{p ¥ r-1 } MNquad so\quad that\quad { a }_{ r }*{ p-1 }\quad
\equiv \quad 1\quad mod({ p }*{ r })\quad \& \quad \ncong \quad 1\quad
mod({ p }*{ r+1 })\quad ———(8)\\ Let\quad { b }_{ r }\quad =\quad 1-

{ a }_{ r N\quad \quad \quad { b }_{ r }\quad may\quad or\quad




may\quad not\quad be\quad =\quad { b } {1 }*{ { p }{ r-1 } }\quad \\
{ b} {r Nquad -\quad { a }_{ r FN\quad =\quad 1-2{ a }_{ r }\quad
\equiv \quad @\quad mod({ p }*{ r })\quad for\quad r\quad =\quad
1,2,3\quad \quad (9)\\ \frac { d{ B} {r } }
{d{al}_{r?} }\quad \equiv \quad \frac { d{ K} {r } ¥ d{ a}

_{ r } } \quad \equiv \quad @\quad mod({ p }*{ r })\quad for\quad
r\quad =\quad 1,2,3\quad \quad \quad —————————- (10)\\ As\quad f({ a }
_{ r })\quad \equiv \quad @\quad mod({ p }*{ 3 })\quad for\quad r\quad
=\quad 1,2,3\quad \Phi ({ K }_{ r })\quad \equiv \quad @\quad

mod({ p }*{ 2 })\quad —————- (1D\\ { b }_{ r }*{ p-1 }\quad -\quad
{a}{r ¥ p-1 Nquad \equiv \quad @\quad mod({ p }*{ r })\quad
\ncong \quad @\quad mod=({ p }*{ r+1 })\quad 1,2,3\quad ————- (12)\\

\frac {d }H{ d{a } {1} } f({al} {1 })\quad =\quad \frac { d }
{d{al} {1} \leftl {B }_{1 HNquad \Phi ({ K }_{ 1 }) \right] \\
{b}{1¥»{p-1RNquad {al} {1 p-1 Nquad =\frac { d{ B }

Yy M ddal} {1} }\quad \Phi ({ K }_{ 1 })\quad +\quad { B }

Nquad \Phi '({ K }_{ 1 })\quad \frac { d{ K} {1} }H d{ a }

} } \quad \equiv \quad @\quad mod(p)\quad \ncong \quad @\quad
d({ p }{ 2 })\\ \therefore \quad \Phi '({ K }_{ r })\quad \ncong
uad @\quad mod(p)\quad \quad \quad (BB\\ {b}{2}%

-1 MN\quad -\quad { a } { 2 }{ p-1 }\quad =\quad \frac { d{ B }

Y Hdlaltr{2} } \quad \Phi ({ K }_{ 2 })\quad +\quad { B }
\quad }\quad \Phi '({ K }_{ 2 })\quad \frac { d{ K } {2 } }
{d{ a} {27} }\quad \quad \therefore \\ { b } { 2 }{ p-1 F\quad -
\quad { a }_{ 2 }{ p-1 }\quad \equiv \quad { B }_{ 2\quad }\quad
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\Phi '({ K }_{ 2 })\quad \frac { d{ K} {2} H d{al}t {2} } \quad
mod({ p }*{ 4 })\quad hence\\ { (1-{ a } {1 ¥ p }) ¥{ p-1 Nquad -
\quad { ({a}+ {1 pl}) ¥ p-1 F\quad \equiv \quad \Phi '({ K }
A2¥\quad{ar{2¥»{2Hbr{22HNquad{(1{a} {2}
{b}r{2}) W \frac{p-11 {2} y2+{a}r {2 H b} {2 })\quad
(1-2{ a } {13 p P)\quad mod({ p }*{ 4 })——- (13)\quad similarly\\
{(1A{b}r{1™p} p1 }\quad \quad { { b} {1¥™pl} 1}
~ p—1 F\quad \equiv \quad \Phi '({ K }_.{ 2 })\quad { a } {2 }{ 2}
{b}r{2W2HRNquad{(1-{a}t{2Hb}r{2} ¥ \frac { p-111}

{2} ¥2+{a}t_{2Hbl}r{2 }\quad (1-2{ b }_{ 1 }*{ p })\quad
mod({ p }*{ 4 })\quad ———-(14)\\ Adding\quad eqn\quad 13\quad and\quad
eqn\quad 14\quad gives\quad eqgn\quad 15\quad \\ LHS\quad of\quad
egn\quad 15\quad =\quad { (1I-{ a } {1 ™ p }-{ b} {1 {pt+{ b}
A1 p}) ™p-1RNquad { ({b}r{1pl}) I p-11Fquad +
{(AA{blr{1™ptHdalrt{1™Hpi{alt{1p}) p-11}
\quad -\quad { ({ a }_.{1 ™ p }) ¥ p-1 N\ \quad \quad \quad \quad
\quad \quad \quad \quad \quad \quad \quad \quad \quad \quad \equiv
\quad (p-1)\quad f({ a }_. {1 }\quad [{ { b} {1 p}) {p-21}
\quad +\quad { ({ a }_{ 1 }*{ p }) }{ p-2 }I\quad mod({ p }*{ 6 })\\
\quad \quad \quad \quad \quad \quad \quad \quad \quad \quad \quad
\quad \quad \quad \equiv \quad (p-1)\quad f({ a }_{ 1 })\quad \frac
{1 HA{ar{2XHbl}r{21} 1} \quad mod({ p }*{ 4 })\quad

(16)\\ RHS\quad of\quad eqgn\quad 15\quad \equiv \quad
2\quad \Phi '"({ K} {2 H\quad {a {2 {2Hb}r{2{2}
\quad { (1-{a {2 H b} {21} ¥ \frac { p-11 }{ 2 } }I\quad




f({alt{11}) (17)\quad equating\\ f({ a }_{ 1 })\quad \
{ \quad 2\quad \Phi '"({ K }_ { 2 })\quad { a } {2 {3 H{ b} {2}
N3 RNquad { (1-{a}r{2HXHb}r{21} ¥ \frac { p-11 H{ 2 } }(2+
{a}{2HHb} {2 })\quad +\quad 1-p\quad \} \quad \equiv \quad
0\quad mod({ p }{ 4 })-———(18)\quad similarly\\ f({ a }_{ 2 })\quad \
{ \quad 2\quad \Phi '"({ K }_ { 3 })\quad { a } {3 ™ {3 H{ b } {3}

'3 Nquad { (1{a} {3 Hb}{31} ¥ \frac{p-11 H{ 2 } }(2+
{al} {3 X b} {3 3}\quad +\quad 1-p\quad \} \quad \equiv \quad
0\quad mod({ p }*{ 5 })-——(19)\\ \therefore \quad f({ a }_{ 2 })\quad
\equiv \quad @0\quad mod({ p }*{ 4 })\quad \\ Hence\quad
by\quad P\quad M\quad I\quad f({ a }_{ r })\quad \equiv \quad 0\quad
mod({ p }*{ r+2 })\quad or\quad { 2 }*{ p-1 }\quad \equiv \quad 1\quad
mod({ p }*{ r })\quad for\quad all\quad values\quad of\quad r\\
This\quad is\quad possible\quad only\quad if\quad p=1\quad \\
therefore\quad { 2 }*{ p-1 }\quad \ncong \quad 1\quad mod({ p }*{ 3 })
\quad for\quad any\quad prime\quad 'p'\\ \\
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