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Abstract: Starting with 2010 we gave demonstration of Von Neumann postulates of measurements in
quantum mechanics by using Clifford algebra. In this paper we give proof by adding a further
demonstration following our previous results on the logical origins of quantum mechanics and on the
algebraic nature of mental entities intended as abstract elements of Clifford algebra .
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1. Theoretical elaboration

Starting with 2010 [1,2] we gave demonstration of von Neumann postulates on measurements in quantum
mechanics [3] at the same time demonstrating that the quantum collapse is a transition from A(Si)to

N[,il Clifford Algebra .We may summarize the previously published demonstration in the following terms:
Let us start with a proper definition of the 3-D space Clifford (geometric) algebra CI;.

It is an associative algebra generated by three vectors ¢ ,e,, and e; that satisfy the orthonormality relation
ee, +ee, =20, for j,k,A e [1,2,3] (1.1)

That is,

e; =1 and ee, =—ee; for j#k

Let a and b be two vectors spanned by the three unit spatial vectors in C; . By the orthonormality relation

the product of these two vectors is given by the well known identity: ab=a-b+i(axb) where i = ¢ee,e,

is a Clifford algebraic representation of the imaginary unity that commutes with vectors.

The (1.1) are well known in quantum mechanics. Here we give proof under an algebraic profile. Let us
follow the approach that, starting with 1981, was developed by Y. llamed and N. Salingaros [4].

Let us admit that the three abstract basic elements, e, with i = 1,2,3 admit the following two postulates:

a) it exists the scalar square for each basic element:
ee =k ,ee, =k, ee; =k, with k, eR . (1.2)



In particular we have also the unit element, e,, such that that
e, =1,and ge,=ee,

b) The basic elements e; are anticommuting elements, that is to say:

€e, =—ee, €,6; = —€,6,, €36, = —€,€3. (1.3)
Theorem n.1.

Assuming the two postulates given in (a) and (b) with k&, =1, the following commutation relations

hold for such algebra :

ee, =—e,e, =ley;e,e, =—e,e, =ie; e,e, = —ee, =ie, ;1 = €e,85,(e] =e] =e; =1) (1.4)
They characterize the Clifford Si algebra. We will call it the algebra A(Si).

Proof.

Consider the general multiplication of the three basic elements ¢,e,,e;, using scalar coefficients

@, , A, , ¥, pertaining to some field:
ee, =we +m,e, +w,e, ; ee; = e +A,e, + e ;
ee =y t7,e,tyes. (1.4a)

Let us introduce left and right alternation: for any (i,j), associativity exists eee; =(eiei)ej and

ee,e; =e;(e,e;)thatisto say

eee, =(ee)e,; eee,=¢el(ee,); eee =(ee)e; eee =e(ee); eee =(ee)e;

esee, =e;(ee). (1.5)

Using the (1.4) in the (1.5) it is obtained that

ke, =wk, +w,ee, + wsee;; k,e, = wee, + w,k, +w,ese, ;
kye, = Ae,e, + A,k, + A.e,e;; kie, = Aee; + L,e,e; + Aky;
kie, = ye;e, +y,ese, +y5ks; kie; = yk, +7,e,e +y5ese . (1.6)

From the (1.6), using the assumption (b), we obtain that

@, @ Vi V2
_elez +0)2 __6263 =_e3el __6263 +73,
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y,—=ee, +——ee, =——ee, + 1, +—e,e,

k, k, k, k,
We have that it must be
=0, =k =A=y=y=0
and
- Ak +y,k, =0 vk, — sk, =0 Ak, — ok, =0
The following set of solutions is given:
ki ==y,05, ky, =-Ao; ks ==4y,
that is to say

o, =4 =y,=i

In this manner, as a theorem, the existence of such algebra is proven. The basic features of this algebra are

given in the following manner

2_2_2_. [ — 7 . — — T . — — 7 A p—
e, =e;, =e; =1;ee, =—e,e =iey;e,e; =—e,e, =ie;ee =—ee, =ie,;i =ee,e,

The content of the theorem n.1 is thus established: given three abstract basic elements as defined in (a)

and (b) (k, =1), an algebraic structure is given with four generators (¢, e, ,e,,e; ).

Note that in the algebra A(Si) the e (i=1,2,3) have an intrinsic potentiality that is to say an ontic

potentiality or equivalently an irreducible intrinsic indetermination. Since ei2 =1(i=1,2,3), we may think

to attribute them or the numerical value +1 or the numerical value —1 . Both such alternatives (+1 and -1)

both coexist ontologically.

