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Abstraction：The quantitative Marxian function system is developed on the basis of
the labor theory of value as the micro foundation resulting labour value function,
surplus value function, Marx production function. The heterogeneous capital
aggregation problem is overcome by value transformation analysis of Leontief
intermediate coefficient matrix leading to production price eigenvectors and
Marx-Sraffa-Leontief General Equilibrium eigenvalues as well as the details about an
economic system such as the reduced organic composite of the capital, the rate of
profit, the surplus rate of value, the elasticity of capital output. The falling tendency of
the rate of profit may not be true if the economy undergoes a general equilibrium.
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eigenvalue, Marx price eigenvector, input-output, division of labour, turnpike growth,
Verdoorn’s Law, Kaldor steady state, aggregation problem, two Cambridge debate
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This research attempts to place the formal Sraffian model with linear production
sets into a general equilibrium framework and to derive a quantitative transformation
theorem about Marxian theory of labor value and production price. Marxian
reproduction solution established a dynamic general economic equilibrium which can
be characterized by input-output ratio, namely, the reduced Organic Composite of
Capital divided by the total productivity rate. Under the framework of the dynamic
Marxian general equilibrium, it is possible to undergo an optimal socialism planning
about an economic system by the regulation of the government input, entrepreneur
taxation, and minimal wage rate. In the first part of this paper, a neoclassical
framework is proposed which places the Marxian conceptions of both Constant
Capital and Variable Capital into a Cobb-Douglas production function like model in
order to obtain the mathematical formulations of Marx-Leontief-Sraffa input-output
function system. In the second part, the value transformation for the Two Departments
and the Three Industry Sectors as well as the Sraffa Model are proposed based upon
the general equilibrium properties of the quantitative Marxian productivity theories
and Leontief input-output economics.
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I. Marx-Leontief Input-Output Economics1

Marx's labor theory of value2 pointed out that the value of each commodity (Q)
contained three sources: the first part is “constant capital (C)”, representing the value
transferred from raw materials and machinery used up, the second part is “variable
capital (V)” replacing the value of the labor power, and the third part is the surplus
value (M) including net profit (P) and taxation (T). Therefore, the total value Q is
expressed as a linear production function:
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Where
C = nK (K: capital, n: capital turnover rate), constant capital;
V = wL (L: labor, w: per-capita wages), variable capital

P': the productivity rate, 1')/('  pVCQP

M: the surplus value

p': the rate of profit, 1')1/(')/('  PgmVCMp

m': the rate of surplus value, m'= M/V

g: the organic composition of capital (OCC): wnkwLnKVCg /)/(/ 

β: reduced OCC
f: the productivity growth rate,

1 曾尔曼.《马克思生产力经济学导引》[M]，厦门大学出版社.(Erman ZENG: Introducing Marxian Productivity
Economics, Xiamen Univ. Press), 2016
2 马克思.《资本论》I [M]. 北京：人民出版社，1975.
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re-integration gives the Labor Value Function3 Q as, :
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and the cost function is:   1
0 VCcVCCv .

Under C-D production function situation where only K and L are taken into
consideration, there is: m=F, named as the productivity coefficient.
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3 曾尔曼.《厦门科技》2014（3）31-35.



4

)*)((,)()*(* ggpfgFpggg   



















 

























































































g
ggg

d
d

gd

gggd

gggggg

ggifFgggg

ggg
g

gggf
gggggp

R

L

R

L

























0
**

**)(
1

0*),(0*).2

;0
1

,00)
1

11(*).1

1
1

**
0

)1()1*)((

);1*)(()1(*)1*)((

2121

2

2121

The division of labor by Adam Smith4 can be characterized as the labor output

elasticity )1(  of the Cobb-Douglas production function:
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 ；similarly, the roundaboutness by Allyn Young5 can be

characterized as the variable capital output elasticity )1(  of the Marx production

function：
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4 亚当·斯密著，郭大力 王亚南译. 国民财富的性质和原因的研究[M]. 北京：商务印书馆，1972.
5 Young AA. Increasing Returns and Economic Progress [J]. The Economic Journal, 1928, 38: 527-42.
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The rate of profit would not fall:
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Okishio Theorem6 asserts that if real wages remain unchanged, the rate of profit
necessarily rises in consequence of an cost-saving technology innovation.
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Schumpeterian innovation7 function or degree of innovation S can be

6 Okishio, N. "Technical Change and the Rate of Profit", Kobe Univ. Econ. Review, 7, 1961, pp. 85–99.
7 Schumpeter, J.A. The theory of economic development: an inquiry into profits, capital, credit, interest, and the
business cycle translated from the German by Redvers Opie (1961) New York: OUP
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characterized by /g :
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Verdoorn’s Law8 can be explained by Marx production function:
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Kaldor stylied facts9 are all explained very well.

