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Abstract. In this study, we introduce the concept of denser
property in fuzzy membership function used in neutrosophic sets.
We present several new definitions and study their properties.
Defuzzification methods over neutrosophic triangular dense
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1. Introduction

For any kind of multi-attribute decision making
(MADM) it is essential to have adequate crisp data, but in
modern situations crisp data are inadequate. The data for
which they used to rely more are basically imprecise,
vague, inappropriate and piecewise untruth as a whole.
Belnap [3] made an attempt to study with the four valued
logic namely Truth (T), false (F), Unknown (U) and
Contradiction (C). He used a bi-lattice where the four
components were inter-related. Smarandache [13] founded
and developed the neutrosophic set, neutrosophic logic,
neutrosophic probability and neutrosophic statistics.
Several researchers Ye [19], Biswas et al. [4,5], Mandal
and Pramanik [10] etc. have discussed several ranking
method based on current problems using neutrosophic sets
(NS). Also, recently the multivalued power operator in NS
has been veveloped by Peng at al.[12].Fuzzy set theory
was first studied by Zadeh [21] but after few decades later
the concept on hesitant fuzzy set has been grown by
Torra[15]. Moreover, in intuitionistic fuzzy environment,
numerous research articles have been studied by eminent
practitioner. The concept on intuitionistic fuzzy sets (IFS)
has been developed independently by Atanassov[1,2] and
Dubois et al. [9]. Through its process,Wang et al. [17,18],
Pei and Zheng [11] discussed new concepts on evidence
based IFS and a novel approach for decision making
respectively. However, the decision maker’s (DM) are
usually applying their appropriate membership grade
values of the different attributes which are prior and
experienced data. But in reality, the data predicted a day
ago may not be useful for tomorrow and in many cases
those grade values demanding changing values with the
change of the dealing frequency among several monopoly
enterprises or between the time gap also. Thus, it is
troublesome to find the actual data (because most of the
original data is in hidden and secret under some national or

fuzzy sets and neutrosophic triangular intuitionistic dense
fuzzy sets are then given. Finally practical applicability of the
methods have been discussed with graphical implications in
recent times.

set; defuzzification method.

international law and orders). For instance, to find the
information over flood victims in a particular place several
opinions may come out. But the data accepted by the
authorities usually vary the reality because of the limi-
tations on governmental financial supports to be offered to
the victims. However, the situation began to clear as the
day passing on. To model the above situation, in this
article, we first give some basic concepts on neutrosophic
set (NS), and then we develop the NS under dense fuzzy
environment. The fuzzy components under several com-
positions are discussed from the existing literature. Next,
some extensions are made with proper justification.

The paper is organized as follows: Section 2 describes
some basic concepts of NS for subsequent use. In section
3, we develop the NS under dense fuzzy environment.
Section 4 deals with defuzzified values of NS. Section
5 improves NS assessment under dense fuzzy envi-
ronment. Section 6 gives further implications of dense
fuzzy in NS. Section 7 presents applications to show
the practicality and feasibility of our method. Section 8
ends the paper with some concluding remarks..

2. Preliminaries

Here, we shall discuss some basic concepts and
operations on neutrosophic set.

Definition 1.[4] Let X be a space of points (objects) with
generic element x. Then a neutrosophic set (NS) 4 in X is
characterize by a truth membership function T, , an
indeterminacy membership function I, and a falsity
membership function F, . It is denoted by N =<
Ty 1y, Fy > where the functions Ty, [,andF, are real
standard or non-standard subsets of ]0~,1%[. That is
T,:X->107,1*[, I[,:X->]07,1"[ and is F,: X »
107, 1*[ satisfying the relation is 0~ < supT,(x) +
sup I,(x) + supF,(x) < 3%,
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Definition 2. [13]The complementA€ of a NS 4 is defined
as follows:
1) Tpe(x) = {17} = Ty (x) ,
i) Lpe(x) = {17} = L,(x) ;
i) Fye(x) = {17} = F,(x)
Definition 3. [13]A neutrosophic set 4 is contained in
other neutrosophic set B i.e, A € B if and only if the
following results hold good for
Vx €X
i) infTy (x) < inf TB (X)
supT,(x) < supT,
i) infly(x) > mfIng)
supl,(x) = suplg(x
iii) infFy(x) = mfFB(x)
supFy(x) = supFg(x)

Definition 4. [16]The complement N¢ of a single valued

NS is given by
i) TNg(x) = Fye(x),
i) i) Iyc(x) =71 —
INS(xj Fne(x) =
g (X).
Definition 5. [16]The union of two single valued
neutrosophic sets A and B , denoted by € = AU B. Its
truth membership , indeterminancy membership, and
falsity membership functions are related to those of A and
B as follows:
1) Te(x) = max(T,(x), T (x))
i) Ic(x) = max(l4(x), Iy (x))
i) Fe(x) = min(Fy (x), Fg(x)) ,
Vx €X
Definition 6. The intersection of two single valued
neutrosophic sets A and B , denoted by C = AN B. Its
truth membership , indeterminancy membership, and
falsity membership functions are related to those of A and
B as follows:
D) Te(x) = min(T,(x), T (x))
ii) Ic(x) = min(l4(x), Iz (x))
1) Fe(x) = max(F, (x), Fp(x)) .
Vx € X.
Definition 7. The additionof two single valued
neutrosophic sets A and B , denoted by C = A®B. Its truth
membership , indeterminancy membership, and falsity
membership functions are related to those of A and B as
follows:
D) Te(x) = Ty(x) + T (x) — T4(x)Tp(x)
ii) I (x) = L, () (x)
iii) Fe(x) = F4(0)Fp(x) ,
Vx eX
Definition 8. The multiplication of two single valued
neutrosophic sets 4 and B , denoted by C = AQB. Its truth
membership , indeterminancy membership, and falsity
membership functions are related to those of A and B as
follows:
DTc(x) = T, ()T (x)

i) Ic(x) = I, (x) + Ig(x) — 1,(x)15(x)
i)Fe(x) = Fy(x) + Fp(x)—F4(x)Fp(x) ,
Vx €X

