LAURICELLA HYPERGEOMETRIC SERIES OVER FINITE FIELDS

BING HE

ABsTrACT. In this paper we give a finite field analogue of the Lauricella hypergeomet-
ric series and obtain some transformation and reduction formulae and several generating
functions for the Lauricella hypergeometric series over finite fields. These generalize some
known results of Li et al as well as several other well-known results.
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1. INTRODUCTION

Let ¢ be a power of a prime. Then F, and E“I are denoted the finite field of ¢ elements and
the group of multiplicative characters of F; respectively. Setting x(0) = 0 for all characters,
we extend the domain of all characters x of F to [F,. Let ¥ and € denote the inverse of x
and the trivial character respectively. See [3] and [9, Chapter 8] for more information about
characters.

Following [2], we define the generalized hypergeometric function as

ap,aty...,0n
n+1Fn
< bi,... b

= (a0)e(a)i - (an)k
x> '_Z E'(b1)k - (b)) o

k=0
where (2)j is the Pochhammer symbol given by

(2)o=1, 2)p=2(z+1)---(z+k—1) for k > 1.
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It was Greene who in [§] developed the theory of hypergeometric functions over finite fields
and established a number of transformation and summation identities for hypergeomet-
ric series over finite fields which are analogues to those in the classical case. Greene, in
particular, introduced the notation

G
o () =P S ByBen - i - o)
Yy

for A,B,C € @q and x € [Fy, that is a finite field analogue of the integral representation of
Gauss hypergeometric series [2]:
I'(c)

a,b _ ! b1 _ p\e=brq 7)™
F< ”")‘r(za)r(c—b)/o”l DT =)y

and defined the finite field analogue of the binomial coefficient as
A\Y B(-1) ., —
= A, B
<B> q J( ) )7
where J(x, A) is the Jacobi sum given by

ZX A1 — ).

For more details about the finite field analogue of the generalized hypergeometric functions,
please see [0, [7, 12].

In this paper, for the sake of simplicity, we define the finite field analogue of the binomial
coefficient and the classic Gauss hypergeometric series by

@) N q@)G = B(—1)J(A, B).
JF) <A,CB

A, B
iB) =q- 25 < C
respectively.

There are many interesting double hypergeometric functions in the field of hypergeometric
functions. Among these functions, the Appell series F; may be one of the most important
functions:

and

G
x) = e(x)BC(~1) Y _ B(y)BC(1 — y)A(1 — ay),

@) m+4n(b)m b n m n
Fi(a;b,bscm,y) = ) (@) ,+,() ALY Y fel <1, Jyl < 1.
o m!n!(¢)min

See [2], 5], [14] for more material about the Appell series.

Inspired by Greene’s work, Li et al [I1] gave a finite field analogue of the Appell series F}
and established some transformation and reduction formulas and the generating functions
for the function over finite fields. In that paper, the finite field analogue of the Appell series
Fy was given by

Fi(A;B,B';C;z,y) = e(xy) AC(— ZA YAC(1 — u)B(1 — uz)B'(1 — uy).
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It was Lauricella [10] who in 1893 generalized the Appell series Fj to the Lauricella
hypergeometric series F](Dn) that is defined by

Fé)(d,bl,c 7bn33'1,"',37n) — Z Z (CL) 14+ n( 1) 1 ( ) nx11_”xmn.

l... | n
m1=0 Mn=0 (c)m1+"'+m7Lm1' M

a;,y) and o[ (b,ca :c> = Fg) <a;cb

so the Lauricella hypergeometric series F' gl) is an n-variable extension of the Appell series
F} and the hypergeometric function o F7.
Motivated by the work of Greene [8] and Li et al [I1], we give a finite field analogue of