A generic member of our algebra A(Si) is given by

IS

x=2 xe€ =X+ X

i=0

with x; pertaining to some field Ror C.
We may define [2] the hyperconjugate x
X=X,—X

the complex conjugate

x*=x, +x°

and the conjugate

(1.7)

(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)



X=x5—-x"

The Norm of x is defined as

Norm ()= x X=X x=x, —x_ —x; —x; (1.14)
with

Norm (xy) = Norm (x) Norm (y)

The proper inverses of the basic elements e, (i =1,2,3) are themselves. Given the member , its inverse

-1
X

is x/ Norm (x) with Norm (x) = 0
We may transform Clifford members according to Linear Transformations
x =AxB+C (1.14a)

with unitary norms for the employed Clifford members A4,Band C =0 for linear homogeneous

transformation.

Let us now take a step on.

As previously said, in the algebra A (Si) the e, (i =1,2,3) have an intrinsic potentiality that is to say an ontic

potentiality or equivalently an irreducible intrinsic indetermination. Since ei2 =1(i=1,2,3), we may think

to attribute them or the numerical value +1 or the numerical value —1. Let us give proof of such our basic
assumption.

Since the e, are abstract entities, having the potentiality that we may think to attribute them the

numerical values, =1, they have an intrinsic and irreducible indetermination. Therefore, we may admit to
be p,(+1) the probability that e, assumes the value (+1) and p, (—1) the probability that it assumes the

value —1.We may represent the mean value that is given by
<e, >=H+Dp,(+)+(=Dp, (-1 (1.15)

Considering the same corresponding notation for the two remaining basic elements, we may introduce the
other two mean values:

<e, >=(+Dp,(+D+ (=D p,(-1), (1.16)

<ey >=(+)p;(+D) + (=D ps(=1).
We have

—l1<<e, ><+1 i=(1,2,3) (1.17)

Selected the following generic element of the algebra A(Si):



3
xX= inei X, €N (1.18)
i=1

Note that
X=X X X (1.19)

Its mean value results to be

<x>=x <e >+x,<e, >+x;<e; > (1.20)
Let us call
b=(x\+x;+x3)" (1.21)

so that we may attribute to x thevalue +b or —b

We have that

—b<x <e>+x,<e,>+x;,<e; ><bh (1.22)
The (1.22) must hold for any real number x;, and, in particular, for

x, =<e, >

so that we have that

X, +x;+x; <b

that is to say

b*<b —b<lI

so that we have the fundamental relation

<e > H<e, >t +<e; >i<1 (1.23)

These results were also previously obtained by Jordan but not using Clifford algebra [5]. This is a basic
relation of irreducible indetermination that we are writing in our Clifford algebraic elaboration.

Let us observe some important features:

(a) Inabsence of numerical attribution to the ¢; ( and in analogy with physics this means ....in absence of a

measurement, that is to say in absence of direct observation of one quantum observable), the (1.23)
holds. If we attribute instead a definite numerical value to one of the three entities, as example we

attribute to e; the numerical value +1, we have

<e, >=1,and the (1.23)) is reduced to

<e > +<e,>'=0,<e >=<e,>=0, (1.24)



and we have complete, irreducible, indetermination for ¢ and for e, .

(b) Finally, the (1.23) affirms that we never can attribute simultaneously definite numerical values to two

basic non commutative elements e;.

We may now summarize the obtained results. First, we retain that the first axiom of the A(Si)algebra,
the (1.2) with &, =1, indicates that the abstract basic elements e, have an ontic potentiality, that is to

say that they have an irreducible indeterminism as supported finally from the (1.23). In order to
characterize such features we have introduced the concept of mean value for such algebraic entities
and, consequently, that one of potentiality. When we attempt to attribute a numerical values to an
abstract element, as it happens as example, in the (1.24), we perform an operation that in physics has a
counterpart that is called an act of measurement. For us, any measurement is a semantic act. No
matter if the measurement is performed by a technical instrument or by an human observer. In any
case it is realized having at its basic arrangement, a semantic act. If we remain in the restricted domain
of the A(S7), we are in some sense in a condition that, on the general plane, may be assimilated to

that one in which we have human or technical systems that are in some manner forced to answer to
guestions (the attribution of numerical values to the basic elements) which they cannot understand in
line of principle. As consequence, the probabilities that we have used in the (1.15) and in the (1.16) are
fundamentally different from classical probabilities under a basic conceptual profile. In classical
probability theory, as it is known, probabilities represent a lack of information about preexisting and
pre-established properties of systems .In the present case we have instead a situation in which we have
not an algorithm in A(S7) to execute a semantic act devoted to identify the meaning of a statement in
terms of truth values and in relation to another statement. So we need to introduce probabilities that
pertain now not to a missing our knowledge but to basic intrinsic foundation of irreducible
indetermination in the inner structure of our reality.

Let us evidence another important feature of Clifford algebra A(S7).

InC

lifford algebra A(Si) we have idempotents (as counterpart we have projection operators in quantum

mechanics). In von Neumann language projection operators can be interpreted as logical statements.

2.Application of the Previous Elaboration

Let us give some example of idempotents in Clifford algebra.

