EXISTENCE OF TRAVELING WAVES IN THE FRACTIONAL
BURGERS EQUATION
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ABSTRACT. We construct traveling waves in the Burgers equation with the
fractional laplacian (D?), for o € (1/2,1). This is done with first constructing
odd solutions us of uv’ = K¢; *u — keyu + e2u’”’, u(—00) = ue > 0, with
K¢, * u — ke, u nonsingular, and then passing to the limit €1,e2 — 0, where
we get K¢y *ue — ke ue — (DQ)"uo pointwise from an operator splitting trick
estimates, that we discovered and used in a simpler way earlier.

1. INTRODUCTION
We study the equation
(].1) U + Uy — (a:mt)au = 0’
in which the fractional power of the laplacian in one dimension for o € (0,1] can
be represented as
1 u(y) — u(x)
1.2 D*)« =————pv. | ——2d
(12) (D%)%u(z) 21 (—2a)cos(may) p-v /R |z — y|it+2e v
where p.v. denotes the Cauchy principal value. (D?)® is also a pseudo-differential
operator of symbol —|&|?%:

(D*)*u = F~H(=[€**(Fu)) Vu € S,

where § is the Schwartz class.

The simplest Cauchy problem for the classical Burgers equation
(1.3) U + uu, = 0,

’ u(z,0) = (1 - H(x))u- + H(z)uy,
where H is the Heaviside function, has two types of solutions. If u_ > wuy, the
shock wave u(z,t) = (1 — H(z — st))u_ + H(z — st)uy, with s = “=T s the
unique weak solution of (1.3). If u_ < u, the rarefaction wave

u_, x<u-_t,
(1.4) u(z,t) =< x/t, u_t <z <uit,
Uy, T > uyt,

is the unique weak solution of (1.3) with the entropy condition.
Here we are interested in the first type of solutions of (1.1), i.e., traveling waves
U(xz — st), such that U(—o0) = u_ and U(oo) = uy, where u_ > uy. U satisfies

U'(U - s) = (D*)°U.
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If we let u = U — s, then

(1.5) uu' = (D?)*u.
Integrating (1.5) over R shows that u. = u(—00) = —u(c0), thus u. = (u— —
uy) and s = L(u_ + uy) (the Rankine-Hugoniot condition). These solutions are

expected to be globally stable, i.e., the solution of the Cauchy problem with initial
value having tails asymptotic to u_ and w4, u— > w4, should converge to a translate
of the traveling wave asymptotic to u_ and u.

The only result in the literature in this direction is the formal nonexistence of
smooth traveling waves of (1.1) in the case @ € (0,1/2] in [5, Proposition 5.1].
Solutions of the Cauchy problem with initial value having tails asymptotic to u_
and ui, u_ < ug, were shown to converge to the rarefaction wave (1.4) in the
case a € (1/2,1) [11], to a self-similar solution in the case o = 1/2 [4] and to the
solution of the linear part of (1.1) with (1 — H(z))u_ + H(z)uy initial condition
in the case o € (0,1/2) [4]. Solutions of the Cauchy problem were shown to always
remain smooth in the case o« € (1/2,1) [10] and o = 1/2 [12], and to possibly
become discontinuous in the case « € (0,1/2) [3]. A weak such solution was shown
to eventually become smooth for « a little less than 1/2 [6]. Some other papers on
the subject are [1, 2].

Existence of traveling waves was a longstanding problem for the nonlocal Burgers
equation
(1.6) U + uuy — K xu+u =0,
where K is nonsingular. It was solved in [8] and in more generality in [7]. There
the traveling wave can be a shock wave, i.e., discontinuous, if u. is large enough.
Traveling waves of (1.6) are the starting point of our construction, which uses the

idea from [9] of getting traveling waves of (1.1) from an appropriate limit. In [9]
we constructed traveling waves of

up — (Ope)® + fu) =0,

where f is bistable, with passing to the limit of traveling wave solutions of

(17) ut_ba(Js*u_jEu)+f(u) :07
1
where b, = 3T (“Za)cos(ma)
1
(1.8) Jo(z) = { \m|11+2&a |z| > e,
s 7] <

and j. = [ J- = (£ +2) ==, so that formally by (J- *u— jou) — (D?)“u. Traveling
waves of (1.7) are guaranteed to be smooth (not discontinuous), if j. is large enough.
This should also be the case for (1.6) if the nonlocal operator is as in (1.7), however,
it is not known how to show it. Since members of the limiting sequence need to be
smooth, we overcome this difficulty by constructing first from (1.6) odd solutions
of

(1.9) uu' = bo(Key *u — keyu) + eau”,

with u, = u(—00) and K., = J. in (1.8). If 2 > 0 is appropriately chosen, we can
then pass to the limit 1,9 — 0 to obtain in Section 2

Theorem 1.1. Let o € (1/2,1). There exists an odd and smooth solution of (1.5)
such that u(—o0) = u, and u' < 0.
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It should be noted that getting the needed estimates for this passage to the limit
is harder than in [9], even though we use the same operator splitting trick.

