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Abstract
A relativistic rotator isapair of black-holes moving around their center-of mass (com) on GR-orbitsin their
own gravitational field. First we present a GR-solution in the com-frame for non-rotating (Schwarzschild)
black-holesin the usua spherical coordinates (t,r,6,¢) using acomplex transformation of theradiusr . with the
condition that for »—oo the resulting orbit equations must be the Newtonian equations. We analyze the solution
and show examples of orbits. In a second step we generalize it to the case of rotating (Kerr) black-holes

1. The basics: Schwar zschild and Kerr spacetime and the Newtonian and GR ener gy
equation

We start with exact solutions of Einstein equationsin spherical coordinates for the non-rotating (Schwarzschild)
and rotating (Kerr) black-hole.

The Kerr line element reads [ 3]
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the dimension of adistance: [a]=[r] , and J is the angular momentum.
In the limit a—0 the Kerr line element becomes the standard Schwarzschild line element
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Thetotal energy for amass min Newtonian gravitation field of amass M is:
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where E; isthe total energy and ¢; the relative total energy. We use in the following the terminology of [2] for
2

where r, =

is the Schwarzschild radius, and a = Mi is the angular momentum radius (amr) , « has
C
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the GR energy and radial orbit equation: &, = , Wwhere F? = 2¢,+1 isthe (dimensionless) relativistic

velocity factor.
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Because of conservation of angular momentumL is| =—=¢r? =const , | = reduced angular momentumisa
m

constant. Using thisrelation, (3) becomes the Newtonian orbit differential equation for the orbit radiusr , with
the parameters | and ¢; to be determined from the initial condition.
From the first (timet) Schwarzschild orbit equation (see below) we get

t'(l— Ej =const=F [2],whereF isthe abovereativistic velocity factor .
r

In the general relativistic Schwarzschild case the Newtonian approximation (3) becomes the exact relativistic
energy equation [2] :
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We consider now the case of the Newtonian gravitational rotator (Ngr): two point masses my and m, with



m;> M, rotating around their center-of mass (com), in the com reference-frame with orbit radii r, and r, resp.
Because of the com-condition m,r, = mr, ry and r, can be calculated from the distancer, between my and mp

m, m m, m mm, . :
rn=—=r=—r,andr,=—-r,=——r, where m =—=— isthereduced mass ,and m= +m, is
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the total mass.
The Newtonian energy equation for the both orbit radii r; and r, read :
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From the energy balance E,,, + E,;., — cmm, _ g,m,c?
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we reduce (5ab) to the well-known rotator equation with mass m
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The basic orbit angular frequency for acircular orbit results from the force equilibrium condition
Gmlm > Gm
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Weintroduce the dimensionless distance T, = fo , and dimensionless | = or , and get from (6)
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We general ize thisto the GR Schwarzschild energy equation
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(7) isthe Newtonian approximation of (8), valid for the dimensionless distance T, = fo and with the

r
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parameters | and ¢, <0 .
Accordingly result the dimensionless @, = /21 and I = @,F, = %0
r.O

We calculate the minimal and maximal radius {r 1, rp2} of the (in generdl) elliptical Newtonian orbit by setting
=0

| 2 [ 2
2 —L o is the harmonic mean of rp; and rp; : l:i+i
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For thecircleorbit: r, =r,, =T, =2l

In the following, we will drop the bar in 1, and work exclusively with dimensionless coordinatesr in unitsrs
also we set c=1.

2. Theorbit equationsin Kerr-spacetime

The Einstein field equations are [2,4,5]:
1
Ruv - E guv RO - Aguv = _KTuv (9)

where R, istheRicci tensor, Ry the Ricci curvature, x = 8”4G :
o
the cosmological constant (in the following neglected, i.e. set 0),

T, is the energy-momentum tensor, A is



with the Christoffel symbols (second kind)

2 ox"  ox*  ox* (10)
and the Ricci tensor
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The orbit equations O1...04 invacuum (T, =0) are:
2k u v
d x2 +F5vdx dx 0
da di da k=0...3 (12)
with the usual setting A=7 = proper time
For A=t we get for the line-element ds=c di= dA and thereforetrivialy:
u \4
g, dx* dx” 1-0
oda da (13)

Thisrelation yields for the Kerr- and Schwarzschild-spacetimes the GR energy relation, we choose the
denomination E1 for it.
The explicit form of E1 and O1...04 for Kerr-spacetime asaseriesin o is given in the appendix.

