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Abstract

It holds that every product of natural numbers can also be written as a sum. The inverse does not
hold when 1 is excluded from the product. For this reason, the investigation of natural numbers
should be done through their sum and not through their product. Such an investigation is
presented in the present article. We prove that primes play the same role for odd numbers as the
powers of 2 for even numbers, and vice versa. The following theorem is proven: “Every natural
number, except for 0 and 1, can be uniquely written as a linear combination of consecutive
powers of 2 with the coefficients of the linear combination being -1 or +1.” This theorem reveals
a set of symmetries in the internal order of natural numbers which cannot be derived when
studying natural numbers on the basis of the product. From such a symmetry a method for
identifying large prime numbers is derived. We prove a factorization test for the odd numbers.
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1 Introduction

It holds that every product of natural numbers can also be written as a sum. The inverse (i.e. each
sum of natural numbers can be written as a product) does not hold when 1 is excluded from the
product. This is due to prime numbers p which can be written as a product only in the form of

p =1- p. For this reason, the investigation of natural numbers should be done through their sum
and not through their product. Such an investigation is presented in the present article.

We prove that each natural number can be written as a sum of three or more consecutive
natural numbers except of the powers of 2 and the prime numbers. Each power of 2 and each



prime number cannot be written as a sum of three or more consecutive natural numbers. Primes
play the same role for odd numbers as the powers of 2 for even numbers, and vice versa.

We prove a theorem which is analogous to the fundamental theorem of arithmetic, when we
study the positive integers with respect to addition: “’Every natural number, with the exception
of 0 and 1, can be written in a unique way as a linear combination of consecutive powers of 2,
with the coefficients of the linear combination being -1 or +1.”” This theorem reveals a set of
symmetries in the internal order of natural numbers which cannot be derived when studying
natural numbers on the basis of the product. From such a symmetry a method for identifying
large prime numbers is derived.

In the last chapter we prove a factorization test for the odd numbers. In the study of natural
numbers, if we focus in the sum, the parameter which determines the minimum number of
operations required for the factorization of an odd number, is highlighted.

2 The sequence u(kn)

We consider the sequence of natural numbers

(ko) = kot (kD) (k2 2) o (k) = D)

keN"={1,23..} . (2.1)
neA={234,..}

For the sequence ,u(k, n) the following theorem holds:

Theorem 2.1. For the sequence x(k,n) the following hold:

1. y(k, n)e N,

2. No element of the sequence is a prime number.
3. No element of the sequence is a power of 2.

4. The range of the sequence is all natural numbers that are not primes and are not powers of 2.

Proof. 1. ,u(k, n) e N"as a sum of natural numbers,

2.neA= {2,3,4,...} and therefore it holds that

n>2
n+1>3

Also we have that



2k+n=>4

2k+n_ 3
>—>1
2 2

since k e N" and ne A={2,3,4,...} . Thus, the product

(n+1)(2k +n) _u(kon)

is always a product of two natural numbers different than 1, thus the natural number u(k, n)
cannot be prime.

3. Let that the natural number

(n+1)(2k+n)

p(kn)="—=

is a power of 2. Then, it exists A €N such as
(n+1)(2k +n) o
2
and equivalently
(n+1)(2k +n)=2"". (2.2)
Equation (2.2) can hold if and only if there exist 4,4, € N such as

N+1=2% A2k +n=2%

and equivalently

n=2"-1 } 2.3)

n=2% -2k

We eliminate n from equations (2.3) and we obtain
2% —1=2% -2k

2k —1=2% —2*,

which is impossible since the first part of the equation is an odd number and the second part is an
even number. Thus, the range of the sequence ,u(k, n) does not include the powers of 2.

4. We now prove that the range of the sequence x(k,n) includes all natural numbers that are not

primes and are not powers of 2. Let a random natural number N which is not a prime nor a
power of 2. Then, N can be written in the form



N =y
where at least one of the y,i is an odd number > 3. Let ¥ be an odd number>3 . We will
prove that there are always exist ke N and ne A= {2,3,4,...} such as
N=yg-w=u(kn).
We consider the following two pairs of k and n:

r<2y-1y,yeN
k:k1:21//+1—;(

(2.9)
n=n=y-1
r22y+1 y,y eN
k:kzzw _ (2.5)

2

n=n,=2y-1
For every y,ir e N it holds either the inequality y <2y —1 or the inequality y > 2y +1. Thus,

for each pair of naturals (7, ), where y is odd, at least one of the pairs (k;,n, ), (k,,n,) of
equations (2.4), (2.5) is defined. We now prove that when the natural number k; of equation (2.4)
is k; =0 then the natural number k, of equation (2.5) is k, =1 and additionally it holds that
n, >2. For k, =0 from equations (2.4) we take
x=2y+1

and from equations (2.5) we have that

2y +l)+1—21// _1
5 =
n,=2y -1

o

and because y >2we obtain
k, =1
n,=2y-1>3>2
We now prove that when k, =0 in equations (2.5), then in equations (2.4) itis k, =1 and

n, > 2. For k, =0, from equations (2.5) we obtain

y=2y—-1



and from equations (2.4) we get

21//+l—(21,//—1)
k, =
2
n=xy-1=2y-222

We now prove that at least one of the k, and k, is positive. Let

k,<0Ak, <0.