2. EXISTENCE
In [8] we showed

Proposition 1. Let [, K =1, K even, K > 0, K € WYY(R), K nonincreasing

on (0,00), K(y) = o(y—ﬂ) as y — oo. There exists an odd solution u of

(2.1) wu' = K *u — u,
such that v’ < 0 and u(—o00) = u.. Moreover, if ue > 2 [, |¢|K(x)dz, u is discon-

tinuous at 0.

It follows that there is such a solution us of the equation

1
(2.2) w = bo(Key 5% u— key su) + 6—2(L5 U — u),
where K., s /* K., and 55(Ls * ¢ — ¢) — £2¢" for smooth enough ¢ as § — 0.
Here Ls(z) = $L(%), L >0, [, L =1and e; = § [, #*L(x)dz. Since each us is
monotone, from Helly’s Theorem there is a subsequence of us, denoted again by
ug, such that us — up as 6 — 0. We need to show that ug satisfies (1.9) and that
ug(—00) = u.. For the first we use weak formulation, for the second strong. Let
S >0 be such that [, S =1, 5 € W*!(R) and v; = S * us. Apply S to (2.2) and
integrate from —oo to x:

1 1 r 1
—u? — Sx(zul) = / [ba(KEM; * V5 — key 5V5) + —2(L5 * V5 — v5)].
2 2 - 5

Passing to the limit § — 0 and integrating from 0 to = we get

xr 1 1 xr 1
(2.3) / (zu?—Sx (iug)) = / / ybaKal(y)/ vo(s + ty)dtdyds + eqvo (),
0 0 JR 0
where vg = S * ug. This is from

x x
/ [ba(K€1,5 * V5 — kal,évts) = hm / / ybaK€1,5(y)/ U(li(s + ty)dtdyds
r——oco /. JRr

1

1
—o0o 0
— [ haFerstw) [ losta+ ty) ~ wlatdy
R 0
1
— / ybaKsl(y)/ vo(x + ty)dtdy as § — 0.
R 0
where we used Fubini’s Theorem and Dominated Convergence twice, and
x 1 Y
|t svs =) =ews+ [ 1) [ (= 0ivbto + 66 — i)ty
where vy — v from [}, |S"| < oo with Dominated Convergence and
Yy Yy
[ 1) [ (= leita+ 66) = sy@laray| < smax | [ L] [0 tyearlay
0 0
—0asd— 0,

from [, |S”| < oo and an addition assumption that [p [y?|L(y)dy < co.
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It is clear that ug # 0. We would now like to take S.(z) = 15(%) in (2.3) and

pass to the limit ¢ — 0. However, we do not know if ug is containuous, and if it is
not at ac, vo(Tae) = & (uo(Tae—) + uo(zac+)) as e — 0. Before we return to (2.3),
we use weak formulation in particular to show that wug is continuous.

Multiplying (2.2) by ¢ € C§°, integrating over R and passing to the limit § — 0,
we get

1
(2.4) / [iu‘%(b/ + ba (K<, *up — keyug)d + e2ugd”] = 0.
R

For any finite a, b, with integration in (2.4) over (a,b) we get

/ab fo" =0,

T 1 T S
f(z) = —/ iug —|—/ ds/ bo(Ke, *ug — keyug) + e2uo(z).
0 0 0
It is standard that
(2.5) f(x) =c1 + cox ae.,
where ¢, ¢y satisfy the system Fy(b) =0, Fz(b) = 0, with

Fi(z) = /;(f(s) —c1— czs)ds, Fa(z) = /: k.

If z4. is a point of discontinuity of wg, then let a, b be such that z4. € (a,b).
There is sequence of points tending to x4, from the left, and another tending to x4,
from the right, at which (2.5) is satisfied. Since in (2.5) only wug is potentially not
continuous, we pass to the limit getting

where

uo(Tae—) = uo(Tdct),

where we used that ug is monotone. We can now differentiate (2.5) twice to get
that ug is a solution of (1.9).
With S, we pass to the limit ¢ — 0 in (2.3) and differentiate it to get

1 1 !
iuf - iug(x) = / ybaKsl(y)/ up(x + ty)dtdy + eaug(z).
R 0
On the other hand, we integrate (1.9) with ug from —oo to = to get
1 1 !
20 b0 = 508 = [ phaKa) [ wolo+to)itdy+ cvu (o)

Thus up(—00) = ue.