In the following, we use the expression for the t-derivative with dot or with prime: t'=t = a

dr



3. Theansatz for the GR rotator as complex Kerr spacetime

We introduce now the ansatz for the GR rotator: it should contain both radii (r1, r2) andthe massratio asa
parameter and it should of course satisfy the Einstein equations. Furthermore, it is clear that it should have
axial, and not spherical, symmetry, as the rotator has its rotation axis as the symmetry axis.

Conseguently, we make an ansatz with a Kerr spacetime with complex orbit radius: it has axial symmetry, one
more parameter because of itsimaginary part, and it satisfies the Einstein equations. We have to verify, that in
the limit »—oo in order O(1/r) the correct Newtonian orbit equations emerge.

The Kerr metric is transformed for binary BH (m1, m2) at distance ry, rotating around the center-of-mass (com)
at distance (r1, r2) from com as follows:

mm,
m +m,
We generate now anew complex Kerr spacetime from the Kerr spacetime of r, Kerr(r2) by the

nrm=r,m=mr, m= is the reduced mass, u:ﬂsl is the massratio.

transformation r, —

1+iu

Thetransformation T =r,(1+iu)=r, A+ip) =T, +1ir, mapsr, into the complex orbit of the binary rotator,
7

the resulting Kerr metric satisfies the Einstein equationsin r and

Re[r]=r, and Im[r]=r, ,i.e orbit(r )= orbit(r2) + i*orbit(rl) , the complex orbit ¥ yields the orbits of
the two masses.

We get immediately the following relations:
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U
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and the orbit equations (left side) O1d...04d are given in the appendix.

How should we interpret the transformed Kerr spacetimein complex r =1 ?

For the gravitational rotator itself the arising orbit equations O1d...04d describe through the complex solution
r[z] the orbits of the two masses (ml1, m2) via

Re[f[z]] =r[7] gng IMIFIel]=nlz] \wewill show in 5 that we recover the Schwarzschild energy equation
(whichistheradia orbit equation) for rp/z/ and ri/z/ for a=0,

For aremote observer in the transformed Kerr spacetime we take as his orbit Re[F[z]] , Since the orbit must be
real. We will show in section 6 that in lowest order in 1/r-powers the orbit equations of the transformed Kerr
spacetime are identical with the Newtonian acceleration equations cal culated directly.



4. Therdativistic time-derivative dt/dt

Of specia importance is the solution of O1 , which givesthe derivative t'= a .

dr
In the Newtonian approximation, isof courser=rand t'=1 .

In the Schwarzschild spacetime, O1 can be solved analytically, and the well-known solutionis [2, 5]

t':i1 , where F? =2¢,+1

1-=
r
In the Kerr spacetime, the solution cannot be given in analytical form, but it can be expressed as aseriesinr

and a , it seemsthat it isderived herefor thefirst time.
First, we bring O1 into anew form using 6=r/2, 8'=0 and ¢'r’> =1 (see5.), thuseliminating ¢' and 6" :
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This hasthe general-form
t'+t'r' f,(r)—r' f,(r) = 0 and after multiplication with afunction f1(r) it can be made atotal differential

t )+t () f(r)—r f(r)f(r)=0 with f'(r)=r"f,(r)f.(r)
And with this condition the formal solution can be derived immediately:

[RAGIAG R

f.(r) :exp(j f.(r)) and t'= 0 with an integration constant F .
r
1
In the Schwarzschild case with a=0 and f3(r)=0 this results immediately in fl(r)=1—% and t'=i1
1-=
1+ -
1-r'—2 _.
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IntheKerrcase, f(r)= = ° 22 | fy(r)= | 2/ )
and after turning the integral in the numerator of t' into aseriesina and 1/r , t' becomes
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t=ts(r,a)= LT ((lir)r ’
which for a=0 resultsagainin t'=i1

r
2

So the Kerr-correctiontot’ isof the order FO‘—4 from the F-term (total energy) and of the order | % from
r r

the I-term (rotational energy) .

5. The equations in the “equatorial” form and « as radiation energy parameter
Without loss of generality we can set 0=7/2, 6'=0 : the orbit planeis the equatorial plane, we introduce the

conserved | = reduced angular momentum from conservation of angular momentum ¢'r° =1 , eiminating ¢

Further on, we use the solution of O1 to eliminate t'= i :

dr

L. (Schwarzschild replacement)
1- 1+iu

r

In Schwarzschild spacetime t'=

in Kerr spacetime t'= ts( ,a) (seeabove, Kerr replacement)

1+iu



E1 with Schwarzschild-replacement (approximate Kerr)
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which is the Schwarzschild energy equation for ry[t] , and rift]=p ro[t] , SO we have verified the Scharzschild
limit (a=0) of the transformed Kerr spacetime.