Then from equations (2.4) and (2.5) we have that

2 +1— y<0A y+1-2y <0. (2.6)
Taking into account that » >1 is odd, thatis y =2p+1, p € N, we obtain from inequalities (2.6)
2y +1-(2p-1)<0A(2p+1)+1-2y <0

2 —2p<0n2p—2p+2>0

y<pry>p+l
which is absurd. Thus, at least one of k; and k, is positive.

For equations (2.4) we take

u(k,n)= (ny +1)(22k1 +n,)

PRI P Ay S
2

2.y
k,n )= 4 =yy=N.
(ki) > > V44
For equations (2.5) we obtain
#(kZ,nZ):(n2+l)(2k2+n2)
2

(21//—1+1)(2}(+12_2W+21//—1j ,

u(kyn,)= > E ZZ=W=N-

Thus, there are always exist k e N and ne A= {2,3, 4, } such as

N = yy = u(k,n) for every N which is not a prime number and is not a power of 2.c

Example 2.1. For the natural number N =40 we have



N=40=5-8

X =5

y =8

and from equations (2.4) we get

k:kl:16+2].—5:

n=n=5-1=4

6

thus, we obtain

40 = u(6,4) .

Example 2.2. For the natural number N =51,
N=51=3-17=17-3

there are two cases. First case:
N =51=3-17

x=3
v =17

and from equations (2.4) we obtain

_34+1-3

k=K, 16
2

n=n=3-1=2

thus,

51=,u(16,2).

Second case:

N=51=17-3

x =17

v=3

and from equations (2.5) we obtain

:17+1—6 _6



The second example expresses a general property of the sequence ,u(k, n) . The more composite
an odd number that is not prime (or an even number that is not a power of 2) is, the more are the

,u(k, n) combinations that generate it.

Example 2.3.

135=15-9=27-5=9-15=45-3=5-27=3-45

135=1(2,14) = 14(9,9) = 1£(11,8) = 1£(20,5) = 12(25,4) = 11(44,2)
a.135=9-15= 1(2,14) = u(11,8)

135=2+3+4+......+15+16 =11+12+13.....+18+19.

b. 135="5-27 = 44(9,9) = u(25,4)
135=9+10+11+....+17+18=25+26+27+28+29.

c. 135=3-45= 11(20,5) = 1(44,2)

135=20+21+22+23+24+25=44+45+46.

In the transitive property of multiplication, when writing a composite odd number or an even
number that is not a power of 2 as a product of two natural numbers, we use the same natural
numbers y, eN:

O=yy=y-x.
On the contrary, the natural number @ can be written in the form ® = x(k,n) using different

natural numbers k e N"and ne A= {2,3,4,...} , through equations (2.4), (2.5). This difference
between the product and the sum can also become evident in example 2.3:

135=3-45=45-3
135=44+45+46 =20+ 21+22+23+24+25 .
From Theorem 2.1 the following corollary is derived:

Corollary 2.1. 1. Every natural number which is not a power of 2 and is not a prime can be
written as the sum of three or more consecutive natural numbers.

2. Every power of 2 and every prime number cannot be written as the sum of three or more
consecutive natural numbers.

Proof. Corollary 2.1 is a direct consequence of Theorem 2.1.



3 The concept of rearrangement

In this paragraph, we present the concept of rearrangement of the composite odd numbers and
even numbers that are not power of 2. Moreover, we prove some of the consequences of the
rearrangement in the Diophantine analysis. The concept of rearrangement is given from the
following definition:

Definition 3.1. We say that the sequence x(k,n),k eN',ne A= {2,3, 4,...} is rearranged if

there exist natural numbers k, e N',n, e A, (k;,n,) #(k,n) such as

ﬂ(k’n):,u(klvnl)- (3.1)
From equation (2.1) written in the form of
p(k,n)=k+(k+1)+(k+2)+....+(k+n)

two different types of rearrangement are derived: The “compression”, during which n decreases
with a simultaneous increase of k. The «decompression», during which n increases with a
simultaneous decrease of k. The following theorem provides the criterion for the rearrangement

of the sequence #(k,n).

Theorem 3.1. 1. The sequence z(k;,n,),(k,n;)e N x A can be compressed
p(k,n)=pu(k +o.n-w) (3.2)
if and only if there exist ¢, e N', » <n, —2 which satisfies the equation

@’ —(2k +2n, +1+2p)0+2(n,+1)p =0

p,weN (3.3)
wos<n -2

2. The sequence z(k,,n,),(k,,n,)e N x A can be decompressed
ﬂ(kzlnz):ﬂ(k2_§0'n2+w) (3.4)
if and only if there exist p,w e N, p < k, —1 which satisfies the equation

” +(2k, +2n, +1-2¢p)w—2(n, +1)p =0

p,0eN . (3.5)

p<k,-1

3. The odd number TT =1 is prime if and only if the sequence



,u(k,n):l‘I-Z'

(3.6)
ILkeN,ne A
cannot be rearranged.
4. The odd IT is prime if and only if the sequence
y(HTH,H—l] =11° (3.7)

cannot be rearranged.

Proof. 1, 2. We prove part 1 of the corollary and similarly number 2 can also be proven. From
equation (4.1) we conclude that the sequence ,u(kl, nl) can be compressed if and only if there

exist ¢, e N” such as

p(k,n)=pu(k +o,n-o).

In this equation the natural number n, — o belongs to the set A:{2,3, 4,...} and thus
nN-o=22&o0<n-2.