It is clear that

Fy(a;b, Vs c;,y) = Fyy) (a;i’b

the Lauricella hypergeometric series. Since the Lauricella hypergeometric series F]()n) has a

integral representation
F(”) a; b17 toe 7bn L1, T _ F(C) /1 Ua'_l(]_ _ u)c—a—l .
D c ) yn F(a)F(c — CL) 0 (1 — ;plu)bl . (1 — xnu)bn ’

we give the finite field analogue of the Lauricella hypergeometric series in the following

form:
n A7 B17 T 7Bn
Fé)< C $17"'a$n>
= e(a1 - 2n)AC(=1) > A(u)AC(1 = u)Bi(1 — 2yu) - - Bp(1 — mpu),
where A, By, -+ ,Bp,C1,---,Cp € @q, x1, - ,%, € Fy and the sum ranges over all the

elements of IF,. In the above definition, the factor % is dropped to obtain simpler

results. We choose the factor e(zy---x,)AC(—1) to get a better expression in terms of
binomial coefficients. From the definition of the Lauricella hypergeometric series over finite
A; B, B’

fields, we know that
A, B B; A
C a:,y) and2F1< ’C ’:U>:Fj(31)< é :U)

Then the Lauricella hypergeometric series over finite fields can be regarded as an n-variable
extension of the finite field analogues of the Appell series F; and the hypergeometric function
o FY.

The following theorem gives another expression for the Lauricella hypergeometric series
over finite fields.

Fi(A; B, B';C;z,y) = F}y) (

Theorem 1.1. For A,By,--- ,B,,C € Fq and x1,--- ,x, € Fq, we have

n) (A;Bi,---, B
b (A0 B )

S 2 e ) () (e e

Xl?‘.. 7X'VL




LAURICELLA HYPERGEOMETRIC SERIES OVER FINITE FIELDS 4

where each sum ranges over all multiplicative characters of IF,.

From Theorem or the definition, we know that the Lauricella hypergeometric series

over finite fields
n A;Bb'":Bn
i (5P Py )

is invariant under permutation of the subscripts 1,2, ,n, namely, it is invariant under
permutation of the B’s and z’s together.

The aim of this paper is to give several transformation and reduction formulas and the
generating functions for the Lauricella hypergeometric series over finite fields. We know
that the Lauricella hypergeometric series over finite fields is an n-variable extension of the
finite field analogues of the Appell series F; and the hypergeometric function 9 F}. So most
of the results in this paper are generalizations of certain results in [I1] and some other
well-known results. For example, [11, Theorem 1.3] and [8, Theorem 3.6] are special cases
of Theorem [L11

We will give our proof of Theorem in the next section. Several transformation and
reduction formulae for the Lauricella hypergeometric series over finite fields will be given
in Section 3. The last section is devoted to some generating functions for the Lauricella
hypergeometric series over finite fields.

2. PROOF OF THEOREM [I.1]

To carry out our study, we need some auxiliary results which will be used in the sequel.
The results in the following proposition follows readily from some properties of Jacobi
sums.

Proposition 2.1. If A, B € @q, then

Q-5
(- Oy
(2.3) (€> = < > =—1+(¢—1)0(A),

where 6(x) is a function on characters given by

s00={ 5 S

otherwise

SN

The following result is the finite field analogue of the well-known identity

()= ()2

Proposition 2.2. (See [8, (2.15)])For A, B,C € ﬁq, we have

@) @ = @ (ig) — (¢ V)B(~1)3(4) + (q — )AB(~1)3(BO).
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The following result is also very important in the derivation of Theorem
Theorem 2.1. (Binomial theorem over finite fields, see [8, (2.10)]) For A € ﬁq and z € Fy,
we have . A
= X
Al —z)=0(x) + —— ( )X x),
-0 =i+ =530 (o
where the sum ranges over all multiplicative chamcters of Fy and 6(x) is a function on F,
given by
|1 ifz=0
5(”3)_{ 0 ifz#0"

We are now ready to prove Theorem
Proof of Theorem [1.1 From the binomial theorem over finite fields, we know that for

1<j<mn,
— 1 Bjx
Bj(l—l‘ju):(S(IL‘J )+_Z< J ])XJ(Z‘J )
q—1 " Xj
Then, by the fact that e(x;)é =0forl1<j<n,
n A;Bh"'a
Fl())< C .151, >

=¢e(z1--xp)AC(— ZA JAC(1 — u)

_ m 5 <31X1> (ann>xl($1 e ZAXI W) AC(1 - u)