Remark 1.Neutrosophic Cube describing IFS &NS. Jean
Dezert [8] introduced the neutrosophic cube A'B'C'D'E'F'G
"H' to make a distinction between IFS and NS. For technical
use, we take the classical interval [0,1] for the NS para-
meters T4, I, and F, . Then the cube ABCDEFGH s
called technical / relative neutrosophic cube and its exten-
sion A'B'C'D'E'F'G'H’ is called the absolute neutrosophic
cube. Now, we divide the technical neutrosophic cube into
three disjoint regions. The observations from the following
cube are
1) The equilateral triangle BDE, whose
sides are equal to \/E% it represents the
geometrical locus of the points whose
sum of the coordinates is 1. This triangle
is known as Atanassov-Intuitionistic
fuzzy set (A-IFS). Here, if q is a point on
ABDE or inside of it then as in A-IFS,
tgt ig+fy=1.
ii) The pyramid EABD[situated in the right
side of the AEBD , including its faces
AABD (base), AEBA and AEDA (lat-
eral faces), but excluding its face
ABDE] is the locus of the points whose
sum of coordinates is less than 1. If p is
point on EABD then t, + i; + f; <1las
in IFS with incomplete information.
iii) In the left side of ABDE in the cube
there is the solid EFGCDEBD(excluding
ABDE ) which is the locus of points
whose sum of their coordinates is greater
than 1 as in the paraconsistent set . If a
point r lies on EFGCDEBD, then
tg+ ig+fy>1.

Thus, we have a source which is capable to find only
the degree of membership of an element; but it is unable to
find the degree of non-membership. Another source is ca-
pable to find only the degree of non-membership of an el-
ement. Or, a source which only computes the indetermina-
cy. Putting these results we always havet, + i + f; # 1.
Moreover, in information fusion, when dealing with inde-
terminate models (that is elements of the fusion space which
are indeterminate/unknown, such as intersections we don’t
know if they are empty or not since we don’t have enough
information, similarly for complements of indeterminate
elements etc) ; if we compute the believe in that element
(truth), the disbelieve in that element(falsehood) and the
indeterminacy part of that element, then the sum of these
three components is strictly less than 1 ( the difference to 1
is the missing information). This is shown in Fig. 1.
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3 Triangular dense fuzzy environment

Here, we discuss the dense fuzzy environment in the all
possible cases of NS.

Definition 9. [7]Let A be the fuzzy number whose
components are the elements of R X N, R being the set of
real numbers and N being the set of natural numbers with
the membership grade satisfying the functional relationy :
R XN —[0,1]. Now asn — oo if u(x,n) — 1 for some
x € Rthen we call the set A as dense fuzzy set. If Ais
triangular then it is called TDFS. Now, if for some n,
u(x, n) attains the highest membership degree 1 then the
set itself is called “Normalized Triangular Dense Fuzzy
Set” or NTDFS. The graphical interpretation is shown in
Fig. 2.

E'(07,07,1%)

E(0,0,1)

AC0.0.0)
1

R o

A(07,07,07)

D(0.1.0)

D'(0-,1*,07)

Fig-1: Geometric representation of NeutrosophicCube

(a,,m)

(az,n)

Fig.2: Membership function of NTDFS based on definition 9

Example 1. As per definitions (9) let us assume the
TDFS as follows A =< a, (1 - ﬁr—ln),az , 0y (1 +

i) >, for0<p,,00 <1(1)

1+n
The memberships function for 0 < n is defined as

follows:yr(x,n) =
lows:yy(x,n) =

a

)
- _P1

{X aigiz1+n)} if' a, (1 _ P ) < x< a, (

= 1+n
1+n

az(1+-2)—x
{Aﬁ%L}#¢ths%@+ﬂJ

1+n
1+n

(0 if x<a2( —1’1—1”) andx>a2(1+

2)

Similarly, here also we note that, the ordinary mem-
bership functions of falsehood and indeterminacy is
given by

yr(x,n) =
(0 if x<b2( —1p+—2n) andx>b2(1+£r—2n)

by— .
{ {éﬁ} if bo(1-7%)< x<b, 3

1+n

x-=b . -
L {az_bzz} if b, <x< b2(1+ﬁ)

1+n
)

vi(xn) =
(0 if x<c2( —&) andx>cz(1+£)

1+n 1+n
C2—X
p3C2
1+n

: P3
if c, ( - m) <x<gc
x—cz} . g3
T if o< x=<c¢ (1 +—)
03C2 2 2
{ T 1+n

“

Definition 10: TDFS based on non-membership &
indeterminate function

LetA be the fuzzy number whose components are the
elements of R X N whose non-membership grade
satisfying the functional relationd : R X N - [0,1].
Now asn — oo if 9(x,n) — 0 for some x € Rthen we
call the set Aas dense fuzzy set. If we consider the
fuzzy number A of the form A = (a;, a, ,as) then we
call it “Triangular Dense Fuzzy Set”. Now, if for n= 0
in T, 9(x,n) attains the highest membership degree 1
then we can express this fuzzy number as “Normalized
Triangular Dense Fuzzy Set” or NTDFS.