Next, from equations (2.1) we obtain

p(k,n)=pu(k +o,n-w)

(n+1)(2k +n) (n-w+1)[2(k+p)+n -]

2 2

and after the calculations we get equation (3.3).

3. The sequence (3.6) is derived from equations (2.4) or (2.5) for y =TT and v =2'. Thus, in the

product y the only odd number is IT. If the sequence ,u(k,n) in equation (3.6) cannot be

rearranged then the odd number IT has no divisors. Thus, IT is prime. Obviously, the inverse
also holds.

4. First, we prove equations (3.7). From equation (2.1) we obtain:

(H—1+1)(2HZ+1+H—1J
_1j: 5 =T1°.

I1+1
— 1
W5

In case that the odd number IT is prime in equations (2.4), (2.5) the natural numbers y,y are
unique y =TT Aw =11, and from equation (2.5) we get

k=HT+1/\n=H—1-



Thus, the sequence

I1+1

,u(k, n) = ﬂ(T’H_lj
cannot be rearranged. Conversely, if the sequence

y(HTH,H—ljzl'[z:H-H

cannot be rearranged the odd number IT cannot be composite and thus IT is prime.o
We now prove the following corollary:

Corollary 3.1. 1. The odd number @,

d =11 =,u(—H2+1,H—1j

IT=odd (3.8)
I1+#1

is decompressed and compressed if and only if the odd number IT is composite.

2. The even number ¢, ,

o, :2'1_[:/1(2' —HT_l,H—1j

IT=odd (3.9)
3<M<2'-1
leN,1>2

cannot be decompressed, while it compresses if and only if the odd number IT is composite.

3. The even number ¢, ,

a, :2|H=,LI(H2+1—2|,2|+1_1]

IT=odd (3.10)
m>2""+1
|l e N

cannot be compressed, while it decompresses if and only if the odd number IT is composite.

4. Every even number that is not a power of can be written either in the form of equation (3.9) or
in the form of equation (3.10).

10



Proof. 1. It is derived directly through number (4) of Theorem 3.1. A second proof can be
derived through equations (2.4), (2.5) since every composite odd IT can be written in the form of

I1=yy, y,weN,y v odds.

2, 3. Let the even number «

a=2'TI

IT=odd . (3.12)
leN

From equation (2.4) we obtain

~2:2'+1-11 _y It

2 2 (3.12)
n=I1-1

k

and since k,ne N,k >1An>2 we get

2-2' +1-T1

gL
2

m-1>2

1

and equivalently
3<rr<2"-1.

In the second of equations (3.12) the natural number n obtains the maximum possible value of
n=I1-1, and thus the natural number k takes the minimum possible value in the first of
equations (3.12). Thus, the even number

o, :IU(Z' —HT_:L,H—].J

cannot decompress. If the odd number IT is composite then it can be written in the form of
=y, rweN 7y odds, y,w <11, a =2 yw . Therefore, the natural number o, =2' yi

decompresses since from equations (3.11) it can be written in the form of o, = y(k, n) with

n= y—1<TI1-1. Similarly, the proof of 3 is derived from equations (2.5).

4. From the above proof process it follows that every even number that is not a power of 2 can
be written either in the form of equation (3.9) or in the form of equation (3.10).o

By substituting TT = P = prime in equations of Theorem 3.1 and of corollary 3.1 four sets of
equations are derived, each including infinite impossible diophantine equations.

11



Example 3.1. The odd number P =999961 is prime. Thus, combining (1) of Theorem 3.1 with
(1) of corollary 3.1 we conclude that there is no pair (a) p)e N* with < 999958 which satisfies

the diophantine equation

o’ — (2999883 +2¢) @ +1999922¢ = 0.

We now prove the following corollary:

Corollary 3.2. The square of every prime number can be uniquely written as the sum of
consecutive natural numbers.

Proof. For TT = P = prime in equation (3.5) we obtain
P+1
p _ ﬂ(_z ,P—lj | (3.13)

According with 4 of Theorem 3.1 the odd P? cannot be rearranged. Thus, the odd can be
uniquely written as the sum of consecutive natural numbers, as given from equation (3.13).c

Example 3.2. The odd P =17 is prime. From equation (3.13) for P =17 we obtain
289 = 11(9,16)

and from equation (2.1) we get
289=9+10+11+12+13+14+15+16+17 +18+19+20+21+22+23+24+25

which is the only way in which the odd number 289 can be written as a sum of consecutive
natural numbers.

4 Natural numbers as linear combination of consecutive powers of 2

According to the fundamental theorem of arithmetic, every natural number can be uniquely
written as a product of powers of prime numbers. The previously presented study reveals a
correspondence between odd prime numbers and the powers of 2. Thus, the question arises
whether there exists a theorem for the powers of 2 corresponding to the fundamental theorem of
arithmetic. The answer is given by the following theorem:

Theorem 4.1. Every natural number, with the exception of 0 and 1, can be uniquely written as a
linear combination of consecutive powers of 2, with the coefficients of the linear combination
being -1 or +1.

Proof. Let the odd number IT as given from equation

12



v-1 .
O=TI(v,B)=2""+2" 22" 42" 2+ ... +2'+2°=2""+2"+ > B2
i=0

B =+1i=012,...v-1 : (4.1)
veN

From equation (4.1) for v =0 we obtain
M=2"+2°=2+1=3.