It is

well known the central role of density matrix in traditional quantum mechanics . In the Clifford

algebraic scheme, we have a corresponding algebraic member that is given in the following manner

p =a+be, +ce, +de, (2.2)

with

azmz +M2 b:CszJfCIC; C:i(clc;_cl*cz) d:|cl|2_|c2|2 (2.2)
2 2 2 2 ' 2 '



where the e are the basic elements in our algebraic Clifford scheme while in matrix notation, ¢, ,e,,
ande;in standard quantum mechanics are the well known Pauli matrices. The complex coefficients

¢; (i =1,2) are the well known probability amplitudes for the considered quantum state
(e 2 P
v = and ‘cl ‘ +|cz| =1 (2.3)

For a pure state in quantum mechanics it is p2 = p . In our scheme a theorem may be demonstrated in
Clifford algebra. It is that

pl=pe azé and a>=b>+c*+d’ (2.4)

The details of this our theorem are given in references [6-10]. We have also 7r(p) =2a =1. In this
manner we have the necessary and sufficient conditions for o to represent a Clifford member whose

counterpart in standard quantum mechanics represents a potential state or, equivalently, a superposition
of states.

Let us consider still other two of such idempotents in A(Si)

I+e,

l1-e
vV, = :

and y, = > (2.5)

It is easy to verify that 1/112 =y, and 1/122 =y,.
Let us examine now the following algebraic relations:

ey, =y.e =y, (2.6)
Gy, =V, =Y, (2.7)

Similar relations hold in the case of ¢, or e,.

Here is one central aspect of the present paper. By a pure semantic act, looking at the (2.6) and (2.7), we
reach only a conclusion. With reference to the idempotent y/, the algebra A(Si) (see the (2.6)), attributes

to e, the numerical value of +1 while, with reference to the idempotent y/,, the algebra A(Si) attributes

to e;(see the (2.7)), the numerical value of -1.

The basic point is that at the basis we have a semantic act .

However, assuming the attribution e; — +1, from the (1.4) we have that new commutation relations

should hold in a new Clifford algebra, given in the following manner:
2 _ 2 _1 2 _ _1 . _ _ . .
e, =e¢, =1, 1" =-1; ee, =1, e,e, =—i, el =-—e,

ie, = e, ei=e,, ie, =—e, (2.8)



with three new basic elements (e, e,,7) instead of (e,,e,,e;).

We totally agree with the possible criticism that such our argument to express the (2.8) on the basis of a

rough attribution to e; with our mind may be in itself very rough, and, in any case, only pertaining, still

again, a pure semantic operation . This is what we intend to evidence with the greatest emphasis. We have
performed only a SEMANTIC ACT pertaining to cognition of our mind. | have realid a logic statemnet as it

corresponds roughly in our mind . Actually we are admitting that in the case in which we attribute to e,
the numerical value +1, roughly , this is to say : considering e; as a pure symbol a new algebraic structure

should arise with new generators whose rules should be given in (2.8) instead of the (1.4). Therefore, the
arising central problem is that we should be able to proof the real existence of such new algebraic structure
with rules given in the (2.8). We repeat: in the case of the starting algebraic structure, the algebra A(Si), we
showed by theorem that it exists with its proper rules:

2 _ 2 2 _ 1.
e, =e, =e; =1;

ee, =—ee =ie, ; e,e, =—ee, =le;; e;e; =—ee, =le, ;i =ee,e, (2.9)

In the present case in which we attribute to e, the numerical value +1, and we do this operation using only

our mind and in particular our cognition, we should demonstrate that really it exists a new algebra given in
the following manner

2 2 .2
e, =e, =1; i" =-1;
ee,=1,ee =—i,el=-e,le, =¢,ei=e,, ie =—e¢, (2.10)

If we arrive to demonstrate that such algebraic structure certainly exists in the field of the Clifford algebra,
, we have given for the first time demonstration and confirmation that we may have a representation of
our mental activity whose counterpart is an universal theorem. In brief , the important result is that for the
first time we have obtained a representation of our mental operations and we have shown that its
counterpart is characterize by an universal theorem. We have an algebraic representation of our mental

activity. Obviously such theorem must hold also in the other case in which we attribute to e, the numerical

value -1 in our mind. If such theorem exists, we will call it the theorem n.2
Let us go to give proof of the existing theorem n.2.

First of all we have to emphasize once again that we are attributing to the previous Clifford basic element

e, a numerical value only on the basis of a semantic act. Consequently we are reasoning only of basic

abstract entities of our mind not of material objects . Let us go to demonstrate the real existence of the
theorem 2.

Theoremn.2.

Assuming the postulates given in (a) and (b) with &k, =1, k, =1,k; =—1, the following commutation

rules hold for such new algebra:



ee, =1,ee =—i,el=-—e,le,=¢,ei=e,,le =—e, (2.11)
They characterize the Clifford Ni algebra. We will call it the algebra N, ,

Proof

To give proof, rewrite the (1.4a) in our case, and performing step by step the same calculations of the
previous proof, we arrive to the solutions of the corresponding homogeneous algebraic system that in this
new case are given in the following manner:

k, =-y,wy; k, =-Aw,; ky =-4y, (2.12)
where this time it must be k, = k, = +1and k; = —18. It results

A =-1y,=-1; o, =+1 (2.13)
and the proof is given.

