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Abstract

Genetic algorithm is a good tool for finding the global minimum in many 
discrete problems. In particular, it has proven itself in problems where there is no any 
apriori information about the possibilities of narrowing the search, or the specifics of 
the problem do not involve such. This work describes the procedure of using a genetic 
algorithm as applied to the search of van der Waerden numbers. Some new lower 
bounds of van der Waerden numbers were found using this procedure. Using the 
genetic algorithm, the author has found the best lower estimates for the Van der 
Waerden number W (7, 4), W (5, 5), W (6, 5), W (5, 6). 

1  Introduction

Van der Waerden's theorem states that for any positive integers r and k there 
exists a positive integer N such that if the integers {1, 2, ..., N} are colored, each with 
one of r different colors, then there are at least k integers in arithmetic progression all 
of the same color. The smallest such N is the van der Waerden number W(r, k). Van 
der Waerden Numbers are quite difficult to calculate, at the time of writing the article, 
the exact values are known only for 7 van der Waerden numbers, and for the rest of 
the numbers only bounds are known. To prove the lower bound of a van der Waerden 
number it is sufficient to get a certificate of this number, i. e., a sequence of numbers 
{1, 2, ..., N} of r colors, and not having same-coloured arithmetic progressions of 
length k . Then N+1 will be the lower bound of W(r, k) number.

Genetic algorithm is an evolutionary algorithm of global optimization similar to 
natural selection in nature. All actions are produced by the algorithm over a population 
of species, each of which has a value of adaptability function. Each species is some 
kind of solution to the problem, the better the solution, the higher the adaptability 
function value. One work cycle of the algorithm is called generation. The cycle 
consists of 3 main stages: application of genetic operators, assessment and selection in 
a new generation. When genetic operators are applied, new species from the initial 
population are generated, being a combination of the initial population species. Most 
often, crossing and mutation are applied as genetic operators. During crossing 2 
random species are selected from the population, parts of the first and the second 
species are taken in a random ratio and combined into a new species that goes to the 
next stage. During mutation a random species is selected and a random number of its 
randomly selected genes is modified, and then, this new species goes to the next stage. 
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The second stage is the assessment of new species. At this stage the adaptability 
function value is calculated for all resulted species. The next stage is the selection in a 
new generation. The selection is performed on the old population species and the new 
ones based on genetic operators application. A roulette-wheel selection method is 
often used. A sector on the roulette wheel is segregated for each species. The size of 
this sector is proportional to the adaptability function value. Then, the roulette is spun 
as many times as the number of species in the initial population. The species at which 
the roulette wheel stopped goes to a new population. Some species in the new 
population may be represented by several specimens. The algorithm cycles result in a 
gradual displacement of the old, less adapted species from the population by the new, 
more adapted ones. The species with the best adaptability function value is a solution 
found by the genetic algorithm. Achieving a certain limit value of the adaptability 
function of the best species in the population or achieving a certain number of 
generations may be the stop criteria.

2  Methodology

To apply a genetic algorithm to the search of van der Waerden numbers it is 
necessary to define the species representation and the adaptability function. As stated 
above, to search for a lower bound of a van der Waerden number, it is necessary to 
find its certificate. The certificate is a sequence of numbers {1, 2, ..., N} of r colours. 
Thus, in our case, a species is an array of colours of N length. And a gene is an 
element of this array. One gene may take on values 0..r-1, which corresponds to all r 
colours. For each gene a log2 ( r ) bit is set, and rounded up. All operations involving 
genes are performed according to r module. According to this representation, an 
adaptability function has to be created. The function returning the number of 
progressions into species was used as the adaptability function. The fewer is the 
number of progressions, the more adapted is a species.
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3  Results

Van der Waerden number Old Lower Bounds New Lower Bounds

W( 7, 4 ) > 9823     [1] >    9951
W( 5, 5 ) > 98740   [2] >  98741
W( 6, 5 ) > 98754   [1] >   99483
W( 5, 6 ) > 540027 [1] > 540170
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Appendix 