We now examine the case where v e N". The lowest value that the odd number ITof equation
(4.1) can obtain is

I, =I(v)=2"+2"-2""-2""—.... 2'-1
I, =I(v)=2""+1. (4.2)
The largest value that the odd number IT of equation (4.1) can obtain is

O, =H(v)=2"+2"+2""+.....2+1

I, =(v)=2"-1. (4.3)
Thus, for the odd numbers IT= H(v, ﬂ’i) of equation (4.1) the following inequality holds
I, =2"+1<T(v, B )< 2" -1=T1,,. (4.4)

The number N (H(v,ﬂi)) of odd numbers in the closed interval [2”1 +1,2"" —l] is

H I (2v+2 _1)_(2v+l+1)
N H , ] — max min 1: 1
(I(v. ) === > +
N(I1(v.3))=2" (4.5)
The integers £,,1=0,1,2,........ ,v—1in equation (4.1) can take only two values, g, =-1v g =+1

, thus equation (4.1) gives exactly 2" =N (H(v,ﬂi)) odd numbers. Therefore, for every v e N*
equation (4.1) gives all odd numbers in the interval [ 2 +1,2"* ~1].
We now prove the theorem for the even numbers. Every even number a which is a power of

2 can be uniquely written in the form of a =2",v e N" . We now consider the case where the

even number « is not a power of 2. In that case, according to corollary 3.1 the even number « is
written in the form of

a=2TI,IT=o0dd,IT#1leN". (4.6)

13



We now prove that the even number « can be uniquely written in the form of equation (4.6). If
we assume that the even number « can be written in the form of

a=2T1=2"11

l=1(1>1)

I IT (4.7)

Il e N

I1,IT = odd

the we obtain

2'm=2'm

2 =11

which is impossible, since the first part of this equation is even and the second odd. Thus, it is

I =1 and we take that TT =TT from equation (4.7). Therefore, every even number « that is not a
power of 2 can be uniquely written in the form of equation (4.6). The odd number IT of equation
(4.6) can be uniquely written in the form of equation (4.1), thus from equation (4.6) it is derived

that every even number « that is not a power of 2 can be uniquely written in the form of
equation

v-1
a=a(l,v,p)=2 [2””+2”+Zﬂi2‘j
i=0
leN",veN (4.8)
B =%1i=012,....,v-1
and equivalently

v-1
a:a(|’v’ﬂi):2I+v+l+2I+v+Zﬂi2|+i

iz0
leN,veN : (4.9)
B =%Li=012,...,v-1

For 1 we take
1=2°
1=2'-2°

thus, it can be written in two ways in the form of equation (4.1). Both the odds of equation (4.1)
and the evens of the equation (4.8) are positive. Thus, 0 cannot be written either in the form of
equation (4.1) or in the form of equation (4.8).a

In order to write an odd number I1=1,3in the form of equation (4.1) we initially define the
v e N” from inequality (4.4). Then, we calculate the sum

14



2V 42V,

If it holds that 2" + 2" <IT we add the 2", whereas if it holds that 2" + 2" > IT then we
subtract it. By repeating the process exactly v times we write the odd number IT in the form of
equation (4.1). The number of v steps needed in order to write the odd number IT in the form of

equation (4.1) is extremely low compared to the magnitude of the odd number IT, as derived
from inequality (4.4).

Example 4.1. For the odd number IT =23 we obtain from inequality (4.4)

2" 41<23<2"? -1

27 4 2<24 <2

2" <12 < 2"t

thus v =3. Then, we have

27 4 2v = 2%+ 2° =24 > 23 (thus 2°is subtracted)

2* +2° —2% =20 <23 (thus 2'is added)

2% +2° 22 42" =22 <23 (thus 2° =1 is added)

2*+2° -2+ 2 +1=23.

Fermat numbers F, can be written directly in the form of equation (4.1), since they are of the

form I1

min 1

Fo=2" +1=1I1,,,(2°-1)=2" +2" ' -2"7-2"° - ..-2'1
seN

(4.10)

Mersenne numbers M can be written directly in the form of equation (4.1), since they are of the
form I1

max ?

M, =2"-1=I1_,(p-2)=2""+2"2+2P° + ... +21+l.

(4.11)
p = prime

In order to write an even number « that is not a power of 2 in the form of equation (4.1),

initially it is consecutively divided by 2 and it takes of the form of equation (4.6). Then, we write
the odd number IT in the form of equation (4.1).

Example 4.2. By consecutively dividing the even number « =368 by 2 we obtain
a=368=2".23.
Then, we write the odd number IT= 23 in the form of equation (4.1),

23=2%4+23_-22 4241,

15



and we get
368:24(24+23—22+21+1)
368=2% +27 —2° 4+ 254+ 2%,

This equation gives the unique way in which the even number « =368 can be written in the
form of equation (4.9).