X17.‘. 7XTL Xl Xn
w2 (M) )
- . x P €T ,
PN (") (1 X)) xai)
which, by (2.1)), implies that
A:;By,--,B
i (VP )
1 Axt- "Xn> <31X1> (Ban>
e . 1(x1) - €T .
(¢—1)" Xl;Xn <CX1"‘Xn X1 xn A1) xnln)
This completes the proof of Theorem L]
3. AN INTEGRAL FORMULA AND ITS FINITE FIELD ANALOGUE

In this section we derive an integral formula for the Lauricella hypergeometric series F’ gl),

() o pin=D

which relating F, , and then give its finite field analogue. In addition, a finite

(n)

field analogue of a summation formula for the Lauricella hypergeometric series F,
deduced.

is also
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The following theorem gives a result which is analogous to [8, (3.12)].

Theorem 3.1. Ifa,by, - ,by,c and z1,- - ,x, are complex numbers with Re(b1) > 0 and
Re(by) > 0, then

n aba)bn
B(blvb2)Fé) <a 1 c

_ /1 ub1—1<1 _ u>62_1F(Dn—1) (CL; bl + bg,bg7 e ,bn
0

Cc

uzy + (1 —u)xg, x3,- - ,xn) du,
where B(x,y) is the beta integral given for Re(x) > 0, Re(y) > 0 by [1J]
1
Bl y) —/ 11— vt
0

Proof. 1t is easily seen from the binomial theorem that

0<mi<m mi

Then, by [1, Thoeorem 1.1.4]

1
/ w1 — w)2 N uzy + (1 — w)zn)"du
0
m 1
= Z ( >x71n1x§n m1/ um1+b1—1(1 _ u)m—m1+62—1du
0<mi<m N1 0
<mi<m

= Z <m>ajl 11:72% mlB(ml—i-bl,m m1+bg)

0<micm N1
m)! (bl)m (b2)m—m —_
b b 1 1_mi_m ml‘
(b1+b2) ( 1, 2) Z mll(m—m1)! Ty Ty

0<mi<m

Using the above identity in the integral at the right side and making the substitution
m — mq — Mg, we obtain

1 . R
/ ubl_l(l _u)bZ_lFénfl) <a7bl +b27cb37 7b1’L ury + (1 —U)SL'Q,CU?,,"' ;Jjn) du
0

— i i . i (@)mtmsttmn (01 +02)m(03)ms = - (bn)m, ms M

3 n

bl,b2 Z Z 1+ -+ n( 1) ( ) nxll-"xm"

n
m1+ Ay, ml' “My!

m1=0 myp=0
= B(by, by) (a; bl"c" S PO 7xn> -
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We comlete the proof of Theorem U]

Taking n = 2 in Theorem we have the following result.

Corollary 3.1. Ifa,bi,be,c and x1,x2 are complex numbers with Re(by) > 0 and Re(be) >
0, then

L bo—1 a, by + ba
B(bl,52)F1(a;b1,b2;033617$2)—/ w7 (1 — )T 2F1< ’ .
0

ury + (1 — u)x2> du.

When ¢ = by + - - - + b, Theorem [3.1| reduces to [4, (7.8)].
We now give the finite field analogue of Theorem

Theorem 3.2. For A,Bs,--- ,B,,C € @q,Bl,Bg S @q\{s} and x1,- -+ ,x, € Fy, we have

n— A;BB,B’...jBn
E(wlwz)ZBl(u)Bg(l_u)F/(j 1)< 152, b3

C
_<Bl >1D c |t

B R, —9) (AB1Bs;B3,--- ,B
_5(4”1302)31(—1)3132(%1—xz)Fg‘ 2)( 152, 23 n

uzry + (1 —u)wg, w3, - - ,wn>

CB1By

Z3, 7:1:n> .