Example-2: Let the falsity set is given by
E =< b2(1 - pz)e_n, bze_n, bz(l + Uz)e_n >
Jor0<p,0,<1 (5

And its non-membership function for 0 < n is de-
finedas 9(x,n) =
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0if x<b,(1—py)e™andx > b,(1+ gy)e ™

be™ —xy . . _,, Definition-12: A Neutrosophic set 4 in X X N is said to
{ pybye ™ } if by(1=pple™™ < x<bye be Neutrosophic Intuitionistic Dense fuzzy Set if the el-
| (x—Dbe ™ . n _, cements of NS, that is the functional components
{ o,b,e } if bye™ = x < by(1+0z)e Ty, IyandF are taken from the real standard subsets of

(6) [0,1]. Thatis Ty : X XN = [0,1], L, : X X N — [0, 1]

and is F, : X X N — [0, 1] having the property that, as

n - oif T,(x,n) > 1 ,L(x,n)—>0 « F,;(x,n) satis-

The graphical representation of non-membership fying the relation is 0 < supT,(x,n) + sup I,(x,n) +
function is given in Fig. 3. supFa(x,n) <3,

Remark 2.The NS for dependency components(Ye [20])

Here we draw the simple Venn diagram for the NS with
dependency components. We use this diagram to realize
the overall assessment of the fuzzy components. Accord-
ing to probability theory, the overall score obtained from
the fig.-4 is stated in (14). Note that, if a, =b, =c,
holds in the fuzzy sets stated in (1), (5) and (7) then the
common region of that set will be crisp one. This is
shown in Fig-4

Fig. 3: Non membership function of NTDFS

Example-3: Let, the indeterminacy dense fuzzy set be of
the form C =< c,(1—p3le™ ce™™, c,(1+03)e™ >
for0<p;03;<1(7)

With the membership function

w(x,n) =
(0 if x<c(1—p3le™ andx > c,(1+03)e™
| cze -n x , _ _
if c;(1—pzle "< x<c,e™
p3Cye”
x x—ce™ ” n n
03C28 lf € sx= CZ(1 + 03)6 Fig.-4: Venn diagram of General Neutrosophic Set

Definition-11: Let X X N be a space of points ( objects) 4 Some basics over expected values of NS

with generic element (x, ). Then a neutrosophic set 4 in Here we shall discuss over the ultimate score or ex-
X X N is characterize by a truth membership function T}, pected defuzzified values for the  proposed neutro-
an indeterminacy membership function I, and a falsity sophic setNg =< Ty, I, Fy >

membership function F,. The functions Ty, [yandF, are i) When the components Ty, [yandF, are independ-
real standard or non-standard subsets of |07, 1*[.That is ent Then as per [Biswas et. al.[4]] the total average
Ty:XXN->]0",1"[ , I, : XXN—->]0",1*[ and is expected score will be

F,: X X N - ]07,1%[ having the property that, asn — o S(x) = i{TA(x) + Li(x) + F,(0)}9)

if Ty(x,n) -1, (x,n) >0 « F,;(x,n) And satisfying
the  relation is 07 < supT,(x,n) + supl,(x,n) +
supF,(x,n) < 3%,

And the truth favorite relative expected value (score)
is given by
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S(x) = ——1a0___ (10)

T4(0)+ 14(x)+ Fa(x)
For information lacking in NS, this part can be
divided into several sub cases.
a) The components Ty, [yandF, all together constitute
a positive skewed distribution.
In this case (truth leads in the major part), the total
score will be
S(x) = wiTu(x) + wyl(x) + wyF,(x) , for
wy>w, >ws andw; +w, +wy; =1 (11)
b) The components Ty, [yandF, all together constitute
a negative skewed distribution.
In this case (falsehood leads major part), the total
score will be
S(x) = wiT4(x) + wyly(x) + waFy(x), forw; <
w, <wz andw; +w, +wy =1 (12)
c¢) The components T,, [;andF, all together constitute
a normal distribution.
In this case (truth and falsehood are symmetric) , the
total score will be
S(x) = wiT4(x) + wyly(x) + waFy(x), forw; <
wy, >ws andw; +w, +wy; =1 (13)
ii) When the components T4, I jandF 4are depend-
ent
a) If the components keep the positive sign then the
ultimate score is given by
S(x) =Ty(x) + Ly(x) + Fu(x) — Ty () (x) —
Ly Fa(x) = TA()Fy )Ty () L4 (x)Fa(x)  (14)
b) For the case of IFS, the effect of I,(x) — {0} or
unknown and the sign of F,(x) be negative and
hence the ultimate score be
S(x) = Ty(x) — F4(x) + T4(x)Fa(x) (15)
¢) [Chen and Tan [6]] Since the expected values of
T4(x) < 1 andF,(x) < 1 so their product values
T, (x)F4(x) « 1 and hence their effect can be ignored.
In this case the score function be
S(x) = Ty(x) — F4(x) (16)
5 Improved NS assessments under dense fuzzy
environment
Case-1 : When all the membership functions keep
their values of similar types for same number of ob-
servations/interactions or time durations. First of all,
we shall discuss the fuzzy assessments under dense
fuzzy developed by De and Beg [7]. The basic aim of
the dense fuzzy model is that each and every fuzzy
component reaches to singleton crisp value whenever
we would like to experiencing with fuzzy data for a
long period of time or interactions in practice. Here al-
so we assume the learning experiences are conducted

within the same elapsed time or interactions for all the
fuzzy components of NS. Thus unlike Biswas et al.
[4]; utilizing dense concept and a — cuts developed
by De and Beg[7], the defuzziﬁed value reduces from

the formula I(A) =— f IN LT (@, t) +

=0,t=0
R(a,t)}dadt = a, {1 + ?Log(l + T)} for time
(T) dependent fuzzy membership function and that for

frequency dependent membership function :

