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The main motivation of the current research is the analytical exploring of the dynamics 

of satellite rotation during the motion on the elliptic orbit around the planet. 

We should discuss the revisited results of J.Wisdom, et al. (1984). By elegant change of 

variables (considering the true anomaly f as the independent variable), the governing 

equation of satellite rotation is presented in a form of the Abel ODE of the 2-nd type, a 

kind of generalization of Riccati ODE. We should also note that for the reason of a 

special character of the solutions of Riccati-type ODE, there exists a possibility for 

sudden jumping of the magnitude of a solution at some moment of time-parameter. 

In physical sense, such the jumping of the Riccati-type solutions of the governing ODE 

could be associated with the effect of sudden acceleration/deceleration of the satellite 

rotation around the chosen principle axis at definite moment of parametric time. It 

means that there exists not only a chaotic regime of rotation of satellite (according to 

the results of J.Wisdom, et al. (1984)), but a kind of gradient catastrophe Arnold 1992 

could occur during the process of satellite rotation. We should especially note that if 

gradient catastrophe could occur, it does not mean that it must occur: such a possibility 

depends on the initial conditions. 

Besides, the asymptotical solutions have been obtained, manifesting a quasi-periodic 

character of the solution even at a strong simplifying assumptions e → 0, p = 1, which 

reduces the governing equation of J.Wisdom, et al. (1984) to a kind of the Beletskii’s 

equation. 
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1. Introduction, the governing equation. 

 

Planar oscillations and rotations of a satellite around its center of mass, moving along 

an elliptic orbit with eccentricity e, is described by the Beletskii’s equation Beletskii 

1959, Sadov 2006: 

  

Here,  is the doubled angle between the radius vector of the center of mass and one of 

the axes of inertia of the satellite,  ₀² = 3(B – A)/C is the inertial parameter of the 

satellite; A and B are the moments of inertia of the satellite with respect to the axes of 

inertia lying in the orbit plane, and C is the moment of inertia with respect to the axis 

perpendicular to the orbit plane. The true anomaly f is the independent variable. It is the 

angular distance of the radius vector from the pericenter of the orbit. 

 

 

2. Revisiting the results of J.Wisdom, et al. (1984). 

 

Referring to the results of J.Wisdom, et al. (1984), consider a satellite whose spin axis 

is normal to its orbital plane. The satellite is assumed to be a triaxial ellipsoid with 

principal moments of inertia A < B < C, and C is the moment about the spin axis. The 

orbit is assumed to be a fixed ellipse with semi-major axis a, eccentricity e, true 

anomaly f, instantaneous radius r, and longitude of periapse , which is taken as the 

origin of longitudes. The orientation of the satellite’s long axis is specified by  and 

thus  - f measures the orientation of the satellite’s long axis relative to the planet-

satellite center line. This notation is the same as that of J.Wisdom, et al. (1984), 

Goldreich and Peale (1966). Without external tidal torques, the equation for motion for 

 is   

 

- where  ₀² = 3(B – A)/C and units have been chosen so that the orbital period of the 

 1sin4sinsin2)cos1( 2

02

2

fe
fd

d
fe

fd

d
fe  



 20))(2(sin
2 3

2

0

2

2

 f
rtd

d






3 

satellite is 2 and its semimajor axis is equal to one. Thus the dimensionless time t is 

equal to the mean longitude. 

 

If we define  p =  - pf and Eq. (2) is rewritten with the true anomaly f as the 

independent variable, the equation of motion for  p becomes (see the proper derivation 

in Appendix, with only the resulting formulae left in the main text below): 

 

Equation (3) could be transformed by the change of variables (d p/df) = ( p) as 

below (note that (d² p/df²) = (d/d p)( p)), as first approximation: 

 

- recall that the true anomaly f is supposed to be an independent variable, including 

being independent from  p. So, true anomaly f could be considered as a slowly variable 

parameter in Eq.(4), which is known to be changing periodically for elliptical motion of 

the satellite on its orbit around the planet (or quasi-periodically). 

 

The last Eq. (4) is known to be the Abel ODE of the 2-nd type, a kind of generalization 

of Riccati ODE. Such a type of equations has no analytical solution in general case 

Kamke 1971. We should note also that a modern methods exist for obtaining of the 

solution of Riccati equations with a good approximation Bender and Orszag (1999),  

Rosu, et al. (2012). 
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3. The revolving scheme for resolving of cascade of Abel Eqs. for satellite rotation. 

 

Let us clarify the essential assumption which was made at transformation of Eq. (3) to 

the Eq. (4). Namely, we assumed that the true anomaly f could be considered as a 

slowly variable parameter in Eq.(4), which is known to be changing periodically for 

elliptical motion of the satellite on its orbit around the planet (or quasi-periodically). 