The content of the theorem n.2 is thus established. When we attribute to ¢, the numerical value +1 as a
semantic act of our mind, we pass from the Clifford algebra A(S7) to a new Clifford algebra VN, ,, whose

algebraic structure is no more given from the (2.9) of the algebra A(Si) but from the following new

basic rules:

ee, =1, ee =—i,el=-e¢,le, =e¢,ei=e,, le, =—e, (2.14)
The theorem n.2 also holds in the case in which we attribute to e, the numerical value of —1 .

Assuming the postulates given in (a) and (b) with &k, =1, k, =1,k; =—1, the following commutation

rules hold for such new algebra

el =e;=1; i’ =-1;

ee, =-i,ee =i, el=e,le,=—e,ei=-—e,,le =e¢, (2.15)
They characterize the Clifford Ni algebra. We will call it the algebra N,

To give proof, consider the solutions of the (2.12) that are given in this new case by

A =+1n= o, =-1 (2.16)

and the proof is given.



The content of the theorem n.2 is thus established. When we attribute to e, the numerical value -1, we
pass from the Clifford algebra A(S7) to a new Clifford algebra Ni,f1 whose algebraic structure is not given

from the (2.9) of the algebra A(Si) and not even from the (2.14) but from the following new basic rules:
el =e;=1; i’ =-1;

ee, =-i,ee =i, eli=e,le,=—e,ei=-—e,,le =e¢, (2.17)

In a similar way, proofs may be obtained when we consider the cases attributing numerical values (1)

to e orto e,.
The Clifford algebra, N, ., giveninthe (2.15) and in the (2.17) are the dihedral Clifford algebra N, .

In conclusion, we have shown two basic theorems, the theorem n.1 and the theorem n.2. As any
mathematical theorem they have maximum rigour, and an aseptic mathematical content that cannot be
questioned. The basic statement that we reach by the proof of such two theorems is that in Clifford

algebraic framework, we have the Clifford algebra A(Si) and inter-related Clifford algebras Ni,irl . When we
consider (e,,e,,e;) as the three abstract elements with rules given in (2.9) , we are in the Clifford algebra
A(Si) .When we attribute with our mind to e, the numerical value +1, we pass from the algebra A(Si) to

the Clifford algebra NH]. Instead, when we pass from the Clifford algebra A(S7) to the Clifford algebra

N, _,, we are attributing to e, the numerical value—1.

l’

The same conceptual facts hold when we reason for Clifford basic elements ¢, or to e,, attributing in this

case a possible numerical value (£ 1) or to e, or to e,, respectively.

The basic conclusion is the following: for the first time we have considered three basic abstract Clifford
elements . We have verified that using such abstract elements we may perform what we have called
semantic acts. Semantic acts relate cognition. We cannot escape the conclusion that we are considering
mind entities. We have identified that mental entities may be represented by a proper algebraic structure.

The first great objective of the present paper has been reached.

Obviously the implications of such shown theorems for the measurement problem in quantum mechanics
are of relevant interest.

If one looks at the algebraic rules and commutation relations given in the (2.9), the algebra A(S7)

immediately remembers that they are universally valid in quantum mechanics. It links the Pauli matrices
that are sovereign in quantum theory. Still the isomorphism between Pauli matrices and Clifford algebra
A(S7) is well established at any order.

Passing from the algebra A(Si) to Ni,irl it happens an interesting feature. Consider the case, as example, of

e;. While in A(Si) e, is an abstract algebraic element that has the potentiality to assume or the value +1

or the value —1 (in correspondence, in quantum mechanics it is an operator with possible eigenvalues +1),



when we pass in the algebra N, ., e; is no more an abstract element in this algebra, it becomes a
parameter to which we may attribute the numerical value +1, and we have N, whose three abstract
element now are (e,,e,,i) with commutation rules given in the (2.14). If we attribute to e, the numerical

value -1, we are in N, _, whose three abstract elements are still (e,,e,,7), and the commutation rules are

given in (2.17). Reading this statement in the language and in the framework of a quantum mechanical
measurement, it means that if we are measuring the given quantum system S with a measuring apparatus
and, as result of the actualized and performed measurement, we read the result +1, we are in the

corresponding algebraic case, in the algebra NH]. If instead, performing the measurement, we read the

result -1, in this case we are in the algebra N, . In each of the two cases this means that a collapse of

the wave function has happened.

During a process of quantum measurement, speaking in terms of Clifford algebraic framework, we could
have the passage from the Clifford algebra A(Si), in the case in which the result of the measurement of e, is
+1 (read on the instrument), and instead we could have the passage to the new Ni,f1 Clifford algebra, in

the case in which the result of the quantum measurement of e, gives value -1 (read on the instrument).