I(A) ==-3N_ya, {2 + 2;’;‘;)} o [21\/ +

2N
%{ﬁ + ﬁ + 1—12 + ot m}]and obtained as
5.1 For time dependent, (11) reduces to I(S(x,t)) =
S{[Ta0c ) + I[ LG, D] + 1[Falx, O]}

_1 (01-p1)
= 1(8) =3[, {1+ 2 Log(1 + T} +

(02-p2)
bo {1+ Log(1+T)} +

(03—p3)
{1+ g+ 1] (7
And that for frequency dependent, 3I(S(x,n)) =
[Ty (x,n) + I[1a(x, )] + I[F4(x,n)]

= 1(8) = 3N Oaz{2+(‘r1 pl)}+ P 0b2{2+

2(1+n)
(02-p2) (03—p3)
2(1+n)} +52"=° €2 {2 + 2(1+n)} (18)

5.2 For time dependent fuzzy components, (10) reduc-
es to

15) = 3a, {1+ 22 Log(1 + T}/

[a2 {1 + %Log(l + T)} +
(02-p2)

bo {1+ 222 Log(1 + T} +
(a3-p3)

e {1+ Log(1 + T} 19)

And that for frequency dependent

_ p1)
168) = 2N2a2{2+2(1+n)}/
[ ZN 0az {2 + o p1)] + ﬁZn:o b, {2 +

2(1+n)
(02 p2) (03—p3)
Gt} SV e {2+ 22 (20)

2(1+n)

Similarly for (11-13) we get

53 For time dependent, (11-13) reduces to
1(S(x, t)) = wil[T4(x,t) + wyoI[ I, (x, )] +
wil[F4(x, )]

= I(S) = wya, {1 + %Log(l + T)} +
waby {1+ 222 Log(1 + 1)} + wac, {1+
%Log(l + T)]withw1 +wy,+w; =1
@2y
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And that for frequency dependent,

X -
=>I1(S)=w, —Zrl\ll=0 a {2 + (26(11:;1))} +

1 (02-p2)
W2 oy &n= n=o b2 {2 + 2(1+n)} +

1 (03-p3)
W3on Zn:o €2 {2 + 2(1+n)

wy =1 (22)
5.4 For frequency dependent fuzzy
components(14) reduces to
1(S) = I(Ty) + I(Lp) + I(Fy) — I(Tala) — I(1aFy)
—I(TyFs)  +1(TalsFa)
= 1(S)

}with w; +w, +

n=0
N
1 (03 —p3)
+— 2+
2N Z € { 2(1+n)
n=0
1 - 0,+0, — p1—p
b b, [2 4 2192 1~ P2
2N Oaz 2 2(1+n)
n=
n p1P2 t+ 0,0,
6 (1+n)?2
N
1 02+03 — P2—P3
-—— >V o423 P2 /3
2N Z 262 21+ n)
n=0
+ P2P3 + 0203]
3(1+4+n)? |
N
1 [, 01103 — p1—p3
- 2 4+
2N L, 22| 2(1+n)
n=0
p1p3 + 0103] +
6 (1 +n)? |
azbzcz Z [ P1 + 0,103 — 01 — P2—P3
2(1+n)
N ,01(P2+P3) + 01(0;+03)
a;b,c, 2(1 + n)?
2N ] 010203—P1P2P3
"= (1+n)3
P1P2+P1P3—P2p310102+0103-0203
azbyc 3 (1+n)2
_ﬂZN 010203+pP1P2P3 (23)
4(1+n)3

(for detail, see appendix equation (A.1 - A.5)

Also, the fuzzy
membership we have by simply integrating the above sum
with respect to time and applying the dense rule and get

results for time continuous

p1)

1(S) = a, {1 + %Log(l + T)}

+ b, {1 G 24Tp2)Log(1 + T)}

(03 — p3)
1+——=L 1+T
+ cz{ + a7 og(1+T)
01+0; — p1—pP2 p1p2 t+010;
N P L el e PP A
202 |1+ 4T o9+ D~ T aT 1)
- bzcz [1
02403 = P27P3 ) (14 T)
4T g
_ P2ps t 0203]
6T(1+T)
01+t03 — p1—P3
—a,c, [1 + TLog(l
p1pP3 + 0,03
T .- - - -
Dt raEn
+a,b,c, [1 + 101 Log(1+T)
P1 + 0,103 — 01— p—p3
Log(1
4T og(
+ + 04 (0y+0:
+7) _Pl(Pz P3) 1(0, 3)]
4T(1+T)
P1P2+pP1P3—pP2p3+0102+0103-0203
tazb,c [ 6T (1+T) -
010203—P1P2P3 , 010203+tP1P203
4T (1+T)?2 16T(14T)2 ] (24)

5.5 For time dependent fuzzy components, (15) reduc-
es to
1(S) = I(Ty) + 1(Fy) — I(Ty Fy) = 1(S)

. { ( 14T.01)L g(1+T)}
+ b, {1 +%Log(1 +T)}

—a,b, [1 + D212 0g(1+T) —
(25)
And that for frequency dependent fuzzy components,

p1)

=18) = 2N2a2{2+ 2(1+n)}
p2)
ZNZbZ{ 2(1+n)}

1 yN 01+02-P1=P2 | P1P21+0102
2N Ln=0a2bs [2 + 2(1+n) + 6 (1+n)2 ]
(26)

P1P2+U1Uz]
12 T(1+T)
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Case-11 : When all the membership functions keep
their values of different types for same number of ob-
servations/interactions or time durations. Here we
shall take the membership functions of T, I, and F,
as stated in (2), (6) and (8) .