 

Indeed, we have neglected by the tidal torque during derivation of (1)-(2), which could 

be estimated as below Goldreich and Peale (1966), Khan, et al. (1988): 

 

- here G is the gravitational constant, M is the mass of the planet, C is the maximal 

principal moment of inertia of satellite, R is the mean volumetric radius of the satellite, 

k₂ is the Love number (which is describing the response of the potential of the distorted 

body in regard to the experiencing tides), Q is the quality factor (which is inversely 

proportional to the amount of energy dissipated essentially as heat by tidal friction). 

Besides, recall that instantaneous radius r for Keplerian motion of satellite is given as 

below 

 

For the satellite which is supposed to be Maclaurin spheroid, C = 0.4mR ² (m is the 

mass of satellite), we obtain 

 

So, using Eqs. (5)-(7), Eq. (2) should be presented in a complete form Goldreich and 

Peale (1966) (let us assume GM = 1 below just for simplicity of computations): 
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All in all, using the procedure of averaging of tidal torque (7) for the period of satellite 

evolving on its orbit, Beletskii 2007 has obtained for Eq. (8) (see Melnikov 2016): 

 

- here  is the doubled angle between the radius vector of the center of mass and 

appropriate axis of inertia of the satellite. 

 

We could estimate now from Eq. (9) the changing f of the true anomaly f during the 

motion of the satellite on its orbit, for which f could be considered as a constant 

parameter when we are resolving Eq.(4). Inside of such short period f, the changing of 

the term (2esin f) in Eq. (9) should be less than the changing of the previously 

neglected tidal torque during the derivation of (1)-(2): 

 

- or in case of e → 0 

 

- here k₂ ≅0.03, Q ≅ 100 Melnikov 2016 (see the proper estimations in Appendix). 

 

Thus, we obtain the revolving scheme for resolving of the cascade of Abel Eqs. for 
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calculating of satellite rotation during the motion of the satellite on its orbit: variable 

parameter of true anomaly f should be divided by n steps (n = f/f), the size of each is 

assumed to be f (10)-(11); during the motion of the satellite on its orbit within the 

each of the interval f, the absolute meaning of the true anomaly f could be considered 

as a constant parameter when we are resolving Eq.(4). Besides, at each next step of 

calculations, the final values of solution at previous step should be considered as the 

initial conditions for the next step of calculations. 

 

 

  

4. Asymptotical solution of the governing ODE (case e → 0). 

 

We should note that in case p = 1, equation (3) could be transformed to a kind of the 

Beletskii’s equation (1) by change of variables  p → , where  is the doubled angle 

between the radius vector of the center of mass and appropriate axis of inertia of the 

satellite. So, we should multiply each of the Eqs. (2-3) by 2 for transforming it to the 

Beletskii’s equation along with the accordingly chosen the inertial parameter of the 

satellite,  ₀² (as well as along with the accordingly chosen the moments of inertia of the 

satellite with respect to the axis of inertia lying in the orbit plane). 

 

Let us transform Eq. (4) from the Abel ODE of the 2-nd type to the Abel ODE of the 1-

st type Kamke 1971, by change of variables  = 1/: 
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Despite Eq. (12) has no analytical solution in general case Kamke 1971, let us explore 

the asymptotic solution under assumption e → 0: 

 

- here C₀ = const, C₀ > 1;  besides, the last equation yields as below: 

 

Obviously, Eq. (13) could be resolved analytically only at p = 1: 

 

 

Nevertheless, we can see from Eq. (14) that even at the appropriate simplifying 

assumptions e → 0, p = 1, the asymptotical solution for the Beletskii’s equation (1) 

seems not to be resolved analytically (2 p → , where  is the doubled angle between 

the radius vector of the center of mass and appropriate axis of inertia of the satellite). 

 

Meanwhile, we obtain from Eq. (14): 
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The left part of Eq. (15) is known to be the proper elliptical integral in regard to the 

variable u, see Lawden 1989. But the elliptical integral is known to be a generalization 

of a class of inverse periodic functions. Thus, by the obtaining of re-inverse dependence 

for the expression (15), we could present the solution as a set of quasi-periodic cycles:  

it means a quasi-periodic character of the evolution of the double angle  p, which is the 

angle between the radius vector of the center of mass and appropriate axis of inertia of 

the satellite. 

 

 

Discussion 

 

The last but not least, we should discuss the revisited results of J.Wisdom, et al. (1984). 

The Eq. (4) is known to be the Abel ODE of the 2-nd type, a kind of generalization of 

Riccati ODE. We should also note that for the reason of a special character of the 

solutions of Riccati-type ODE Kamke 1971, there exists a possibility for sudden 

jumping of the magnitude of a solution at some meaning of time-parameter (see Fig.1 

with the aim just to schematically imagine the type of such the jumping of a solution): 

 

 

 

Fig.1. Schematically imagined the jumping of the Riccati-type solutions. 