From inequality (4.4) we obtain
2" +1<I1<2"? -1
27 <2 IS TI <2V —1< 272
2" <1< 2"

(v+1)log2<logIl<(v+2)log2

from which we get

IOgH—l<v+—l<IOgrl
log2 log2
and finally
v 41| logll (4.12)
log 2

where logIT the integer part of 'OLHER.
log 2 log 2

We now give the following definition:

Definition 4.1. We define as the conjugate of the odd

v-1
O=M(v,5)=2""+2"+>_ B2
i=0

B=11i=012,....,v-1 (4.13)
veN
theodd IT",

=11 (v,y,)= 2" +2" +§yj21
j=0

7, =%1j=012,........ v-1 (4.14)
veN
for which it holds

16



7. =—pBVk=0,12,..... v-1. (4.15)
For conjugate odds, the following corollary holds:

Corollary 4.1. For the conjugate odds I =H(v,,6’i) and IT° :H*(v,yi) the following hold:
1 () =11. (4.16)

2. [1+1T =3.2". (4.17)
3. IT is divisible by 3 if and only if TT" is divisible by 3.

Proof. 1. The 1 of the corollary is an immediate consequence of definition 4.1.

2. From equations (4.13), (4.14) and (4.15) we get

I+IT :(ZV+l +2V)+(2V+1 +2V)

and equivalently

IT+IT =3-2"".

3. If the odd IT is divisible by 3then it is written in the form IT=3x, x =odd and from equation

(4.17) we get 3x+1I1" =3-2""* and equivalently IT" = 3(2V+1 - x). Similarly we can prove the

inverse.o

5 The T symmetry and a method for defining large prime numbers
We now give the following definition:

Definition 5.1. Define as “symmetry” every specific algorithm which determines the signs of
L =x1Li1=012,..... ,v—1 in equation (4.1):

v-1 .
M=M(v,f)=2""+2" +2" 22" 2+ 422420 =2"112" + Y 2
i=0

B =+1i=012,...,v-1
velN
Next, we develop a specific symmetry, the T symmetry.
If the natural number v , in the equation (4.1), is not a prime and is not a power of 2, the
equation (2.1) gives

v:,u(k,n)=(n+L22k+n):k+(k+l)+(k+2)+ ........ +(k+n)' 5.1)

keN',neA={2,34,.}
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We define the odd number T, =TT(v = (k,n)) =T, (k,n) as follows: In the right side of

equation (4.1), from left to right, we take k signs -1, and then (k+1) signs +1, (k+2) signs -1,
(k+3) signs +1 etc., according to the right side of equation (5.1). After making some calculations
we have

(en)zken) [ k) S
LeT(m=2 ¢ (k2 ¢ F |y
j=0

n i
:Z;I(k,n)+l+ 1 Xz/l(k,n)Jrl—,u(kvj) _ _1n
(J__O( ) (-1) (5.2)
n-1 j
_ oulkn)t _1) x 24tk dukd) |y )"
P J
keN' ,neA
and

T, =T, (k,n)=3x 2" T (k,n)

and equivalently

(mken) o [« T G CLSLU I )
T=T(kn=2 F T Y () <2 T T ()
j=0
n i
_ 2;z(k,n)+2 _ 1) x 2;1(k,n)+l—,u(k,j) +(-1 n
(,Z_(;( ) (1) . (5.3)

n-1 J .
_ 2;z(k,n)+2 _ [Z(_l) « 2#(k,n)+l—,u(k,])} _ (_1)n

=0
keN,neA

We write the equation (5.1) in the form

(n+1)(2k +n)

v=u(k,n)= 5

keN,neA

=(k+n)+(k+n-1)+(k+n—-2)+...... +k. (5.4)

We define the odd number T, =TI(v = u(k,n))=T,(k,n) by the same way as we defined

T, =M (v = u(k,n))=T,(k,n) but the signs in equation (4.1) are now determined according to

the right side of equation (5.4), (k+n) signs -1, (k+n-1) signs +1, (k+n-2) signs -1, (k+n-3) signs
+1 etc. After making some calculations we have
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(n+1)(2k+n)+1 N j (n+1)(2k+n)
T,=T,(kn)=2 2 4> (-1) x2 °
=0

]

+l—zj:(k+n—i)

(-0

n j
_ 2p(k,n)+1+ 1 ><2#(k,n)+1—/t(k+n—j,j) —(-1)"
[1_0( ) (-1) (5.5)

n-1 i

_ gulknpd [Z(—l) x 2f‘<k’”)+1‘*‘<k+”"*”]+ (-1)"

T2* :TZ* (k, n) =3x 2”(k'n)+1 —T2 (k, n)
and equivalently
(n+1)(2k+n)+2 n J (“+1)(72k+")+1_zj:(k+n_i)

T, =T, (k,n)=2 2 —1>(-1) x2 ¢ +(-1)"

j=0

_ 2y(k,n)+2 _{ (_1)j % 2;z(k,n)+l—,¢t(k+n—jvi)] + (_1)n ) (56)

M-

—
o

n-1 i .
_ pulkn)+2 _( (_1) % 2ﬂ(kvn)+lﬂ(k+n1,1)] _(_1)”

j=0
keN',neA
Equations (5.2), (5.3), (5.5) and (5.6) define the T symmetry.

A method for the determination of large prime numbers emerges from the study we presented.
This method is completely different from previous methods [1-5]. For the T symmetry holds:

“There are pairs (k,n)e N xA
n#3+4L,LeN, (5.7)
for which one or more of T, (k,n), T, (k,n), T,(k,n), T, (k,n) are prime numbers.”

We will present three examples:

1. The number

T,(11,5) = 2% + 2% - 2%+ 2% - 2% + 2" — 2 +1 =4 835777 063183 149145 526271 is a prime.