Now the score function of (16) under time sensi-
tive fuzzy numbers is given by, S(x,t) =
x-a2(1-F)  pyetox

- Tif usx<v,sa
e g

_x= bze
Gz PP cifv<x<w say
1+t
= S(x,t)
1+t et 1+t 1
x + —( +——1>lf usx<v,say
p1a;  p2b; P1 P2

1+t 1 1+t et ].
( +—+1>—x + ifv <x<w say

01 03 01a;  03b,

Using a —cuts and employing the index formula devel-

oped by De and Beg [7] we  get,

1,t=T
1(5) = —ff“ oimo (L(@, ) + R(a, 1)} dadt
14t 1 14t 1
J‘ p1 P2 o1 oz _l_l 1 _
14t et 1+t | et 2\ 14t et
p1az ' pzbz o1az ' azbz p1az ' pzbz

B S | P azbzf (1+t)pz+p1 ”“’2)+
1+t | et + et (14t)pabyt+etpia,

g1az azbz

((1+t)crz+0'1+61;2

(1+t)ozby+etoqay l t @7)

And that for discrete case, replacing ¢ by n we
write the expected score of the NS as

P1p2
_ azby s ((1+n)P2+P1 )
=0 (1+n)p2b2+enp1a2

I(s)

((1+n)z72 +01 +%)
TPy — (28)

(1+n)oyby+emoqa,

Case-111:
not performed in same time duration / interactions for
all fuzzy components then the above defuzzification
formula (17) & (18) reduces to

=31(5) = a, {1 +(U1;Tfl)Log(1 +T}+

If we assume that the learning effects are

(02—p2) (03-p3)
by {1+ D Log(1 + T} +co {1+ 22 Log(1 +

75)}29)

And that for frequency dependent, 3/(S(x,m,n,p)) =
I[Ty(x,m) + I[ L, (x,n)] + I[F,(x,p)]

=I(S) =

1 M (01-p1) ERV

om =m=0 42 {2 + 2(1+m)} + 6N Xn=0b, {2 +
(02-p2) R ) (03—p3)

2(1+n)} + 6P Ep:O €2 {2 + 2(1+p)} (30)

The detailed discussion is made in Appendix B.

6 Implication of Dense fuzzy in NS

In NS, the traditional concept of membership val-

ues of truth, falsehood and indeterminacy are either
fixed or cannot be changed once it is assigned. But the
present study reveals that such points are continuously
changing because of learning experiences or flexibility
of the human behavior and intentions. For instance,
when we ask a question to a person about the life loss
due to a certain train accident, then (s) he might be
answered that 75% of the whole people died, 40% not
died, and 30% is unknown. But, after few days later if
the same question has been thrown to the same person,
then obviously his/her answer might differ from the
earlier statement. This may be 90%, 50% and 10% or
10%, 80%, 5%. Such kind of observation occurs due
to information gathering from the society or learning
experiences as soon as the time is passed/ increased
frequency of human interactions within the locality/
society/ mass media etc. By this way before going to
take governmental supports (Decision maker’s ac-
countability), on the basis of that prior information
several enquiries committee will be formed and finally
come to a concrete decision for establishing law and
order in people’s benefit. The earlier concepts on NS
analyze the data based on first answer obtained from
that person, but in our present study it analyzes the
data subsequently obtained.

6.1 Procedure for the computation of defuzzified

values of a Neutrosophic Sets(NSs)

Step-1: Find the NS involved in the different field
of activities

Step-2: Find the appropriate membership compo-
nents of that NSs

Step-3: Find the interior relationship among the
different NSs

Step-4: Select the strategies involved in those NSs

a) If we are intending to find the joint per-

formances then take their union using the
definition 5.
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b) If we are intending to find the common
performances then take their intersection
using the definition 6.

c) If the selection of one’s NS might able to
change the other’s NS then to find the
complexities involved take their multipli-
cation using the definition 8.

d) If the selection of one’s NS do not able to
change the other’s NS at all then to find
the complexities involved take their addi-
tion using the definition 7.

Step-5:  After getting the appropriate NS
obtained from Step-4, use defuz-
zification rules which one you are
going to assess.

7 Applications of dense fuzzy in NS (DFNS)

Several applications can be drawn from our day to day
life problems (from science and engineering, sociology,
philosophy, crime research, educational psychology etc.)
The following are some major areas where the DFNS can
be applied.

7.1

7.2

In any kind of decision making process

Example: Suppose, in a supply chain (SC) model
the set of information Ngg =< Ty, Iys , F4s > and
Ny =< Ty, gy , 4 > for both the supplier and
retailer are available under dense fuzzy environ-
ment. First of all we have to obtain the bounds of
each fuzzy components utilizing dense property;
then check whether these sets are subsets of each
other or not. Now applying congruency rule or
similarity measures the score functions for the
chain can be obtained and can be solved by the
proposed defuzzification methods. Note that if
these two sets are disjoint then the chain immedi-
ately gets breaking down and the decision maker
will have to choose another model as well.