In passing to the limit €1, — 0, if we can show that the three first derivatives of
the solution u., ¢, of (1.9) are uniformly bounded, then from Arzela-Ascoli Theorem
there is a subsequence of u., .,, also denoted by u., .,, such that u., ., — ug as
€1,€2 — 0 pointwise on R and

bo(Key * e, ey — keyUe, ) + €207, ., — (D?)%ug as e1,63 — 0
pointwise on R, shown e.g., in [9], so that wug satisfies (1.5). The idea is to split

boKe, = Pz, + R,
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with Re, >0, P., € WYY(R) and pe, = [, Pr, = 2|mingepul, ,(2)], namely

baKsl (CL’), MS R\[*G, 6],
(2.7) P () = { boKe (=€), z € (e, e),

where e = —5-(2 + 5)1/20‘. Note that the min is attained, since u’
DPey

51,52(95) — 0 as
x — —oo from (2.6). Let r., = [, R.,. After differentiating (1.9), at the min we
get

li
€1,€2

_ p
74 7P51*u€1,€2+R61*u

With (2.7) this becomes

’ " /
T T Ugy ey + E2Ug; > Psl * Ugq,eq-

pgl 2uc 142a

1 S ———ma P -

2+3) ™

Since a > 1/2, p., is bounded. We need to show though that such a splitting exists.
Note that here we are adjusting it to the solution, whereas in [9] the splitting in
(1.7) was adjusting to the nonlinearity, i.e., we had J. = K + S, with b,k + f' > 0.
We show that [mingeru;, .,(2)| is of order lower than b,k.,. From (2.6) we get

1 —L1r1r 22a—-1 1,.1_

o] < 2 okl [ 22D Ly,
2 <2+ ;)1—5 a

_ 1 1
It now suffices to take 5 = W where 8 < 5-.

. " . . . . "
To estimate max,eru, .,, first note that this max is attained, since uf, _,

as x — —oo from (1.9) and uf, _ () — 0 as  — —oc. Using another splitting

(2.8) bo K., =P+ R.,,

—0

after differentiating (1.9) twice, at the max we get

(p+3ul, )ul, ., < P xul

€1,€2 €1,€2°

Since [ul, .,| is uniformly bounded, so is |uf, .| after taking P such that p +
3ug, ., > 0.

To estimate max,crul; .,, use another splitting as in (2.8). After differentiating

(1.9) three times, at the max we get

(p+4ul, ull =K' xul

€1,€2 €1,€27

so as before |u/ _ | is uniformly bounded.

To show that ug(—o0) = u., we argue as before. Integrate (1.9) from —oo to z,
pass to the limit £1,e9 — 0, then integrate (1.5) from —oo to x and compare the
two. The only difficulty is in showing that

xT x
/ (K€1 * Uey,eq — k51u51752) - / (DZ)auo as g1 — 0.
— 00

— 0o

To manage the singularity it is standard that we consider separately integration on
R\(-1,1) and (—1,1), i.e.,

xT
/ (Kf:‘l * Uey,eq — k51u51152) =5+ I,
— 0o
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where
T 1
I = lim / / yKEl(y)/ ug, ., (s + ty)dtdyds
r== Jr JR\(-1,1) 0 ’
1
:/ yKE1(y)/ u51,82(m+ty)dtdy

R\(=1,1) 0

and

r——00

T 1 1
I, = lim / / V2K, (y)/ (1 —t)ul, ., (s + ty)dtdyds
r -1 0

1 1
- / VK., (1) / (1— byl (z + ty)dedy.
0

-1
Passing to the limit 1,65 — 0 in I; and I; and doing the same integrations in
ffoo(Dz)auo we get

Il + .[2 — / (Dz)aUO.

Note that we can show that I is finite only for o > 1/2.

To show that u(, < 0, differentiate (1.5). If u{(zmax) = 0 at a point yax, then
also uf(Tmax) = 0. On the other hand, ((D?)%up)(Zmax) < 0, a contradiction.
To justify ((D?)%ug)’ = (D?)%uy, it suffices that |u}’| is bounded, which is after
additionally showing that |u_ | is uniformly bounded, as above.
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