2l L+in)aF

a-termin E1dA is 2AE.= 3
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(3+ 8iu— 4N2) with rotation period

T:=2—ﬂ: 2nr[e)’ , BH—-distance ro =r[r] (L+ )
® | L+ip)
TheEi nstein-formulagravitational radiation power [2] is
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T r[z]® 2ar[r]
It is remarkable that the E1 power-correction and the gravitational radiation power formula have the same
r-dependence 1/r°
so weinterpret the parameter a of therotator spacetime asthe gravitational radiation loss.
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The actual radiation energy isreal of course, E,_, 5g, .
a, containsno factor (1+i4) , the complex factor in the denominator comes from the Kerr t-derivative from
section 4, for the Schwarzschild t-derivative ag isredl.

(17)
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For u— 0, thatisfor aplanet orbiting astar, aq becomesreal , also o, (u =

becomes purely imaginary.
With Fe=1, ro=2, p=1 : ag =—0.00030—0.00241, so the gravitational correction is very small even for close
orbits. Note that that a, — 0 for 4 — 0 : thetransformed Kerr spacetime becomes the Schwarzschild

spacetime of asingle point mass, and asingle star emits no gravitational radiation.



6. The orbit equationsfor the remote observer in transformed Kerr and in the Newtonian
limit

First, we calculate the Newtonian gravitational acceleration of the remote free falling observer towards the
rotator (m1,m2) in the com-frame of the rotator.

Second, we calculate the orbit equations of the observer from the transformed Kerr spacetime of the rotator, and
take therea part asthe valid observer orbit.

Third, we compare both in the lowest order in 1/r .

Theresult isthat they are identical, which proves that the transformed Kerr spacetime is indeed the correct
physical description of the gravitational rotator.

We define the variables of the remote observer and calcul ate the accel eration from the Newtonian gravitation
law.

~ m/2-00

I'o =vector(observer,com rotator)

distance d(observer,m1), d(observer,m2):

r0x=d(m1,m2), {x1phi,x2phi}=projection(ro,6=n/2)

{rolx,ro2x} ={ d(observer,m1),d(observer,m2)}
ro={xo0,yo,zo}=observer coordinates={ro,00,p0}

BH-masses={ m1,m2,m=(m1+m2),mr=m1 m2/m}

BH-distance com={ rOx,r1x=rOx* mr/m1=m2/m,r2x=rOx* mr/m2}
p=m2/m1 mass ratio

eb=¢(binBH,observer x-axis)!= @o

xo0=ro Sin[00];

zo=ro Cos[00];

ml=m-m2;

x 1 phi=Sqrt[x0"2+(m2/m)"2r0x"2-2 xo(m2/m)r0x Sin[eb]]
x2phi=Sqrt[x0”2+(m1/m)"2r0x"2+2 xo(m1/m)rOx Sin[pb]]

rolx=ro Sqrt[ [++(m2/m)"2(r0x/r0)"2-2 (m2/m)(r0x /ro)Sin[@b]Sin[60]]
ro2x=ro Sqrt[1+(m1/m)"2(r0x/ro)"2+2 (m1/m)(r0x /ro)Sin[eb]Sin[00]]



The dimensionless Newtonian acceleration vector in {X,y,z} of the observer towards the rotator is the vector

sum of the accelerations towards ml and m2, dimensionless gravitational potentia is E = —% , So the
r

dimensionless acceleration=forceis F = — ;nxs r ,wheren, = 1 I isthe unit vector from the mass attractor
r r
to the observer, and my is the dimensionless mass (m=my+nm,=1 is the mass of the rotator) .

x20 = Sqrt[x2phi”~2 - (ml /m) "2 r0x"~2 Sin[¢b] ~2]

xlo = Sgrt[xlphi~2 - (m2 /m) "2 r0x"2 Sin[¢b] " 2]

y20 = (ml /m) rOx Sin[¢b]

ylo=-(m2/m) rOx Sin[¢b]

aro= ((ml/m) / (2rolx"3)) {xlo, ylo, zo} + ((m2 /m) / (2ro2x"3)) {x20, Y20, zo}

We cal culate the acceleration vector in spherical coordinates (,6,¢4) of the observer, we use theinitial
conditions r[Q] =ro, 8/0]= 6o, p[0]= ¢ o =0

aror=
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Setting (x0'’', yo'’, zo'’)=aror we get the Newtonian equations of motion in spherical coordinates (the

respective left side, the right sideis 0)
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We form linear combinations to get pure 6’ equation and r’’ equation:

deqgN13= Cos[GO]dquNl—Sin[OO]dquN3: 0’’ equation
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The corresponding transformed-Kerr orbit equations O2dn, O3dn, O4dn are:

O2dnA
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Comparing deqgN2 and O4dnA yieldsin lowest order in 1/r,, after cancellation of common factors the

@ equation egphi=

2Cot[0,]10'[7]¢'[z]+ ¢"'[r] =O (18)

The comparison of deqgN13 and O3dnA givesthe 6’ equation, where the last term appears only in O3dnA,
th=

e2qr '[7]0'[7]

r.O

The comparison of deqgN31 and O2dnA givesther’’ equation, where the last term appears only in O2dnA,

eqr=

+0"[r]- Cod6,]9N[6,1¢'[z]*=0 (19)

r2 +r”[T]—9'[T]2|"O—rogn[00]2¢'[f]2=o, (20)

From the conservation of angular momentum for the observer ¢'[7] = |—°2 , and for the free falling observer we

(o]

can assume that initially there is anegligible rotation around the remote rotator, so |, = 0, and we can neglect
the terms ¢'[z]* inegth and eqr .

The three equations eqphi, eqth and eqgr follow directly from the Schwarzschild spacetime in lowest order
in U/r , and it isinteresting to solve them explicitly, replacing r, — r[z] .

From egphi we get by integration

Log[¢'[r]]=—2Cot[0,] O[]+ cphi , and ¢'[r]= Exp[-2Cot[6,] 8[z]] cphil with cphil= Exp[cphi]

But from egr we seethat ¢ * must be of order ¢'[r]°< O(ig) , which is possible only if ¢’'=0.
r.O

After having inserted thisinto egth , we can integrateit and get 0'[7]= oh :

rlz]

Weinsert thisinto eqr , integrate and get asolutionfor r :



2
r'[r]= 1 + ﬂz , the cth-term is a GR-modification of the Newtonian force law.
2r[z] 3r[r]

7. Taking into account self-rotation of the participating masses m; and m,
The Kerr ansatz is valid as long as there is a 0-symmetry , i.e. the system is independent of ¢ . If there is self-
rotation (around z-axis) for the masses my and m, , the 6-symmetry is not disturbed and self-rotation (spin-)
angular momentums L; and L, add up and contribute to the Kerr parameter o according to the formula
. L r.,(m)*m .
a=a,+a, .Forarotaingblacknole o, = —* = %% 5(My)"m, , where r,(m,) = &Tx isthe

m,c m,c C
Schwarzschild radius, « the inertia-factor (k=2/3 for a spherical shell) and @, the angular frequency. For the
masses (my, mp) (dimensionless, i.e. m=1) rotating with angular frequencies (w1, w2) we get dimensionless

2

k(o + OaH ) (21)

Q+u7)
For u—0 the gravitational rotator becomes simply asingle rotating Kerr- blackhole with o = o, , asit should
be. Also, the contribution ag from gravitational rotation becomes O for u4—0 , and the spacetime becomes the
normal real Kerr spacetime of arotating blackhole, which emits no gravitational radiation.

Sothetota o of the gravitational rotator (my, n,) with spin-contributions (a1, a2) becomes
2
K(a)1+a)22,u )+agr '

A+ p7)

where o iscomplex and a; and o, arereal and |ocgr

a=0o,+a,=

a=ota,ta, =

<< 1.

8. Numerical examples
In the following, we present gravitational rotator orbits calculated numerically from the transformed Kerr
spacetime.

8.1. Binary blackhole with mass ratio p=1/2

We consider an example of abinary blackhole with massratio u = M2 with mean distance r,=16.80, basic
1

angular frequency o, = % =0.01026 , high spinning frequencies (@,, »,) =(0.8,0.8)
2r,
(within the limit o <1), the velocity factor F=0.987 (e;=—0.0132) and the reduced angular momentum
=1.77+2.36i are chosen for theinitial condition to ensure a bounded orbit.
Theresulting Kerr parametersare ¢=0.297-0.00099 i, a,=0.00050-0.00099 i .

We calculate the orbits for the Schwarzschild case (¢=0 , no radiation), without spins: Kerr(a,, ) , and the full
Kerr case with spins and radiation Kerr(a, +ag,) -
The Newtonian maximal and minimal basic (circular) ro-radii from section 1 are: r,:=30.91, rp,=6,84, the basic

Newtonian period T, = 2 =612.1
@



Theresults are as follows.