Certificate W( 7, 4 ) > 9951

25132160633244625566413232613466605563641105452066521660360621643156643635402506163403
00360246625316066156240164663363346624335212344610622365010435050414122651150603245043
54001614424536435150033325324334140023302333124315456252252541402533353504541420621402
23113562442040141066162600221500244323343004000253220051100101134414333562020134640403
01455615014525102126552154532552201240103356240104022401213410241140145433005040133053
54054245002105541011533114604111456124064224512263365054422530316510110263010013063260
13313031512200625633362041463463453042410015144611000501262550346132440312251663143303
64441225220442206445132361254633614350012224554024112104542522505330405513314530060221
20521131436315325354133244554006154231511445451161421423100204353423321431400202612101
25146224135214243460504534212512443441422003014341110332124240411621044651103520135455
16224252600102042521302212125450200430004022214434424031542104604630324003352603540435
40050543003001432146556031322051214404000420603415421302051305011223063015501542353342
22431510254142603531213242552151232534021523440454101132054156622141220402426100056405
01151014405655235562301012515234021264204100560222415222122601042242120026653040515450
12242112315210444352463115226150215053223525050332156526254004044110210531310035505443
56302050414102441200040042220164210222164305015415102226663130214425145004442342451112
20142345420342115541125605423462536112012305635003025441140642103135516364024252443346
55234214055150164501205643105312021101302530132105105240632142646611041310451052543030
00344014041642414530020253415310561535134441225644361010232040433405205530400425132420
44465660155225632330304432563013652450430430515244654163201422646433341401326232106460
60504314100012105514350241221152423013013215220430025011306005022562246202261135150426
13316022362310013135066434401102654111042024223402410266533021415144131431103330301252
34213404164424125145023162342345043025304344535402340102354321243242231451052201006162
51531200422040345123144612530332042305435440025010512322544122445603512105143564442151
05111332142511453040440555342412432601245553451243555133133354115341413265302201123220
33404023453441161361250520245006232520550232453244552440215201113452405446155462124231
30202533545155134325545552416553223341356454531052425434306222062202311434244323102363
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44515313554145520241235044341213110524531025054245225150454020605141253424016651002051
24622430030554432304235304512410323513631311454265504032220145014330330123233120131203
25200336503021301345124031566011455531663013353212545466304525135346325256554422120435
20344221134524413151546003444101460335514160116425451021323010151452041550642643464053
56364014500610201353340514614044212114424051242336221160041202502400014044623545530330
21400422313002325525121345441661221655433201420021254205042110356113552554111003001400
24255403115042103225254323334421142433465130210010014135200042523355424060400430502304
33430253443422403025511232200055421561231540214441301440024434122345332161231202300431
32360012143144153410454315531343152200343164355226021245220545342521432402214303136210
43565220001411044346344233550263361330100501153624553325240234143135115020440553145035
14121320200025314125256252212401640005300533141001502500033242012021511424331601366503
33664265541463632016632666543441105452601521106300021166153243035602500653406403102463
25312030150240146533603344624665262644110166306060466650464122551150006245646560015144
24635435150033325324364140023302333124315455252252541402533656504641420321402231135324
42040141053152500221500244323346004000253220051100101134414333552020134540403014553150
14525102123552154532552201240103355240104022401213410241140145436005040133056640642450
02105541011533114304111453124054224512233655054422630315610110253010013053230133130616
12200525133352041433436453042410016144511000506252650645132440312251533143306344412262
20442203445132351254536514350012224554024112604542522506330405513314530030221205211314
63365625354133244554005154231611445451161421423100204353423321431400202312101251432241
35214243430504534212512443441422003014341110332124240411621044561106520165455112242525
00602042621302212126450200460004022214434424031542104604530324006352503540435400505430
03001432143655031322061214404000420503415421302051305011223033015501542353342224315102
54142303561213242652161262634021526440464106132054153522141220402426100053405011510144
05365235552301012515234021214204100550222415222122501042242120025353040515450122421123
15210444352453115221160215053223525050362153523254004044110210531610035505443653020504
14602441200040042220154210222154305015415102223116130214425145004442342451112201423454
20342115541125505423432533112012305135003025441140542103135513354024252443346652342140
55150154501205343105312021101302530132105106240532642541511041310451052546030003440140
41642414530020253415310551535134441225344311010232040433405205530400425132420444553501
55225532330604432633013552450430430515244554153201422345433641401323232103450505043141