The number

T, (11,5)=2% -2"+2% -2 +2% - 2" + 2" —1 =9 669045 950065 986429 124609 is a prime.
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2. The number

T,(23,4)=2"°+2' -2" + 2% - 2% +2' 1 =85 070601 871438 813228 787070 915221
389313 is a prime.

3. The number T, (80,2)= 2% —2'% + 2% —2' +1 =56 539106 072908 298546 665496 639747
195212 032793 441072 154605 920000 979840 794623 (74 digits) is a prime.

The number D of digits of the primes calculated by the method is of order

D=D(k,n)

(,u(k,n)+1)log2:LW+lJlogz. (5.8)

The smallest prime number given by the method is T, (2,2)=2" +2° - 2° + 2' -1 =1249. Also, it
doesn't give prime numbers Fermat and Mersenne.

We now cite some remarkable properties of the T symmetry. When the numbers of the T
symmetry are not primes, with high probability, one or more of them are the product of a set of
small primes with a large prime (with ratio of the number of digits at least 3:1 in the decimal
system). We give an example for n=4 and k=1, 2, 3,....... , 23.

Example 5.1.
1. T/ (1,4) =5x21107.

=3 x 853291

2,4

2.T,(2,4
( 3 x 709651

)
)

o

T, (2,4) =3 x 1387501.

3. T, (3,4) =126 337279 (9 digits) is a prime
T, (3,4) =133 701391 (9 digits) is a prime.
4.7, (4,4) =3 x 13 x 109 913929.

5T, (5,4) = 68853 174209 (11 digits) is a prime

*

T, (5.4)

19 x 7226 592421.

N

6. T,(6,4) =3 x 7 x 104817 455293.

7

37 x 1902785 687213

*

T, (7,4) =11 x 12 791196 555101.

)
T,(7,4)
)
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8.T,(8,4) =3 x 47 x 16 032473 358917.

(11 4) =1301 x 113403 483925 962179.
4

)
16. T, (18,4) =3 x 73 x 2903 x 7975677 388569 543733 588379.
17. 7, ( ) =11 x 641 x 23012 234740 860744 903766 035421.
18. T, (20,4) =3 % 6 643069 x 260 536928 672371 642740 686521.
( ) =7 x 79 x 150 229208 340754 381651 561471 195673 (33 digits).
( ) =3 x 29 x 1259 x 24 270828 201501 431550 885053 400181 (32 digits)
T, (22,4) =3 x 1933 x 916 866933 835909 456002 715952 336617 (33 digits).
( ) =85070601 871438 813228 787070 915221 389313 (38 digits) is a prime
(23.4)

=18269 x 9313 108178 842029 359502 101081 537291 (34 digits)

Tz*(23,4) =19 x 89 x 100615 720181 338817 896100 110722 568301 (36 digits).

For
n=3+4L,LeN (5.9)

the numbers of the T symmetry have 3 as a factor. In these cases, we factorize the numbers of the
T symmetry in order to identify the ones which are the product of a set of small primes with a
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large prime (with ratio of the number of digits at least 3:1 in the decimal system). We give an

example for L=0 and k=1, 2, 3,........ , 33.
Example 5.2.

1. T, (1,3) =3 x 1327.

2.T,(2,3) =3 x 21523.

3.T,(4,3) =3 x 5570891.

4.7,(5,3) =3 x 46 115669,

5.T, (7.3) =3 x 5 x 4579 065839.
- (9.3)

6. T, (9,3) =32 x 1 954448 845369.

7. T, (10,3 =3 x 73 x 643264 201901.

3 x5x23x6530142 193943.

)
8.T,(11,3)
)=

32 x 4004 176893 145543,

©

T,(12,3
10. T,(13,3) =3 x 7 x 31 x 107 x 151 x 54806 826689.

11. T,(14,3) =3 x 11 x 279513 180897 836063.

12. T, (16,3) =3%x 7 x 19 x 73 x 18014 329790 791679.

13. T,(17,3) =3 x 12593 073364 077934 630229.

14. T, (18,3) =3% x 9239 x 7 269488 227993 959889.

15. T,(19,3) =3 x 5 x 73 x 331 x 26 683841 696377 422587

T, (19,3) =3 x 72 x 127 x 269 x 337 x 11429 204013 400937

T, (19,3) =3 x 5 x 557 x 2315 117990 184578 945803.

16. T2(20,3) =3 x 23 x 89 x 683 x 9041 x 4080 688125 380017.

17. T, (21,3) =3 x 47 x 178481 x 196 765246 663328 879957
T, (21,3) =32 x 83 x 23473 x 282 403703 315945 507251,

18. TZ*(22,5) =3 x 5273 x 5008417 809828 231066 746851.
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*

19. T, 23,3) =3 x 52 x 137 x 211 x 379 x 1542 751819 716389 148523.

20. T, 24,3) 3 x 2731 x 7487 x 8191 x 20 183749 276015 547071.

21. T (25,3 3 x 13 x 269 x 636697 x 24291 809038 323309 475541.

)
22. T,(26,3) =3 x 47 x 829 x 22210 374525 858205 252016 927831
T,(26,3) =3 x 5 x 13 x 29 x 43 x 83 x 113 x 127 x 151 x 59 359638 928368 977041.
23.T,(27,3) =3 x 233 x 1103 x 2089 x 48091 x 1072 567317 671651 381903
T, (27,3) =32 x 5 x 23 x 139 x 257 x 6 560737 x 342 482665 485076 269161.
24.7,(28,3) =32 x 7 x 11 x 31 x 151 x 331 x 1237 940038 132458 773513 502719.