Proof. 1t is easily known from the binomial theorem over finite fields that for u,z1 € Fy,
we have

— n-2) (A By, By
— By(x2)Ba(~a1)B1By(w — 21) Fpy ( v

1

x(uzy + (1 —u)xg) = -1 <;>X1(U951)XX1((1 — u)x2).
X1

Then

e(z1) Y Bi(u)Ba(1 — u)x(uzy + (1 — u)az)

= i 1 <;1>Xl(.%'l)XXl(l'Q)BQXXl(_l) <BB21><XX11>'

X1
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We use the above identity in the summation ), and replace xx1 by x2 to find

(3.1)

.’L’la}g ZBl BQ 1-— U>ng—1) <A’ BlB2’ 23’ o ’Bn ur] + (1 — u)azg,x& ce ,.’L'n>
5($1$2) <AXX3 e Xn> <B132X> <B3X3> (Ban>

(g — 1)1 Z CXX3* Xn X X3 Xn X3(®3) - xn(@n)

XoX3, ) Xn
ZBl )Ba(1 — u)x(uxi + (1 — u)z2)

Z Boxa(— <B1X1> (B1B2X1X2) <X1X2>
(g—1)" Boxa X1X2 X1

(éii ) () (e

It follows from Proposition that

(o)) = () (07 -t

X1X2 X1 X1 X2
+ (¢ — 1)x2(—1)6(B1B2x2),

Bix1 > (BlBQXlXQ) <31X1) < B >
= —(g—1 -1)o(B1 B
<BlB2X1X2 X1 X1 B1Bsys (q )x1(—1)0(B1Bax1x2)

Baxa ><3132X2> <BZX2>< B, )
= —(¢g—1 -1)6(B1B .

Then, by (2.1) and ([2.2)
<31X1> <B1B2X1X2> <X1X2> _ < Bixi > <B1B2X1X2) <BlB2X2>
Boxa X1X2 X1 B1Bax1x2 X1 X2

—(a- 1)X1(—1)5(X1Xz)( Pa ) + (g - 1)X2(—1)5(B132X2)< Pa )

and

B1Bax1x2 B1Box1x2
B1X1)< Baxo >(BIBQX2> (B1B2X2>
= BB -1 —(g—1 —1)6(B1B
1B2x2( )( v )\ B1Boxs o (@ — Dxa1(~=1)6(B1Bax1x2) o

D e leax) (B ?i?m) + (¢ = Dxa(~1)3(B1 Bz xz) (Blg12>><<11><2>

B B BB
_ BzXz(—1)< 1X1>< 2X2) ( 152
X1 X2

)-
— (= Dxa(=1)d(x1x2) (B g1>)<(11X2>

BB
(¢ —)xa( 1)5(3132X1X2)< 1X22X2>
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where in the last step we have cancelled two terms

—(¢ = 1)0(B1Bax2) B1B2(—1) <B;“> and (¢ — 1)x2(—=1)d(B1B2x2) ( 31?2);(11)(2)‘

Applying the above identity in (3.1]), we obtain
(3.2)

. A;B1By, B3, -+, By,
“(er9) 3 Bu(w)Ba(1 — )P ( e

Ble> 1 (AX1 e Xn> <BlX1> (Ban>
“ e X "1: DY XTL :L‘n
( By ) (g=1)" m;xn Cxi+-xn/ \ X1 xn ) (@n)
Bi(—21)Ba(z1) <A3132X3 e Xn> (Bs><3> <Ban>
—_ [ DR X aj .. XTL "L‘n
(¢ —1) XS;Xn CB1Baxs+Xxn/) \ X3 xn )0 (@)
B1Baxe )
: Z X2 o
Yo X2 1
By(—1)e(x2) <AX3 . 'Xn) <B3X3> (Ban>
—_ 7_ PR X x PR XTL xn
(¢ -1t X3;xn Cxs-+xn/ \ X3 o )X (@)
() ()
Baxa x2)
From [8, (3.11)] we know that for any A, B € IAFq and z € Fy,

53 (5 )@ =50 T (1)) = (0 - VBB - )

X

ury + (1 —u)ro, 23, - - ,xn>

X1

Using (3.3)) in (3.2) and simplifying yields

n-1) (A; B1Bo, B3, -+, By,
5(x1332)231(u)32(1_u)]?é 1)( 1b9, D3

o
3132 JaQ) A; By, , By
B )P C

— S(ZL'll'Q)Bl(—l)BlBQ(:L'l — :E2)Fén_2) <

uzy + (1 —u)xg, z3, - - - ,xn)

AByBg; Bs,- -+, By,
CB1By

» B

UETRAE 7$n> .