Psychological testing/ military selection

Example: Suppose in a psychological test there
are five different attributes to be measured. The
attributes are {Moral value, behavior, leadership,
criminal offence, responsibility}. Among these at-
tributes some of them have positively correlation,
some of them are negatively correlation and rest
of them has no relation. However we have to per-
form the membership functions of each attributes
under dense fuzzy environment and exercising
these every after some stipulated interval of time/

7.3

74

7.5

days. Take for instance, to gain best leadership
quality, one might have to compromise with
criminal activities and bad responsibility in many
cases in practice. On the other hand, a person
having good moral standards, (s)he might carry a
good behavior and good leadership. Under these
circumstances, whenever we wish to compute the
total score, few of the score components of the
NS became negative. Thus, to get the overall per-
formance, the proposed defuzzification method
can be applied and ranked accordingly.

Leadership assessment under social agenda
Example: Suppose an open problem on flood
prone zone in a locality has been thrown before
two political leaders having different ideologies.
The problem itself contains three different para-
metric attributes, like {highly flood prone, un-
known, no flood at all}. In this case, first set is an
appropriate NS for the given attributes under
dense fuzzy environment. Then, we ask to answer
the question to the political leaders at different
places and different interval of times. We usually
notice that the scores obtained by them at dif-
ferent time are not the same. Thus, to have the
actual score obtained by each of them, we might
have to rely their views that were delivered at the
final stage of assessment.

Assessing the age of a digital image

Let in a digital image be three parametric
attributes to be measured. These attributes are
{brightness, white, darkness}. First of all, with
proper definitions, construct the membership
functions of each of these attributes under dense
fuzzy environment. Now changing time (with
proper record), compute score values of the NS
and compare with the values obtained from the
specimen digital image each time. Continue this
process until the expected value gets merged with
the values of the specimen image. Finally, get the
age, the time you have recorded last time.
Vulnerability/ risk assessment in disaster
prone zone

Let the attributes under study for measuring the
vulnerability or risk in a disaster management is
{whether zone is disaster prone, insurance of life
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covered, valuation of the property}. Many times
several attitudes may come whether a particular
zone is disaster prone or not. The life involved in
that area is known and hence the insurance cov-
ered is assessed but valuation of the property is
quite unclear in practice. However if we think of
birds/ animals like pet and firm animals’ life in-
surance or beyond then this part also carry some
information lack. Under these -circumstances
computing score values of the proposed NS at
several years the actual risk can be measured. The
existing research may be viewed in Takacs [14].
Economic, Cultural, Political, Climatic, Dis-
ease Mapping

With the help of NS we can map within Coun-
try/State even in the world also with respect to
different socio economic parameters. For exam-
ple, studying with {rich, mediocre, poor} in dif-
ferent countries of the world the economically
sound/unsound such as developed, under devel-
oped, less developed countries can be identified
globally and can map them accordingly. Similar-
ly for peoples’ cultural entity { true telling, no tel-
ling, lie telling} or { live to eat, no comments, eat
to live} or { like dance, like song, both, none } can
be measured at different time at different countries
and then map accordingly. For political alliance
taking 10 years data from different coun-try
peoples’ attitudes on {democracy, autocracy,
idealism, materialism, and socialism} may be
considered for better mapping of friendship. For
mapping on different climatic zone the parameters
like { hot, neither hot nor cold, cold} or { highly
polluted, unknown, no pollution} and that for
mapping of severe disease prone zone, taking 15-
20 years data of public opinion on { Typhoid, Di-
arrhea, cholera, free of disease } etc. can be ap-
plied in developing NS.

7.6

7.7 Game theory

In this competitive world, behind any kind of ac-
tivities there must have a hidden game. For each
strategic player we may think of a NS having
three or more fuzzy components. These compo-
nents are changing for several reasons. For in-
stance, sudden fall of share market, instant price
hike of commodities, ammendment of Govt. poli-
cies etc. may cause the flexibility of fuzzy (non)

membership grade. However, the players might

have to change their plan within one day duration.
Utilizing NS fuzzy cross product and algebraic
properties the problem can be solved. To know
the ultimate gain of each player our proposed de-
fuzzification method can be applied.

Personality Test/ ability identification

For the identification of psychological ability or
cognitive development, several possible attributes
are taken for an individual. Then constructing dif-
ferent membership expected neutrosophic sets are
drawn. Defuzzifying the given NS, we may easily
measure the different abilities, which may guide to
form a personality development.

7.8

Conclusion

In this study, we have explained the existing neutrosophic
set under dense fuzzy environment. Traditionally, most of
the researchers were experiencing with the (non) member-
ship grade value directly from the study area, and took de-
cisions through some aggregation rules or ranking scores.
They do not feel the urge to defuzzify the NS earlier. Also,
in some of the cases, fuzzy graph theory or fuzzy matrices
have been developed to capture the decision theory. The
concepts of human learning, the changing characteristics of
the fuzzy membership with respect to time and the number
of observations have been ignored by the founder thinkers
of NS. We need to defuzzify the NS under dense fuzzy
environment for the following reason:
a) The fuzzy elements in NS are obtained directly
from field data only
b) The fuzzy flexibility may change with time
elapsed and interactions covered
¢) To know the individual value rather than mem-
bership degree, because a different value may
carry the same degree, but the reverse is not true
due to convexity property.
d) To realize the actual world rather than a hypo-
thetical world.