In such way it seems that a reformulation of von Neumann’s projection postulate may be suggested. The
reformulation is that, during a quantum measurement (wave-function collapse), we have the passage from
the Clifford algebra A(Si), to the new Clifford algebra NV, ., . In brief :

Quantum Measurement at a cognitive level (wave-function collapse) = passage from algebra A(S7)to
Ni,irl .

In conclusion we think that the two previously shown theorems in Clifford algebraic framework give
justification of the von Neumann'’s projection postulate and they seem to suggest, in addition, that we may

use the passage from the algebra A(Si) to Ni,irl to describe actually performed quantum measurements.

A detailed exposition of such results has been discussed by us in papers given in references but we may
discuss still here some illustrative examples.

Let us start discussing a preliminary application.
Assume a two —level microscopic quantum system S with two states u,, u_ corresponding to energy

eigenvalues ¢,, ¢_. The Hamiltonian operator H ; can be written
1 1 1 1
Hg = E€+(l +e;) +557(1 —e) = 5(5+ +&) +5(5+ —& e, (2.18)

In the standard quantum methodological approach we have that

1 0
u+:[oj , u:[lj , and Hgu, =¢cu,. (2.19)

We may also choose ¢, = ¢ and & = 0 simplifying the (2.18) to



1
H ::25(14-63)5 (2.20)

Indicate an arbitrary state of such quantum microsystem as

We=c,u,+c_u_ (2.21)

where, according to Born’s rule, we have

¢, =\p. e, ¢ =\p e® (222)

p; (j=+-) (2.23)

corresponding probabilities with p, + p =1.

This is the standard quantum mechanical formulation of the system.

Let us admit now that we want to measure the energy of S using a proper apparatus . The rules of

quantum mechanics tell us that we will obtain the value & with probability p,, and the value zero with
probability p_. After the measurement the state of S will be either u, or u_according to the measured

value of the energy. The experiment will enable us also to estimate p, aswellas p_.

In such simple quantum mechanical example we have, as known, the (2.18)), e,, the (2.20) that are linear

Hermitean operators with quantum states acting on the proper Hilbert space.

Let us see instead the question from our Clifford algebraic point of view.

The e,, and H ¢ given in the (2.18) or in the (2.20) are members of the A(Si) Clifford algebra with basic
rules e/ =e; =e; =1

ee, =—ee =le, ; e,e; =—ee, =le ; e,e, =—ee, =le, ; I =ee,e, (2.24)

However, on the basis of theorems n.1 and n.2 shown in the previous sections, starting with the Clifford

algebra A(Si), we must use the existing Clifford, dihedral algebra, Ni,J_r1 when we arrive to attribute (by a

measurement) as example to e, in one case the numerical value +1 and, in the other case, the numerical

value —1.

In the first case we have a dihedral Clifford [V, algebra that is given in the following manner:

ee, =1, ee,=—i, eji=—e, , e,i=—e¢, le,=¢ , ei=e,, ie, =—e, (2.25)

attributing to e, the numerical value +1 (in analogy with quantum mechanics: the quantum measurement

process has given as result +1). In the second case, we have instead that
2 2 _ 1. 2 _ .
e, =e, =1; i" =-1;

ee,=—i,ee =i, el=e¢,le,=—e,ei=-—e,,le =e¢, (2.26)



that holds when we have arrived to attribute to e; the numerical value -1 by a direct

measurement.
Reasoning in terms of a Clifford algebraic framework, we are authorized to apply the passage from
algebra A(Si) to algebra N, ,, in the (2.18). From it , we obtain:

HS(Cljffordfelement) = €+ (227)
if the instrument has given as result of the measurement, the value +1 to e, (Clifford algebraic

parameter of dihedral N, _ algebra), and

i,+1

H g Ciftord-—ctementy = € - (2.28)
In the first case, we have

H g Cliftord—ctemensy = € (2.29)
and in the second case, we have

H g cligord-ctemenyy = 0 (2.30)

Consider now the second application .
Let us introduce a two state quantum system S with connected quantum observable o;(e;). We have

1 0
|V/>=Cl|¢1>+cz|¢2> r O =[Oj r Py :[J (2.31)

and

2 2
el +eal” =

As we know, the density matrix of such system is easily written

p =a+be, +ce, +de, (2.32)
with
a=|cl|2;|c2|2 ’b:cfcz;rclc; ’CZW'QI:M (2.33)

where in matrix notation, e, , e,, and e, are the well known Pauli matrices

0 1 0 i 10
o) 2Tl 0) %o - (234

Of course, the analogy still holds. The (2.32) is still an element of the A(Si) Clifford algebra. As Clifford
algebraic member, the (2.32) satisfies the requirement to be p2 = p and Tr( p) =1 under the conditions

a=1/2 and a* =b* —c* —d* =0 as we evidenced in the (2.4) . In the algebraic framework, let us

admit that we attribute to e; the value +1 (that is to say ... the quantum observable o, assumes the value
+1 during quantum measurement ) or to e, the numerical value -1 (that is to say.. the quantum
observable o ;assumes the value —1 during the quantum measurement). As previously shown, in such two

cases the algebra A, (Si) no more holds, and it will be replaced from the Clifford Ni,il. To examine the



consequences, starting with the algebraic element (2.32), write it in the two equivalent algebraic forms
that are obviously still in the algebra A(Si).