I n— A; B o
— Bl(xz)BQ(—xl)BlBg(xz — Jil)Fl() 2) < 3 C

This concludes the proof of Theorem
Putting n = 2 in Theorem we arrive at
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Corollary 3.2. For A,C € ﬁq,B,B’ € ﬁq\{e} and z,y € Fy, we have

e(zy) > B(u)B'(1 - )2 Fy (BBc:’ A

wr (1= uy)

— (75 )P4 B85 Ci) — elan) BB )

— B(y)B'(—2)BB'(y — ).
Using the binomial theorem in the integral representation for the Lauricella hypergeo-
metric series and then simplifying, we can get a summation formula connecting F'},” and

FoY,

Theorem 3.3. If a,by,--- ,by,c and x1,- - ,x, are complex numbers with Re(a) > 0 and
Re(c—a) > 0, then
Ty, 7$n1> .

n) (a;b1,--- by o (@)k(bn)k n-1) fa+k;bi, -  bp_1
F1(7)< c xl,"',:nn>:zk!(c)k:nﬁF]g ) etk
k=0

A finite field analogue for the above theorem also holds.

Theorem 3.4. For A,By,---,B,,C € @q and x1,--- ,x, € Fy, we have

Fl()n) <A;Bl’”' Bn T, 75’7n>
Ty, 71.77,—1) .
Proof. 1t follows from the binomial theorem over finite fields that

C
1 Bnx (n—1) (AX By, Bp-1
n F ) ) )
( X )X(x )JEp Cy
By(1 — zpu) = 6(zu) + L Z <an>x(xnu).
q x X

qg—1 N

Using the above identity in the definition of the Lauricella hypergeometric series over finite
fields and by the fact that e(x,)A(u)d(x,u) = 0, we have

n AanaBn
FJ(J)< 10 x1xn)

_ g(xy -+ xp_1)AC(-1) Z <an

>x(:an)

q—1 L X
Y AWAC(L —w)Bi(1 - z1u) - By1(1 — p_1u)
-4 (B;X)xm)e(m e 1) AC(-1)

Y " Ax(w)AC(1 = u)Bi (1 — zyu) -+ Bp1(1 = 2p_qu),
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from which the result follows. This finishes the proof of Theorem L]
We set n = 2 in Theorem [3.4] to get

Corollary 3.3. For A,B,B',C € JBA’q and x,y € F,, we have

F(A;B,B:C;x,y) = —— F ! .
1( BY) = a (x N R

[11, Corollary 1.1, (1.5)] is a special case of Corollary

4. REDUCTION AND TRANSFORMATION FORMULAE

In this section we give some reduction and transformation formulae for the Lauricella
hypergeometric series over finite fields.

From the definition of the Lauricella hypergeometric series o

(n) a;blv'” 7bn—170
o ( i

, we know that

MO PR 7$n> :an_l) <a;b1,'” 7bn—1 Ty, 733n1> .

c
Theorem 4.1. For A,By,--- ,B,_1,C € ﬁq and x1,--- ,x, € Fy, we have

Fén) (Aa Blv"' aBn—lys Ty, 7xn> :E(Z'n)Fén_l) (A) Blv"' aBn—l Ty, 73777,—1)

We now give a finite field analogue of the above identity.

C C
—ée(wy - 2p_1)B1- By 10(xn)AC(1 — 2,) B1(xp, — 71) -+ - Bp_1(2p — Tp_1).

Proof. 1t is clear that the result holds for x,, = 0. We now consider the case z,, # 0. By

B3,

(1) 3 (o o) = (0 = DO+ Tt AC( - 2,),

which, by (3.3)), implies that

2 (%f) <B”_1X”‘1>xl<x1> X1 (o) (A’“ | "’“‘)xn(xn)