Appendix A

To find the values of the following equation
(15) 1(S) = I(Ty) + I(Ln) + I(Fy) — I(Tala) —
I(I4Fy) — I(TyFy) +I(T4l F,) for the cases of gen-
eral membership functions

We take the help ofa — cuts of the fuzzy compo-
nents.. Now as per De and Beg[7], the left and right
a — cuts of the fuzzy set A =(a,,a,,a3) or A=<
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0 (1-22),a;,0, (142

1 is given by
L am = a (1 -5+ 2)
a, (1 +- 4 M)

Now from the properties ofa — cuts we have
(TaFp)q = (TA) (FA)a

={a2( 1an)’a2( 1+n
n)

= azb, {(1 B % * 1p+ n) (1 1p-2|-an) (1

+ 1 j—ln B lajl-an) (1 + 1Jj-an)}

)> for0<pq,00 <

and R~ (a,n) =

—abl1— P1 a{ P1P2 Pl_Pz}
272 1+n 14+n)?2 (A+n)
_ p1p2a?
(1+n)?’
01 0,0, 0,—07
1
+ 1+n+a{(1+n)2 +(1+n)}
0,0,
(1+n)?

Note that, in above we assume the left and right
a — cuts are increasing and decreasing functions ofa
respectively. If it is impossible to determine whether
the above conditions hold or not, then the gross value
of the @ — cuts are given by

The left a — cut of (TyF,), =

=Min{az(l—1€:n+1p_1F ).a (1413
e (1-157) 1
oty
= Mina,b, {(1- 16:,1 + ffn) (1- 1p-2+0(n)’(1
R
1+n_1+n)(1_1+n)'(
+1(j:n_16-1+an) (1+10-2+an)}

And the right @ — cut of (TyF,), =

= Maxazb, {(1 - 1‘1171 + %) (1- 1pian),(1
B 1ﬁ-1n + lp-ll-an) (1 + 10-2|-an) ’ (1
o 0.Q a
+ 1(}I-1n B 16-1I-an) (1 B 1Z-Z|-an) ’ (1
+1+1n_1-1|-n)(1+1-2|-n)}
The same rule could be applied in other cases also.
Therefore, the index value is given by

1 p
I(T4F,) = ﬁz azb, [1 R :

+n
n=0
1{ P1P2 P1—P2 }
2((1+n)? (A+n)
_ P1p2 01
3(1+n)? 1+n
1( 0,0, 0,—0;
E{(l +n)2  (1+ n)}
0103
e
i Sheo Gzby [2 -+ SRS + BT
(A1)
Similarly,
(Tl) = 2 Bheo ey 2 + 242202 1 2220
(A2)

Also to find, I(F,1,) we write,
(IuFa)a = U)o (Fa)

= (b (175 e (e e (1
a

B 1p-3|-an) €2 (1 + 10-3|- n)}
o,

a2 (- 29, (04 25

o3
1+n)]

- he[l-a(BE)+EEC e (1) +

02030(]

(1+n)?

Therefore

I(FALY) = 55 E=o bac, |2 + EZEaba o Labatoacs]

(A.3)

Moreover to find the index value of (TyI4F,)
we write, the

(TalaFp) g = (Ta) o) o (Fa)
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_ __ P P 91 — 1N (01—p1)
= a,b,c, [(1 T + pn n) , ( + o Therefore,I(T, ) ™ Y=oz {2 + —2(1+n)}
o ] P2+ p3) (B.3)
- -
1+n 14+n I(IA)=2C—;{2+%(03—p3)}2ﬁ:06‘n
a? o,+0
et «(F) EH
5 I(Fy) = _{2 +> (02 Pz)}ZrI\z’:O e™
0,030 B
A +n)? (8-) i
Agaln '(TA FA )a = (TA )a(FA )ac =a; [(1 - m +
— _ P P1=P2=p3 | P1(P2+p3)) _ pia o _ o5 -nr1 —
= azb;C [1 n T a{ W e } 1+n)‘(1 t 1+n)] thze™[(1 —ap,), (1 +
2 {Plpzps P1P2+P1P3—Pzp3} p1p2p3a? (XO'Z)]}
(1+n)3 (1+n)2 (1+n)3 ° _
= a,b,e "[(1—1+n l—apz),(l
0-1 0-2+0-3_O-1 0-1 a
— 1+
1+1+n+0({ (1+n) 1+n 1+n)( aGZ)]
01(02"‘03)} 2{ 010,03 P + piax ap, + apipz a’pip;
(1 +n)? (1+n)3 = a,b,e”" 1+n 14n 1+4n 1+n’
0,03 — 0105 — 0103} 14 o 0@ + a0 + ao 0, a’o,0,
(1 + n)? 1+4n 14+n 2'14n  1+n
©10,050° - b (B ) - o,
— Tn)s — azbze‘" 1+n 1+n 1+n
( 142y (B0 ) 0
| 1+n 1+n 2 140
ThuS,I(TA IA FA ) (B6)

1 01— +0,+03—01—pr—
—azgzoazszz[Z-l- 1P1+P1 2+03—01—pP2 P3+

1+n 2(1+n)
p1(p2+p3)+01(da+03)
2(1+n)?
P1P2+P1P3—P2pP3+0102+0103-0203 | 010203—P1P2P3 _
3 (1+n)? (1+n)3
U1Uzﬂ3+Pisz3] Ad
4(1+n)3 (A )
Appendix B

Here we shall study the a — cuts of (T,,

I, and F,) when all the components occur proper
dense property of fuzzy sets| stated in (2), (6) and

(8)]. In this case the a — cut ofT, thatis (T, ), will
remains the same.