1 2 2 1 * . 1 * . 1 2 2
p= E(|cl| + |cz| )+ E(clc2 )(e, +e,i)+ E(cl c,)(e —ie,)+ §(|cl| - |cz| )e, (2.35)
and

1 2 2 1 * . 1 * . 1 2 2
p= E(|cl| + |cz| )+ E(clc2 )e, +ie,))+ E(Cl c,)(e —e,i)+ §(|cl| - |cz| )e, (2.36)
Both such expressions contain the following interference terms.
1 . N G :
E(Clcz e, +eyi) + E (c,¢c,)(e —ie,) (2.37)
and
1 . , I :
E(Clcz e, +iey)+ E(Cl ¢,)(e — eyl) (2.38)

Let us consider now that the quantum measurement gives as result +1 for e;. In this case there are the

(2.35) and the (2.37) that we must take in consideration. On the basis of our principle, we know that the

previous Clifford algebra A(Si) no more holds, but instead it is valid the N1,+1 that has the following new

commutation rules:
ee,=1,ee =—i,el=-—e,le, =¢,el=e¢e,, ie =—e, (2.39)

Inserting such new commutation rules in the (2.35) and in the (2.36), the interference terms are erased
and the density matrix, given in the (2.35), now becomes

P> Py = |cl|2 (2.40)

The collapse has happened.

In the same manner let us consider instead that the quantum measurement gives as result -1 for e;. In
this case there are the (2.36) and the (2.38) that we take in consideration The Clifford algebra A(Si) no

more holds, but instead it is valid the N, _, that has the following new commutation rules
ee,=—i,ee =i, ei=e,le,=—e,el=—e,,le =e, (2.41)

Inserting such new commutation rules in the (2.36) and (2.38), remembering that the parameter e; now

assumes value —1, one sees that the interference terms are erased and the density matrix now becomes

P> Py = |cz|2 (2.42)

The collapse has happened.



By using the Clifford bare bone skeleton , we conclude that quantum mechanics now becomes a self-

consistent theory since by the A(Si) and N, algebras, the formulation becomes able to describe the

collapse of the wave function without recovering an outside ad hoc postulate on quantum measurement as
initially formulated by von Neumann.

Let us examine in detail von Neumann results [4].
Consider the spinor basis given in (2.31).

According to such projection postulate the complete phase-damping way for a two state system may be
written

D(p) = ‘O >< O|p‘0 >< 0] + ‘1 ><1|p[l ><1|

where the effect of this mapping is to zero-out the off-diagonal entries of a density matrix:

a a 0
D P =
y o0 0 o
If we have a set of mutually orthogonal projection operators ( B, P,,....., B, ) which complete to identity, i.e.,

PP =6,P, and ZPi =1 when a measurement is carried out on a system with state | > then

(1) Theresultiis obtained with probability p, =< g//|Pi|y/ >
1
(2)  The state collapses to —P,|‘// >
VP
The projection operators are the idempotents in the A(S7) Clifford algebra.

We have that

‘O >< 0| and ‘1 >< | (2.43)

are respectively the idempotents

1+2€3 and 1—263 (2.44)
We have that

l+e l+e

( 23)/3( 23) (2.45)
that gives

l+e l+e l+e

( 23),0( 23)=0!( 23) (2.46)

and explicitly



a0 (2.47)
0 0 '

In the case of

l-e,

(2.48)
2
one obtains as result
l-e
pl—) (2.49)
2
and explicitly

o 5

The sum gives

o 3

Generally speaking, given an observable with connected linear Hermitean operator O having eigenvalues

we have

Prob.(0,) =Tr(P,p) (2.49a)
that obviously is fully justified by our Ni,)_rl theorem.

In conclusion we have given a full Clifford algebraic justification of von Neumann’s projection postulate.

Note that we have involved idempotents in the A(S7)Clifford algebraic quantum scheme, and they have
projectors as counterpart in standard quantum physics. We cannot ignore a fundamental step: according to
J. von Neumann projection operators represent logical statements .We have verified that they assume the
same meaning in our algebraic scheme. Consequently we cannot escape to the conclusion previously
introduced. Measurements must be intended as semantic acts, and conceptual entities are represented in
our scheme as a motor device as well as objects and matter dynamics.

There is still another feature that is necessary to explain, and we will develop it here now.