Xo-1 2 \Cxi
~ (0= 00 AC ) 3 (P o (2 ) 3 (P ) (221)
X1 Tn Xn—1 Tn,
X1 Xn—1

=(qg—1D"(z1- - 2pn_1)B1-+ Bn1C(x,)AC(1 — 2,)By(wp, — 1) -+ By 1(2p — Tn1).
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This, together with Theorem and (2.3), gives
F (A; By, Bn-1,e

x PEEEEY x
C 1, 7n>

“wm, 2 (o) (0 (R ) (e e

15773 Xn
1 B1X1> (Bn1Xn1> (AX1 e Xn)
= T N\s X1\Z1) " Xn—1\Tn-1 Xn\Tn
(¢ —1)" m-Z;nl < X1 o ( )%; Cxi -+ x) )

1 Axy - 'Xn—l) <31X1> <Bn—1Xn—1>
+ e 1) v (2
(¢ - 1)n—1 Z (CXI © Xn—1 X1 Xn—1 xa(z1) Xn—1(Zn-1)
X155 Xn—1
Ty, ,.’L’n_1>

— Fl()”_l) (A§ By, ,Bp-1
—e(x1+ xpn_1)B1 -+ Byo1C(2n)AC(1 — 2)By(zp — 1) -+ - By1(p — 2p—1).

C

This finishes the proof of Theorem L]

When n = 2, Theorem reduces to [I1, Theorem 3.1]. When n = 1, Theorem (4.1
reduces to [8, Corollary 3.16, (i)].

It is easily seen from the definition of the Lauricella hypergeometric series Fl()n) that

n) (@;b1,--- by
Fg>< :

p ) = (L) e ()

We also deduce the finite field analogue of the above formula.

Theorem 4.2. For A,By,--- ,B, € @q and x1,--- ,x, € Fy, we have

n A;Blv”’aBn
F[())< )

Ty, )$n> — —5(1'1 wn)E(l _:L'l) . E(l _LUTL)

Aa 317 o 7Bn—1
AB,

+ Bu(—1)A(z,) FO (

2y Tn—1
Tn Tx, )
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Proof. 1t follows from Theorem [1.1} (2.3)), (2.2)) and (3.3) that

Fl()n) <A;B171'4" 7Bn Ty, ’xn)

“amr, I, () () (R ten-onten

sXn

D (e (e

X1 Xn

e £ () (8

Axrxm=e S X1 Xn

= —e(xy - :L‘@E(l — xl)Fn(l —x) + M

(¢ — 1t
Z ( Axi - Xn-1 > <B1X1> <Bn—1Xn—1>X1 (3?1> - (%-1)
Wi \ABuxi- o xe-1/) \ xa Xn—1 Tn N
DAz gD (A B Baoa| T Inod
+ Bp(—1)A(z,) Fp ( AR, o T )
This concludes the proof of Theorem L]

Setting n = 2, we obtain the following result relating the Appell series F; over finite fields
to the Gaussian hypergeometric series o F7 .

Corollary 4.1. For A,B,B’ € @q and z,y € F,, we have

B, Alx
AB |y
B, Aly
AB |z )

Fi(4 B, B Asz,y) = —e(ey) B( - 2)B(1 — y) + B (-1 A@):Fy (

= e(ey)B(L - ) F(1 —y) + B(-)A(2)sF, (

When n = 1, Theorem 4.2 reduces to [8, Corollary 3.16, (iv)].
The following theorem involves a transformation formula for the Lauricella hypergeomet-
ric series over finite fields.

Theorem 4.3. For A,By,---,B,,C € Fq, T1,- -, %y € Fq, we have

n) (A;Bi,--+, By

n AvBaan
(-0 - E) (BP0
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v

Proof. Making the substitution v = —%= in the definition of the Lauricella hypergeometric
A;By,-- B
(=)= r) (KPP

v—1
series over finite fields gives
MO P ,.’En>
=c(xr - xp(l—21) - (1 —2,))C(-1)

Y CA@W)By -+ BuC(1 = v)Bi(1 = (1 — 21)v) - By(1 = (1 = z)v)

n A7Ba7B7l
:6($1"'$n)31"'Bn(_1)F[()) <AB11---BnC

This completes the proof of Theorem [4.3 U]

1—x1,---,1—xn>.

Taking n = 2 in Theorem we deduce a transformation formula for the Appell series
F over finite fields.

Corollary 4.2. For A,B,B’,C € @q, z,y € Fy, we have
e((1—2)(1—y))F(4;B,B";C;z,y) = e(xy) BB (-1)F1(A; B,B'; ABB'C; 1 — 2,1 — y).