00012105514350241221152423013013215220430025011303005022552243202211135150425133130223
52310013135053434401102554111042024223402410253533021416144131431103330306262342134041
34424625145023152342345043025304344635402340102354321243242231461052201001152515312004
22040345123144112630332042305435440025010512322544122445106512105143554442151051113321
42611456040440555342412432306245553451246555163133354115341413265302201123220334040234
53441631631250520245003232520550232453244552440215201113452405445155432124231302025336
45155134325645552415553223341351454531052425434305222052202311464244323102633445163135
54145520241236044341213110624631025054245225150454020305641253424015551002051243224300
30554432304235304512410323513631316464235504032220145014330330123236120131206252003315
06021301345124031511011455631363013356212545465304525165343625261554422120435203442211
64524413151545006444101460335614110165425451021323010151452041550142543454053533140145
00510201663340514514044212114424051242361226160041202502400014044623546630360214004226
13002625525121345441561221555433201420021254205042110355613652554111006001400242554031
16042103225254323664421142433415130210010064135200042523355424030400430602304334302534
43422406025511232200055421551231640214441301440024434122345332151231202300431323300621
46144153410454315531343152200643154365226021245220645342521432402214303131210435352200
01411044343344233550263331330100506153324553325240234143135115020440553145035141213202
00025314125255252212401540005300533141001502500033242012021511424331201321563662442266
41616266063432305543466105652001566100300021143163243036466560156663003102433266620306
60260644533303344524336616366160122605010635060616622551166003666063540015144245354351
50033325324334140023302333124615455252252541402533353504541420321402261135324420401410
53162500221500244326343004000263220051100101134414333552020134540403014556150146256021
23552154532562201240103355240104022406213410241140145463005040133053540542460026055410
11633114604111453124054224512233355054422530315510110253010013053230133130615122005251
63352046436433463042410015144511000601252550346132440312256533143603344412262204422034
45132351254533514350012224654024112104542522605630405513314530030226205211314333153253
54136244564005154231511445451131421423100204353423321431400202312101251432241352142464
60504534212512443441422003014341160332124240411521044651103620135455112242525001020426
21602212125450200430004022214434424031542604304530624003352503540435400505430030014321
43555031322051214404000420603415421302061605011223033015501542663342224315102541426035
31213242552151232534021523440454101132054153622141220402421100053406011510144053552355
52301012515264021214204100550222415222122501042242120025353040515450122421123152104443
52453115221150215053223525050632153523264004044110210531360065505443553020504141024412
00040042220164210222154306016415102223113130214425145004442342451112201423454203421155
41125505423432533612012305135003025441140642103165513354024252443343562342140651501645
01205346106312021101302530162105106240632142541511041310451052546030003440140411424145
60020253465310556535164441225344311010232040433405205530400425132420444553501552255323
30604432533013552450430460615244654163201422345433341401326232106460505043641000121055
14350241221162423013013215220430025011603005022652243202211135160425633130223523100131
65053434401102554161042024223402410253536026416144131431103630301252642134041344241251
45023152342345043025304344535402340102364321243242231451062201001652516312004220403451
23144112560632042605435440025010512322644122446103512106143554442151051113326425114530
40440655342412432601246553451246555133133354116341466235602201126220334040234534411313
31250520245006232520550232453244552440265201113452406445155432124261302025365451551343
25645562415653223341361454531052425434305222052202611434244326102363445153635541455202
41235044341213110524531025054245225160464020305141253424065561002051246224600305644323
04235604512410323613631311464236504032220645014330330123233120161203252003315030213016
45124031511061455531333016663262545455304525135646625251554422120436203442211346244131
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51645003444101430365514110115425451026623010156452046550142543454053536140145005102013
53340514514044212114424051242631226150041202502400014044523545530330264004223130026255
25121345441666221555433206420021254205042110355116562654111003001400242554061160421062
25254323364421642463415130210010014135200042523655424030400460502304334302534434224030
25511232200055426561231540214441301440024434622345332161231202600431623300121431441534
10454616561343152200346154365225021245220545342521432402214306131210435352200014110443
43344233650263331330100601153324553325240234143135115020440553146036141263202000253141
25255252212401540005300533141001502500033242012021511424331206621503332462255414132320
13432305646441666466001621100606066143653266065402600163403066166633653126301506461445
3630666456633521234411612230561643505641416656665005324504364