Until here we considered only examples of two state quantum systems. Let us expand our formulation
introducing the Clifford algebra at any order n.



First consider Clifford A(Si) algebra at order n=4 (for details see our previous papers and references

therein). One has

EO;:I1®e,-,' E,'O:e,'éalz (2723)
The notation ® denotes direct product of matrices, and I"is the ith 2x2 unit matrix. Thus, in the case of n=4
we have two distinct sets of Clifford basic unities, Ey; and E;,, with

Eg =1; E} =1, i=1,2,3 (2.72b)
EgiEpj=iEpy; EioEjo=iE , j=1,2,3; i #j

and

E,'o on :on E,‘o (273)

with (i, j, k) cyclic permutation of (1, 2, 3).
Let us examine now the following result
(I’ ®e) (e ®17) = Egi Ejo =E}; (2.74)

It is obtained according to our basic rule on cyclic permutation required for Clifford basic unities. We have
that £y Ejp = E;; with i =1, 2, 3 and j=1, 2, 3, with Eil:l, EijExm# ExmEij, and E;; Ex m = E, g where p results

from the cyclic permutation (i, k, p) of (1, 2, 3) and g results from the cyclic permutation (j, m, g) of (1, 2, 3).

In the case n = 4 we have two distinct basic set of unities E,;, E;o and, in addition, basic sets of unities (E;;, E;
o » Eom) With (j, p, m) basic permutation of (1, 2, 3).

This is the Clifford algebra A at order n=4.

In the other more general cases we have Eyyj, Epio, and Eipy, i=1,2, 3 and

Evoi=1'®1' ® e;; Eoo=1°® e®1%;, Eoo=€®1°®I°

and

(I'®I'®e) (1’0 e®I?) (e®1°®1°) = ®e; Oe;=

=EopoiEoio Eioo=E i (2.75)
Still we will have that

Eooi Eoio=Eoio Eioo; EooiEioo=EiooEooi; EoioEioo =EiooEo o

Generally speaking, fixed the order n of the A(Si) Clifford algebra in consideration, we will have that



Domin= Apm @ @I ®......... ®I" (2.75b)

with

A=e" ®e?®...®e"=(e, ®IV®...RI" )(w...) ([P @IV . .QI'" ®e,);

according to the n-possible dispositions of e; and /%, 12, ..., 1" in the distinct direct products.

We may now give the explicit expressions of £y, E;o, and E;; at the order n=4.

0100 0 i 0 0 1 0 0 0
100 0 i 0 0 0 0 -1 0 0
Eago 001 F2T0 0 o —il"F*T0 0 1 o (2.76)
0010 0 0 i 0 0 0 0 -1
0010 00 —i 0 10
Jooonl oo o il o
I 0 0 ol 2T 0 0 o0 T0 0 -1 '
0100 0 i 0 0 00 0 -1
00 0 1 0 0 0 -1 1 0 0 0
0010 001 0 0 -1 0 0
Ell ;Ezz ;E33 ;
0100 010 0 0 0 -1 0
100 0 100 0 00 0 1
0 0 0 —i 00 1 0 00 0 —i
00 i 0 0 0 0 -1 00 - 0
E, . B ; B, ;
0 =i 0 0 1 0 0 0 0 i 0
i 00 0 0 -1 0 0 i 00



01 0 O 0O 0 - 0 0 - 0 O

1 0 0 O 0O 0 0 i 0 0 O
E; s By . s Esy e

0 0 0 -1 i 0 0 O 0O 0 0

0 0 -1 O 0 - 0 O 0 0 - 0

Note the following basic feature: we have now some different sets of Clifford algebras A(Si). In detail, we

have the following sets of basic A(Si) Clifford algebras:

(EgsEn ER) (Eg By ER)NEy Evn ER), (B E L LE ),

(B By Ex) (Eg, By Ey) (B, ELE),

(E BN Ey)  (Egs Es E)E . Ess s E) (B, Esy  ESy),

(B B,  E5 ) NES By Ey) (Ey B E) (Ey ELLES),

(Es, B Ex)(Ey EnsEy) (Esy E L ES) (2.77)

To each of these sets we may apply the theorems n.1 and n.2 previously shown and we may also
apply the criterium of the passage from the A4(Si) to the N, ., that we have just used in the other
previous cases of application.