But thea — cuts of (F, ), are given by

n
{bze x} >a-x<
p2bye™™
—nrq _ x—bze_”} Sg oy >
bye (1 — ap,) and {azbze‘“ >a x>

be (1 + aoy)

Thus (F4)q = [be™(1 — ap,),be (1 + aoy)] =
e (1 —apy), (1+asy)] (B.1)

Similarly, (I)g = e ™(1 —ap3), (1 + aos)]

(B.2)

Thus,I (T, Fs) :“22_11\’]22 e [2+01 p1

1(p1-01+01021p1p2 _ ) P1P2+¢7102] Vi
2( 1+n T 02— P2 3(1+n) (B.7)

Similarly, I(T, 1) =

asc — g1— 1 —o01t0103+
2221\1:0671[2_'_ 1P1+_(P1 1 13P1P3+O_3_
2N 1+n 2 1+n

,03) P1P3+U1¢T3]( 8)

3(1+n)
For, I(Fy 1)
We write, (I Fp)e = (I4)a(Fa)a
= byce " [(1 — apy), (1 + acy)][(1 — ap3), (1
+ aos)]
= byce ?"[1 — ap, — ap; + a’p,ps,
1+ ao, + ao; + a0,05]
Therefore,
I(Fyly) =
bZZ:IZ Yn-oe ™" [2 +3 (0'2 +03—p—p3) + m]

N
bc +0,0:
=2 2[2"‘ (02 +03—pa— p3)+PzP3 2 3]23

n=0
(B.9)
For,I(T4 14 F4) we take,
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(Ty 1y Fy)a = (Ta)aUp)a(Fp)a
= aybyce7*M 1 — ap, — aps; + a’p,p;, 1 + ao,
+ aos
P1

+ a?0,05] [(1 ~T+n
+ 1p-1|-an) ’ (1 + 1 j—ln B lajl-an)]

= a,byc,e™ " [(1 ~T+n ) (1—ap, —ap;
+ a?p,p3)
+ (a — a2p2 —a?ps

1
1+n
+a®pyps), (1

+ ao; + a?o,03)

T 7 )(1+0ch2

0,
“1tn (a + a?o, + a’oy
+a 0203)]

Therefore,

— “21’202 -2 _P1 _
[(Tyla Fy) = Zn 0€ n[(l 1+n)(1
1 1 1 1
2P2— §P3 + §P2P3) + i_ln(g —3P2—3P3 Tt

1 o1 1 1 1

10203) + (14 75) (14502 4505 + 0305 =

o (1,1 1 1

Tl CRF LR LR LS |

(B.10)

Hence, using (B.3)-(B.10) the expected values of
the given NS can be obtained as

1(S) = I(Ty) + 1(Ua) +I(Fy) — I(Ty1y) —
I(IAFA)_I(TAFA) +I(TAIAFA)WheI‘e

- p1)
168) = ZNZaZ{ 2(1+ )}

b

n

ZN{Z t300 - P3>}Z

ZII

N
ab, Z n 01—P1
2N L.°© [2 T a

n=0
1<P1_0'1 + 010, + p1p> g
2 1+n z
_ )_P1P2+U102]
P2) 731+ n)
b,c, on
— —en2
2N L ¢ [
n=0
1
+§(02 + 03— py — p3)
+0,0:
n DP2p3103 3]
3
N
aC; Z -n [ 01—P1
— 2
v 2.° Pt T a
n=0
1<P —0,t 0103+ P1P3 ‘o
2 1+n 3
_ )_P1P3+01U3]
P3) 301+ n)
azbjcy -2
=N Yn-o€ n[(l _1+n)(1 ——Pz ——p3
p1 (1 1
ngPz) m(; —3P2— §P3 + ;Pzps)

(1+2) (1430, 4305 +30505) =22 (5 +

1+n \2

(B.11)

Note that, if the fuzzy components are experienced
with different interactions then we shall calculate
the expected score values as follows:

_ (01— p1)
168) = 2MZ“2{2+2(1+m)}

1 1 1
-0y + 0o +—00)]
302 T303 T 0203
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Ny
a,b, Z n [ 01—P1
- 2
2N, Oe tiia
n=
1(P1_0'1 + 010, + p1ps
2 1+n
_ )_P1Pz+0102
2} 3(1+n)
byc,
262 —Zn[
- 2
2N, Z ¢

n=0

+ o0,

1
+E(Uz+03_P2_P3)

+0,0
+P2P33 2 3]

N3
aC; Z —n [ 01—P1
- 2
N, 2. 1T T
n=0
1 (P1_U1 + 0105 + p1p3
= +
2 1+n
_ ) _ Pp1psto,03
) 3(1+n)

regl (1= 2) (12t

3

1 p1 (1 1 1 1
gpzps) + m(; —3P2 3Pzt ;pzps) +

[} 1 1 1 o1 1
(1+2) (14302 +30 +5000) — 5 (G +
1 1 1
;0-2 +§0-3 +ZO‘20‘3):|(B.12)
Where N, = min(M,N) , N, =min(N,P) ,
N; = min(M, P) and N, = min(M, N, P)
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