II. Value Transformation10

If there is no currency inflation，and the values of commodities keep invariant,

8 Verdoorn, J. P. (1993), "On the Factors Determining the Growth of Labor Productivity", L. Pasinetti (ed.), Italian

Economic Papers, Oxford: Oxford University Press,
9 Kaldor, Nicholas (1957). "A Model of Economic Growth". The Economic Journal. 67 (268): 591–624.
10 Samuelson,PA.: Understanding the Marxian notion of exploitation: a summary of the so-called transformation

problem between Marxian values and competitive prices, Jour. Econ. Liter. 1971, 9, 399-431

https://en.wikipedia.org/wiki/The_Economic_Journal


7

then we have:
C+V=Cv=const.,C’+V’=P1C+P2V, dCv=d(C’+V’),dC=dV=0
Total production value (C+V) equal total market price (C’+V’):
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Total profit equals total surplus values.

For a Marxian two production departments system containing production means
and living materials:
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Since the intermediate input matrix is non-negative, according to Perron-Frobenius11

theorem there exists at least one positive eigenvalue,
: Leontief input-output eigenvalue,
Pi: Marx price eigenvector

11 Seneta, E. (1973) Non-negative Matrices – An Introduction to Theory and Applications. London: George Allen
and Unwin
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Or in a Three-Sector system including production means and living materials as well
as capital goods described by J. Winternitz12:
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12 ‘Values and Prices: a solution to the so-called transformation problem’, Econ. Jour. 1948, 58, 276-280.
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All the Marx-Leontief input-output functions are still in the same form with respect to
the market price:
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The price parameter eigenfunction and eigenvalues as well as price eigenvectors
are all obtained. C’ij/C’i is Leontief intermediate coefficient matrix; Similarly,
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The regression analysis of the USA manufacture industry data13 (>400 sectors) from
1958-96 supported the above results：dlnY’/dt=0.98dlnC’/dt, dlnQ’/dt=0.99dlnC’/dt：

Fig.1: Reg. Anal. of Y &Q vs.C

dlnQ/d = 0.9892

R2 = 0.9459

dlnY/d = 0.9795

R2 = 0.8002

-

0

5

1

1

2

-4 - 0 2 4 6 8 10 12 1 1

According to the USA 1997-2014 input-output data14 (15x15 to 3x3, Table 4), the
eigenvalue of  (=C’/Q’) equals to 0.48：

13 NBER-CES Manufacturing Industry Database [EB/OL].(2011-02-02)[2012-10-11]. www.nber.org.
14 http://www.bea.gov/industry/io_annual.htm

http://www.nber.org/
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III . Optimal Economic Planning
According to Marxian general equilibrium, which is indeed of macro dynamic,

the growth rates of both departments should equal:
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Therefore, there could be a policy regulation among the government input, namely
constant capital (C’=C-  k), and the income (Y’=Y+k) distribution—the wage rate
(1/L=w), and the surplus value (2+ including government taxation  and
entrepreneur profit 2:
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IV. Conclusion
Marxian reproduction solution established an economic equilibrium, which can

be characterized by input-(total) output ratio, namely, the reduced Organic Composite
of Capital divided by the total productivity. The labor value can be determined from
the production price by the use of the input-output matrix analysis. The value ROP
and the price ROP analyses of input-output data provide an accurate description on
the OCC change, which reflects the industry structure adjustment. Under the
framework of the dynamic Marxian general equilibrium, it is possible to undergo an
optimization about an economic system by the regulation of the input, taxation, and
minimal wage rate, so as to realize the development of the productivity of the society.
In short, this study is aimed to obtain a quantitative description of Marxian capital
theory including Marx labour value function and Marx surplus value function as well
as Marx production function. The labor output elasticity ( 1 ) of Cobb-Douglas
production function is defined as the parameter for the division of labor. The
productivity parameter in Marx production function is defined as the product of the
change rate of the organic composite of capital with the coefficient of the division of
labor.