When n =1 and & = 21 € F\{0, 1}, Theorem [4.3 reduces to [8, Theorem 4.4, (i)].
)

From the integral representation for the Lauricella hypergeometric series F gl we can

easily obtain

(n) (@;br,--- by
Fé < ;
(1) (1= )t ™ it SR O
( CCl) ( ‘Tn) D xl_l’ 71,”_1
We give a transformation formula for the Lauricella hypergeometric series over finite fields
which can be regarded as the finite field analogue of the above identity.

c—a;by, - by
C

Theorem 4.4. For A, By, --- ,B,,C € @q and z1,--- ,xn € F\{1}, we have

ng) (A;Blv"’ 7Bn T1, 7$n>

c
= O(-1)Bi(1 — 1) Bp(l — ) FY (

ZO;Bl,---,Bn T1 Ln

C -1 Tz,—1)
Proof. The result follows from the definition of the Lauricella hypergeometric series over
finite fields and Making the substitution u =1 — v. L]

When n = 2, Theorem reduces to [11, Theorem 3.2, (3.6)]. When n = 1, Theorem
reduces to [8, Theorem 4.4, (ii)] for = # 1.

Theorem 4.5. For A,By,--- ,B,,C € Fq, x1,- -, Tp—1 € Fy and z,, € F\{1}, we have

n A7B7an
5(($n_$1)"'(xn_$n1))Fé)< IC X1, ,xn>

A;Bla"' 7Bn71aBﬁ1"'B7nC

Tp — 1 Tp — Tp—1 T,

sttt s

— (o A0 - o) F -

Ty — 1 Tn—1 "x,—1
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Proof. Making the substitution u = ——%—— in the the definition of the Lauricella hyper-
A7 B17 Ty Bn

l—xn+xnv
5((1‘71_fxl)"'(a’n_xnfl))FgL) < C T ,$n>

geometric series over finite fields, we have
=e(xy- - xp(zy —21) (X — p—1))AC(—1) ZA(U)ZC(l —u)B1(1 —zu) - Bp(1 — z,u)

= (w1 zn(@n — 1) (T — Tno1))AC(=1)A(1 — )
3" A@w)AC(1 - v)By (1— x"‘ﬁ%) ---Bnl<1— x"_x"l‘lv> By B,C (1— n 1v>

Tp — Tn —

— A:By,--- ,Bn_1,B;---B,C|zn — 21 Ty — Tp—1 Tn
= e A1 — F(n) y D1y y On—1, D1 n n o
s(ml Tn 1) ( xn) D C Tn — 1 ’ ’ Tn — 1 ’ Tn — 1 ’
from which we complete the proof of Theorem L]

From Theorem and Theorem we can easily obtain the following reduction formula
for the Lauricella hypergeometric series over finite fields.

Corollary 4.3. For A,By, -+ ,By, € Fq, z1, -, &n—1 € Fy and z,, € F\{1}, we have

N
=
!
&
<%

:s(xlxn) _1) <A7Bl7 7Bn_1

By B,

Tp — 1 Ty — Tp—1
T,—1" 7 oz, -1
—e((wn —21) -+ (w0 — xnfl))Bﬁl(_l’l) - Bp(—xp).

Actually, the formula in Corollary can be considered as a finite field analogue of
the following reduction formula for the Lauricella hypergeometric series (see G. Mingari
Scarpello and D. Ritelli [13]):

m (@b bal N 1 ey (@b b
Fp <b1+'--+bn$1’ ’x”>_(1—xn)aFD by + by

T1 — Tn Ip—1 — Tn
1l—2z, = 1—2x,

When n = 2, Theorem reduces to [11, Theorem 3.2, (3.7) and (3.9)]. When n =1,
Theorem [4.5| reduces to [8, Theorem 4.4, (iii)] for x # 1.