32 x 5801 x 288383 x 22600 831355 114079 948328 119407.

(
25. T, (30,3)
(

26. T, (34, 3) 3 x 7 x23x83x89 x109 x 599479 x 23 353056 263230 084539 231539.

27. T (32,3) 3 x 37 x 392397684 468660 613729 344084 167488 872817 (39 digits).

28. T,(33,3) =37 x 23 x 857 x 3 928422 863348 787826 215906 015441 564473 (37 digits)

(33, 3) 4% 20286419 x 848 220926 630659 241732 391340 317419 (33 digits).

Fermat and Mersenne, for odds N = 3 of the form N =2"+1=2"+1"neN" and
N=2"-1=2"-1",ne N, respectively, chose the values of ne N for which the odd N , firstly,

does not have 3 as a factor (n=2°,se N and n= prime, respectively). This has as a

consequence that the Fermat and Mersenne numbers are not divisible by 3, that is, they are not
divisible by ' of the odd numbers (that are smaller than N ). This non-divisibility by 3, is a

property of the numbers of the T symmetry for n=5. Consequently, the odds T, (k,5) T (k,5) :
T,(k,5) , T, (k,5) , ke N are not divisible by % of the odd numbers (that are smaller than

T.(k,5), T, (k,5) , T,(k,5) , T, (k,5) , keN"). Because of this, the method is particularly
efficient for n=5. We give an example for n=5 and for small values of k, k=1, 2, 3,........ , 18.

Example 5.3.
1. T,(2,5) =270500807 (9 digits) is a prime.

2.T,(3,5) =17246 461711 (11digits) is a prime
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T, (3,5) =32342 343169 (11 digits) is a prime.

3. T, (4,5) =2 132417 969153 (13 digits) is a prime.

SN

(
T, (8,5) =36 821571 153497 669633 (20 digits) is a prime.

5.T,(9,5) =1180 663669 517502 645247 (22 digits) is a prime.
(

7.7, 11,5) =4 835777 063183 149145 526271 (25 digits) is a prime

*

6. T,(10,5) =75631 614682 207162 007551 (23 digits) is a prime.
T, (11,5) =9 669045 950065 986429 124609 (25 digits) is a prime.

*

8.7, (12,5) =618 894471 001773 327207 104513 (27 digits) is a prime.
9.7, (16,5) =5192 299334 412545 020553 193752 494079 (34 digits) is a prime.

10. T, (18,5) =42 535214 735633 635683 576920 453379 260417 (38 digits) is a prime.

From the identity of the Euclidean division, we have that the equations

n=3+4L,LeN’
n=2+4L,LeN
n=1+4L,LeN’
n=4L,LeN

give all values for ne A={2,34,..} .

For n=2+4L,L e N the numbers of T symmetry give prime numbers only for even values of k:

(k,n)=(2S,2+4L)

X . (5.10)
SeN,LeN

For n=1+4L,L e N" the numbers of T symmetry give prime numbers for both, even and odd
values of k:

(k,n)=(S,1+4L)

N . (5.11)
S,LeN
For n=4L,L e N" the numbers of T symmetry give prime numbers only for odd values of k:

(k,n)=(25-1,4L)

X . (5.12)
SLeN
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The values of sequence u(k, n) for the pairs (k, n) of equations (5.10), (5.11) and (5.12), are odd
numbers. So the numbers of T symmetry give prime numbers only in cases where the sequence

(ko) = (n +1)(22k +n)

In equations (5.2), (5.3), (5.5) and (5.6) is an odd number.
From the above study it emerges that the method is applied in two ways:

a. We factorize the numbers of the T symmetry and identify the ones that are products of a set of
prime numbers with a comparatively larger prime number.

b. We identify the prime numbers of the T symmetry, via a primality test, when the equations
(5.10), (5.11), (5.12) hold.

We suggest, in both cases, that a specific ne A= {2,3,4,...} should be chosen, and then the

values k=1, 2, 3... can be given in equations (5.2), (5.3), (5.5) and (5.6). The method may be
further investigated for the form of the pairs (k, n) eN"x A inequations (5.2), (5.3), (5.5) and

(5.6).

The observations above have high theoretical interest, but they have not been completely
proved. During the application of the method, it is necessary, a primality test to be done, for all
possible primes of T symmetry.

6. A factorization test for the composite odd numbers
The corollary gives a factorization test for the odd numbers TT>9.
Corollary 6.1.1. Every composite odd number IT> 9 can be written in the form

(c+1)(2h+c)

M=s(he) === (6.1)

(h, C) eN xA
if and only if there exists an odd number f such that

(2h-1)" +8I1 = f?

feN,f=o0dd (6.2)
NOIT < f </8[1+1+2h-2

and then

c :w . (6.3)
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2. The biggest number S=S(77) of operations required for the factorization of the odd number 77
depends on the value of the parameter he N", ,u(h, c) =1I1,c € A and derives from the equation

B[ | on-2

2

S =5(IT=u(h,c))= h-1. (6.4)

Proof. 1. According to theorem 2.1 every composite odd number ITcan be written in the form of
the equation (6.1), and we have

c’+(2h+1)c+2h-211=0 . (6.5)

This equation is of second order with respect toc € A and the determinant D of the equation (6.5)
is a square of a natural number:

D=(2h-1)"+8I= f2, (6.6)
From the equations (6.5) and (6.6) we have

_ f —(2h+1)

c e A which is the equation (6.3).