 

In physical sense, such the jumping of the Riccati-type solutions of Eq. (4) could be 

associated with the effect of sudden acceleration/deceleration of the satellite rotation 

around the chosen principle axis at definite moment of parametric time. It means that 
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there exists not a chaotic regime of rotation of satellite, but a kind of gradient 

catastrophe could occur Arnold 1992 (depending on the initial conditions).  

 

 

Conclusion 

 

The main motivation of the current research is the analytical exploring of the dynamics 

of satellite rotation during the motion on the elliptic orbit around the planet. 

We should discuss the revisited results of J.Wisdom, et al. (1984). By elegant change of 

variables (considering the true anomaly f as the independent variable), the governing 

equation of satellite rotation is presented in a form of the Abel ODE of the 2-nd type, a 

kind of generalization of Riccati ODE. We should also note that for the reason of a 

special character of the solutions of Riccati-type ODE, there exists a possibility for 

sudden jumping of the magnitude of a solution at some moment of time-parameter. 

In physical sense, such the jumping of the Riccati-type solutions of the governing ODE 

could be associated with the effect of sudden acceleration/deceleration of the satellite 

rotation around the chosen principle axis at definite moment of parametric time. It 

means that there exists not only a chaotic regime of rotation of satellite (according to 

the results of J.Wisdom, et al. (1984)), but a kind of gradient catastrophe Arnold 1992  

could occur during the process of satellite rotation. We should especially note that if 

gradient catastrophe could occur, it does not mean that it must occur: such a possibility 

depends on the initial conditions. 

Besides, the asymptotical solutions have been obtained, manifesting a quasi-periodic 

character of the solution even at a strong simplifying assumptions e → 0, p = 1, which 

reduces the governing equation of J.Wisdom, et al. (1984) to a kind of the Beletskii’s 

equation. 
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Appendix. 

 

A.1. The derivation of Eq. (3). 

 

We recall the relation between the true anomaly f and the mean anomaly  (in 

accordance with the Kepler’s law of orbital motion): 

 

- here  = nt, but n being the mean motion of satellite: 

 

- where units have been chosen so that the orbital period of the satellite is 2 and its 

semimajor axis in (17) is equal to one (the mean motion is defined by the formula n 

2/P, where P is the period of the body motion in orbit). Thus the dimensionless time 

t is equal to the mean anomaly . 

 

We could derive from Eqs. (2) and (16) as below: 
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So, Eq. (18) could be transformed properly and should yield as below: 

 

 

 

Just compare Eq. (19) with the Eq. (3) to observe the difference: 
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- recall (6) as well as that units have been chosen so that the expression below is equal 

to one (a = 1) 

 

 

 

A.2. Estimations in the revolving scheme for resolving of cascade of Abel Eqs. 

 

Let us estimate the required interval f, for which the absolute meaning of the true 

anomaly f could be considered as a constant parameter when we are resolving Eq.(4). 

 

For example, let us consider the case of Titania satellite of Uranus (the most massive 

satellite of Uranus). According to the formulae (10)-(11), we obtain (using the actual 

data for calculations from the astrometric observations, see Emelyanov 2016): 

 

- here we choose k₂ ≅0.03, Q ≅ 100 Melnikov 2016. The proper interval f (20), 

required for calculations during the resolving of cascade of Abel Eqs. (4) for satellite 

rotation, corresponds circa to the path 125 km on elliptical orbit in case of Titania. 

 

Let us also consider the cases of other massive satellites of Uranus: 
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1)  The case of satellite Ariel: 

 

- which corresponds to path 879 km on its quasi-circle orbit (orbital velocity is 5.5 km/s). 

 

2)  The case of satellite Umbriel:  

 

- which corresponds circa to the path 174 km on its elliptical orbit. 

 

3)  The case of satellite Oberon:  

 

- which corresponds circa to the path 94 km on its quasi-circle orbit. 

 

4)  The case of satellite Miranda: 
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- which corresponds circa to the path 2671 km on its quasi-circle orbit (orbital velocity 

is circa 6.7 km/s). 

 

As we can see, the best candidates for calculations (by the revolving scheme for 

resolving of cascade of Abel Eqs. for satellite rotation) are the Ariel and Miranda: time-

interval for calculations in case of Ariel is circa (879 km/5.5 km/s) ≅ 160 s, in case of 

Miranda it appears to be circa (2671 km/6.7 km/s) ≅ 400 s. It means 8,573 steps of 

iterations of calculations for Ariel (by the revolving scheme for resolving of cascade of 

Abel Eqs. for satellite rotation) per 1 period of rotation and 1,919 steps of iterations for 

Miranda.  
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