Certificate W( 5, 5 ) > 98741

43411343003300013241314121324013414023023424104411134343204213401340300230003312330042
22000201134000144112103231332123121344103204340422124404300030410341034211314421333122
33423342013120420232002132401200114201222320131231200210121131034310144113240201414332
31330422221421234123300201013240024121220203441343403404434400322311231013400112012334
00123021430023110321034414040042331233332034101344412344123023330213034334022434431312
03230240143220403041242120421014210143443304014041120011440432311034100120114031324341
14013240232210213141433124204114301233021340033322434411434023420233104011133041321401
43132402330100244033002220323103123441323342130211330143401140103242132143340422430223
44032042144023241112400131034204014442434034031140340403233334214003401033430110100340
11404212411223341430032434133002341434400033111143201032314310321123030323303124004012
03404212422403234030343340333203402123002201424014040041424211044242441304022234344421
24411401202202133323320113011032303133024204044110444202204032001303231001323110103413
20123200333413321231304043412320024034110002100124014034301120111342143102144424240322
42044303101221010123311321111331033402231104340112010401214004114400303411444044320223
11100234301133113143214344033113244131432134122433221310342421100424411123023134021332
24210332111124031342120100244111231330020344422412124042403032441233302434121241233000
22320444403430242010224021414024001121412044022100444232014230310423102232210100244034
04211404130320143001032214113440011231242013324233012042413240111044142320404102411030
00140421201112331044022430011432130303324433301012301343003041214312403134041030420143
00420114231012110123231311332313120001404042022241221241323103104131214324410100204411
02411232302120422310210320121133042210443203021030014102131201401033101334033442233023
42312104214331040121333212014323101321222231240041223112412322422133431334320110231113
30112001120323421204314230121243021011334343340111432043000340431041342000144221014032
30010010420201011223140330403332024143304012402112103421203402313301420101232312311141
42340424414130423240032200344341421432210133340403002300234041324424002014301223213241
23232334002100224234024013124211234132001324022411120300444122241324302104422441323041
20100101131444332021431224202144441230021202134142400111230013010240012240243101430202
04002040122340330104032240101403233432112410244002442010321324112331040013141403314013
02122323301034040034021144034402342012131211000020310240014001343412220432241313121140
10401124040213112324034042330140231111232132322100134204123000331431210222402220001314
23014343423441434201132340234032240322111434214440023412220111244013013443223311014411
23302431104412143110303021002312423233112000224303144422000024002424432302224400334103
33401310010012223404411314412301403400033140234421211344300333123441122443423413342020
32043342404102041220103333224431234322130401014012010434411011232120404201311223403303
22221413231132321240231211042013124403232314102124104000310312324114214213012303423002
31444223123343214212040143230132301133021220232034110341141002012223040233134404024120
33421203232314133123420414310314040401113410230401334213201212121144221244314443203031
41033002012143144212431014440340222202242113120022032010003104212000014122241104231212
41010040300211014012020120404301042442121033200340043440421400332442334401201130300304
43331421341144112420412302323103434133202222003421404330313012200004212330100300104404
01341240022141431244212143333121310340402224231414022040420433432320102424202230323320
13412223221440022010444423230242140224113400014001444413400220443443122312224302321133
00401300222423231011040013020304204414114401101112302244313131004042114141441223314210
00220021323014314210021330114011313040221424230213343324021331343123420101340142021244
01320411302033041234231412310442421002040044302144214310113010134423232344013144131334
34441034001423111012030001304103401033343120212001310143334103231022102420224231044441
10440320233301030141331102212343002231024034024403333004430313100433134232344323244112
31123214132341404434014344100143123212342400104412044334020320421014312142130213241240
32234411333422041143341240222310343012324231344230423404121434130143423434304340401443
02123104042112400130003440214310323012444224312303203310032012134014344113111143412000
23404310143241133040222423301122004212320333113302342041221012234213301441413240114441
23442133104404143321144202011220012133422004343010124223202120312430132300343403303014
34204342042120440033231020323444403212110301441123034333111301112330123302334223214130
12134313423224042032021224421444012401340101341233421230402041240303404014000232110231
22224003342322441233401432024103300403032212112200224342140421131231441010121121402401
04301323400331132011042121121013434124041331021002040422320033241142300141034031032002
33121231411014314022434134002322410243133012132411224434001233103203423302242000401112
23223340033122100003341330411400223101330102200222304130313430412301312402401413211333
01010421430123012022402220034002214442224233012223113343204030043403430113204210121443
41121022202132013201433031143000344001400142303421424042243041234223314234440423034034
22432343303201032311330412423131004030021444431434013400224232304122413434424201130101
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20121101122044033403230122334234001223402431022403320432011312122140034000042013230111
34011340240002430201001244101103034204024123104421202134143421432314323101100212312133
42233112104033201322342331203041013312304124044324303131003414213310234002430122000441
01133101240142400321233300213043123103041240023224112002244420403203401130400143024330
02310123312320414304310012144102440112042143112404133341223032014212311141012012033120
12120400001431220123200102332322012331214341334400131022041013002240131011222003333104
23204031032043340202040020341221234201214341441204012020100120004201243402244231412312
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