Therz-orbit for the Kerr(a,, +ag,) caseandtheKerr(a, ) case
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Inthe Kerr(a, +ag,) case, period T=761.80, rp-radii=(32.0485,6.127) ,
inthe Kerr(a,, ) case, period T=722.631, rp-radii=(30.577,5.834) ,

in the Schwarzschild case, period T=722.707, r,-radii=(30.580,5.833) ,
inthe Newtonian case, period T=721.4, ro-radii=(3.66,6.85),
It isinteresting to study the behavior of the orbit period: comparing the Schwarzschild and the Kerr(a, ) case

the (very small) radiation loss through o, decreasesthe period by 0.076, i.e. 0.010% . On the other hand, the
strong self-rotation in the Kerr(«, + a,) case accelerates the orbit through the “dragging” (Thirring-Lense
effect) , therefore the period becomes longer by 39.17, i.e. by 5.42% .
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Schwarzschild spacetime in matrix form
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Christoffel symbols I'*,., (Kerr) have the values
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The transformed-K err energy equation (left side) as seriesin  «, with Christoffel symbols I'* ., and
coordinates x“=(t,r, 6, ¢) isE1d=
LE :

[o® | ..I.'-"-ECOS['J[" z r:{"z-r"'["2
1+ |
| } 2|_‘;_2| i 2I]’_"|- i .']’_"|- ]’_"[ -ZI
| (-i+p) e |
1 £ 'zl
\ a? (~i+mcos[a[c]]isr[t]?)
, ; r[c]? __ ; 2o (Ll el Sin[ofc 12 '] [
o Cos [ 0] } S T]c A
\ (-1 + )2 ) 2 (-1 Zcos[ofr1 1% v p[?
.z 2 : : T S
il ot (1+1u) e sin o )
sin[oc]1% |22 | ¢ [t]?
\ THEENE Sty tces ol e o1? )
An the orbit equations (left side) O1d...04d
Old=
(41 (-1 +u) o [ Pyl r["zu o (-1 |.-.-'-ZCOS[-.'[-"2 } r["z- (R A
({a? (—i+m)?sa? | |_-.-'-2Cos[2-.'[ Z2r| 2)2
I.'a_2| } 2|| 1 ric] + ] R
4igl | p 0 r[o] sin(z o] £ [
(c? | P et |_-.-'-ZCOS[2-.'[ Z2r] 2)2
(41 [
[-a® | |_-.-'-2Cos[-,'[" E i 2|r[' Znur[ 2 (o i 2|3r["2nn
sinfo[c]1% [ [ {{a? -t v icosizol zr[c1?)?
(-a? | i 2, 1 elt] +r] Z
8 3 ruidcoslolol vl sinfo[c113 o' [
(o P e ol |_-.-'-ZCos[2-,-[ 2r| 2)2
e
O2d=
[ 11 NG } Cos (o] 12 } rZ2 1| il | -2 2 } il
P2
(2 (-o? ( |.-.-'-2Cos[-.'[' '2|r[ 2 2 T 1 S a il 2
(—i+m)? (a? .'_|.-.-'-2Cos[-.'[' '2|r[ ) (et i 2, 1-du) | el z
£’ 12) /(2 (-a? ¢ |.-.-'-2Cos[-.'[' '2|r[ 1213 4
2ot Cos[o] Sin[o |1 v’ [
o? Cos o] Z, r. '22
rl 2 i 2, 1 [ el 2 [ 2
o (~i+pmfcos(o[c]liieln]?
} 3 |'.':_2 |.'."-ZCOS[-.'|" 12 4 vl 2 | .':_2 } 2, 1 [ il 2
sin[e[t]]1%t'] [ (-2 vutdcasiaredaero1d)
[(e® (~ivm?vrlc)vipr] r[c1%) sinfoc])? |2 vy toosterc)itere 4
o cos[et] 1 (-4 r et ee® (1es i+ suteig®) sin(ercy1?) 4
1
—(ar[c1vzad (1 Sprc1?sinferc1? o510t Lt f ) sinfz oo ?
2
[ 2| 12 2 |.-.-'-2Cos[-.'[' 2|r[ 23 4p [



Cos[o[c]]

sin[ofc]]




References

[1] S. Chandrasekhar, The Mathematical Theory of Black Holes, Oxford University Press 1992
[2] T. Fliessbach, Allgemeine Relativitétstheorie, Bibliographisches Institut 1990

[3] M. Visser, The Kerr spacetime: a brief introduction [arXiv: gr-qc/07060622],2008

[4] 1.Ciufolini, A, Whedler, Gravitation and Inertia, Princeton University Press 1996

[5] G. Soff, Allgemeine Relativitétstheorie, Univ. Frankfurt/M 1993

[6] M. Blau, Lecture Notes on General Relativity, Bern University, 2000