Fixed such algebraic features, consider the problem that is often formulated in standard quantum
mechanics. It is that, in order to avoid possible contradictions, we should still modify the previous
elaboration for the wave-function collapse, by introducing the states of a given measurement
apparatus system A obtaining in this case

pP=ps®p,= Z Zcic; @ >< ¢j‘ Py Psay = Z|ck|2|(/’k >< (/’kL D P k) (2.78)
i k

We may refer the algebraic sets £, to the quantum system S to be measured, and consider the

algebraic sets £, to the measuring apparatus A. Still we have the basic algebraic set £, that relates

the coupling of S with A. Let us write the density matrix p at such order n=4. To simplify, we
may write it in the following general form
a b +ib, ¢, +ic, d, +id,

D= bl_l:bz e. S+, Q1+l:% (2.79)

c, —ic, f,—1if, h t, +it,

d —id, q,—iq, t —it, s
Obviously, the correspondence between Clifford algebra and quantum mechanics still holds also at
the present order. The p of the (2.79) is still a member of the Clifford algebra A(Si) that in fact,
on the basis of the (2.76) may be written in the following manner
Eoo +E03 +E30 +E33 )+ e(Eoo +E30 _Eos _E33 )+h(EOO +E03 _E30 _E33

4 4 4

p=a( )+

E, +E E,+FE E, +E E,+E E,-F E,+E
I:bl( 01 31)_b2( 02 32):l+|:cl( 102 13)_6'2( 232 20:|+|:d1( 112 22)_d2( 122 21):l



- E,-E E,-E
+[f1(E11 ;E22)+f2(E12 2E21 )}‘f’{%(%)-i-qz[ 23 . 20 J}_’_

E01 _E31 E32 _Eoz
[tl (T) +1, (—2 )} (2.80)

Itis in A(S7) Applying the previous criterium relating the quantum measurement, we must now pass from

A(Si) to N,,,. Let us start considering for E,; the numerical value +1 and this is to say that or

1

E,=E,=+1 or E;=E,, =-1.

On the basis of such condition of the measuring instrument, by inspection of the (2.80), it is seen that the

terms by eand 4 go to zero. It remains the term by a forE, = E,, =+land the term in sfor
E,, =E,, =-1. All the other terms containing b,,c,,d,, f;,q;,t; (i=12) go to zero and the wave

function collapse has happened.
Let us explain as example as the term

EOZ +E32

: (2.81)

pertaining to b2 , goes to zero.

Remember that we have attributed to E;the value +1. By inspection of the (2.77), it is seen that the basic
algebraic set A(Si) in which E,; entersis (E,,, E;,, E;;) . Passing from the algebra A(S7) to the algebra

N, ., (in fact we have attributed to E; the numerical value +1) we obtain the new commutation rule that
E E, =1i. (2.82)

On the other hand, considering the basic algebraic A(Si) set ( £,,, E,, E,;) of the (2.77) with attribution to

E,, the numerical value -1, we have the new commutation rule that

EyEyp =—i (2.83)
In conclusion we have that

E, =FE,i (2.84)

and

E, +E, _ E, +Ei - Ei+Ei
2 2 2

=0 (2.85)

Following the same procedure, one obtains that also the other interference terms are erased and in
conclusion, passing from the algebra A (Si) to the N[,J_rl, one obtains a substantial equivalence with von
Neumann projection postulate. On the other hand the density matrix p, given in (2.80), has been reduced

to be



Eoo +Eo3 +E30 +E33)+S(E00 _Eo3 _E30 +E3
4 4

p=a( *) (2.86)

where in the new application of the ¥, ,, algebra, we may have

or
E,=E,=+1(E;; =+]1) (2.87)
and thus

PPy, =a (2.88)
or

E,=E,=-1(E;; =+]1) (2.89)
and thus

pP—>Py =S (2.90)

and the collapse has happened

We have now completed our exposition on the algebraic Clifford formulation of wave function collapse in
quantum mechanics.

3. New Added Demonstration
We have still to add here a further demonstration on the validity of our formulation.

In the previous elaboration we have always considered semantic attribution of this kind :

e;—>+1 or e;—>—1 (and also those connected at order n=4 that from a rigorous algebraic point of

view could appear substantially uncorrect and illegitimate .

We give demonstration that this is not the case.

Consider the following Clifford memberin A(S,)

q=—%(i—€3)(i+€3)

By trivial calculation we find that ¢ =+1.
Let us go back to our semantic attribution
e;—>+1

Owing to the previous relation we may write that



1
e3—>+l<—>e3—>—5(i—e3)(i+e3)

Let us examine now the basic commutation rule in A(S.). It has been previously deduced by us and it is
ee, =ie,

that is to say

—iee, = e,

On the other hand we may use the following expression arising from our previous relation

1
—iee, = —E(i—e3)(i+e3)

that of course, performing calculations, is
—iee, =1

The previous relation says that

ee, =i

This is just the commutation rule that we have previously demonstrated to exist in the dihedral Clifford

algebra Ni,+1 during the semantic attribution e;— >+ 1 characterizing the quantum collapse. Therefore we

have reached here demonstration that this attribution is not an artificial but, instead, a rigorous
mathematical application. Of course, it is obvious the formulation of the argument when attributing to

e;the numerical value -1 . Therefore the demonstration is complete.

1
The semantic Clifford representation of e,->+1, is g = —E(i —e)i+e;)

1
The semantic Clifford representation of e,->-1, is g = +E(i —e)(i+e;)
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