In equation (6.3) the natural number (2h+1)is odd and consequently f is also odd. From the

equation (6.6) we have that 8IT < f?and finally «/8IT < f . From the equation (6.1) we have

S h

c+1 2=

and so

c< \8IT+1-3
B 2

and in combination with the equation (6.3) we have

f —(2h+1) - J8Im+1-3
- 2

2

And finally we have f <«8IT+1+2h-2 .

2. From the inequality of relation (6.2) we have that the odd number f belongs to the closed
interval A=A(IT):

feA=A(=p(hc))=| [VBIT]+1[VBIT+1]+2n-2]. (6.7)
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Consequently the biggest number of operation required is
VBIT+1 || VBIT |+2h-2

2

S=S(H=y(h,c))=[ h-1

in the case where the number f takes all odd values in the interval A. O
The factorization of the odd number IT can be done by two ways:

By giving to the natural number h the values h=1, 2, 3... in the equation (6.2) until we have
an odd value for f. Then, from equation (6.3) we calculate ¢ € A and take the odd IT factorized in

the form IT= u(h,c)= %;hm (2 factors).

By giving to the odd number f values f > +/8IT until we have a natural number he N" from

equation (6.2). Then, from the equation (6.3) we calculate ¢ € A and take the odd IT factorized in

the form IT= u(h,c)= %jhﬂ:) (2 factors).

From the equation (6.4) we conclude that the biggest number of operations required S=S(IT)
for the factorization of the odd number IT is minimized when the number h takes the smallest
possible value in the rearrangements of I1=p(h, c) (see chapter 3). By comparing our
factorization test with the sieve of Eratosthenes: the number of operations required for the

factorization of an odd number IT by the sieve of Eratosthenes is approximately ﬂ . So the

In Jﬁ
factorization test is efficient for the odd numbers IT for which we have
Ji
S(IT=u(h,c))<
( /“( )) In Il
and equivalently
h < il +1. (6.8)
In\/ﬁ

As we can conclude from equation (6.4). The test is very effective for the odd numbers IT for
which we have

JII
In/T1

From equations (2.4) and (2.5), where k=h and n=c, we have that parameter h takes small
values, and equivalently the test is effective when an odd number 77 is a product of two odd
numbers y and y, y<y and y be about twice as high as y. Thiw observation leads to the concept
of “rearrangement multiplier ”: If the odd number /7 cannot be factorized by the test then we

h <<

+1. (6.9)
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multiply it by an odd & (rearrangement multiplier) so that &I7 is product of two odd numbers
and y, y<w and y be about twice as high as y. Then we factorize &I7 by the test. In factorization
of &IT the biggest factor of /7 is appeared. Next we can see four examples.

Example 6.1. We apply the test with the first way mentioned above for the odd I1= 499999
994488 500015 187991. The test factorizes in 26 operations: 499999 994488 500015 187991 =
499999 997257x999999.

Example 6.2. We apply the test with the first way mentioned above for the odd I1=4988 007042
023480 817299 187879 152021 079829 121957. The test factorizes in 8040399872594
operations: IT= 4988 007042 023480 817299 187879 152021 079829 121957= 49939 999213
188599 848703%x99879 998410 296399 952219. We apply the test with the second way
mentioned above for the odd 11=4988 007042 023480 817299 187879 152021 079829 121957.
The test factorizes in 324 operations: 1= 4988 007042 023480 817299 187879 152021 079829
121957=49939 999213 188599 848703x99879 998410 296399 952219.

Example 6.3. We apply the test with the first way mentioned above for the odd I1=11917. The
test factorizes in 334 operations which is an extremely high number for such a small number. We
apply the test with the second way mentioned above for the odd I1=11917. The test factorizes in
214 operations.

For £=83 we can foctorize 83xI1=83x11917=989111 and by applying the test by the first way
mentioned above we can take, in just 5 operations performed, 989111=701x1411. The odd
number 701 is the biggest factor of the odd I1=11917.

Example 6.4. We apply the test with the first way mentioned above for the odd [1=374757029.
The test factorizes in 182504 operations which is an extremely high number for such a small
number. We apply the test with the second way mentioned above for the odd [1=374757029. The
test factorizes in 157169 operations.

For £&=717 we can foctorize 717xI1=717%x374757029= 268700789793 and by applying the
test by the first way mentioned above we can take, in 1021 operations performed,
268700789793=367049x%732057. The odd number 367049 is the biggest factor of the odd
11=374757029.

For £&=719 we can foctorize 719xI1=719%374757029= 269450303851 and by applying the
test by the first way mentioned above we can take, in just 1 operation performed,
269450303851=367049%734099. The odd number 367049 is the biggest factor of the odd
[1=374757029.

For £=721 we can foctorize 721 xI1=721x374757029=270199817909 and by applying the test
by the first way mentioned above we can take, in 1022 operation performed, 270199817909
=367049x736141. The odd number 367049 is the biggest factor of the odd [1=374757029.

In order to find the rearrangement multiplier we may implement some different methods. In
this paper we will not make mention to these methods.
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The results we have set out, as well as the applications of Chapters 5 and 6, can be further
explored. This is expected because this is the first time we study the natural numbers by their
sum and not by their product.
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