Theorem 4.6. For A, By, --- ,B,,C € @q and x1,--- ,x, € Fo\{1}, we have
A; By, , By,

c((an = 0) -+ on = ne ) ER (M0 Pl )

=e(x1 - 2n1)C(-1)AB,C(1 — 2,)B1(1 —21) - By_1(1 — 1)
(n) (AC, Bla o 7B’n—17Bill . EC
-Fp

C

Tp — 1 Tp — Tp—1 T
1—.’E1 ’ ’ 1—l’n,1 ’
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Proof. Making another substitution u = 1:;71 in the the definition of the Lauricella

hypergeometric series over finite fields, we get
n A7 B y P 7Bn
6((%—%1)---(%—%1))F£))< Y 2y, ,wn>
=e(wy - wp(ry —21) - (T — 1)) AC(=1)AB,C(1 — 2,)B1(1 — 21) -+ Bp_1(1 — wp,_1)

: ZZC’(U}A(l —v)B; (1 U — v> - Bpq <1 - Wv) By B,0(1 — z,v)

1—.’E1 1—l'n,1

=e(x1 - 2y1)C(-1)AB,C(1 —2,)B1(1 —21) -+  By_1(1 — 1)

F(n) ZC;Bly"'an—I;E"'FnC Ip —21  Tn — Tp-1 -
D C 1 — T ) 1 Tt ydlm | -
This completes the proof of Theorem L]

Similarly, we can get another reduction formula.

Corollary 4.4. For A,By,---,B, € ﬁq and x1,--- ,xn € Fo\{1}, we have
n A7 Bl7"‘ 7Bn
(@ —21) - (T — Tp1)) FYY < By B, |TU ,:cn>
= 6(:1}1 cee l‘n)Bl e Bn(—l)ZBl s Bn,1(1 — xn)E(l — 171) cee Bn,1(1 — :Ij‘nfl)
gD <ABl -+ Bp;Bi,--+ ,Bp1

D By B,
—e((@n — 1)(wn — 21) -+ (B0 — Tn1))Bi(=21) - - - Bu(—n).

When n = 2, Theorem reduces to [11, (3.8) and (3.10)]. When n = 1, Theorem
reduces to [8, Theorem 4.4, (iv)] for = # 1.

1l—21’ 71—,

Ip — 1 fl:n_fzn—l)

5. EVALUATIONS

In this section we give some evaluations for the Lauricella hypergeometric series over
finite fields.

From the definition of the Lauricella hypergeometric series over finite fields, we can easily
deduce the following results.

Theorem 5.1. For A,By,---,B,,C € Fq and x,x1,- - ,Tp—1 € Fy, we have
(n) (A;By,--+,B B By By, A
FDn< C nxa"'7x =oF Cn Z|,

n A,BaaBn
F{Q( b

ne1) (A; By, , By
T, ,xn_1,1> = Bp(~1)F" ”( 1370 1

Ty ,$n_1> .

A
1, ’1> :Bl"'Bn(_1)<Bl---BC>'

In particular,

n A;Ba"'7Bn
(5.1) F}ﬂ( v
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When n =1, (5.1) reduces to [8, Theorem 4.9]:
AB B
. ’ =A(-1)(-,]-
(5:2) or (1) =4 (57)

C
Corollary 5.1. For A,B1,--- ,B, € @q and x € Fy, we have

F <A?Bl’”' Baly :1:) - —g(x)Bl.--Bnu—x)+Bl-.-Bn(—1)A(x)< A )

A By B,
Proof. We can take 1 = -+ = x, = x in Theorem and using (5.1)) to get the result.
Alternatively, we take C' = A in the first identity of Theorem and use (2.1)—(2.3)) and
B3):
A; By, ,B By--- By, A
() ()
1 Bi---Bpx _ AB;--- B,
- A =
Ly (P P+ A (1
X
(0)Br-+ Ball — )+ By Bu(~1)A@) ( ,
e\r)b1 1 n B, B,
to complete the proof of Corollary U

Setting n = 2 in Corollary we are led to
Corollary 5.2. For A,B,B' € @q and x € F,, we have

Fy(A; B, B'; A;w, ) = —¢(2)BB/(1 — z) + BB'(~1)A(x) (BAB/)

From Theorem [5.1] we can obtain another result.

Corollary 5.3. For A,By,--- ,B,, € ﬁq and x € Fy, we have

n) (A;Bi,---, By A — -
Fé)< Bll'..Bn $’... 7:1/‘) g (Bl“‘Bn>€(x)A(]-_-/B)_B]_~.-Bn(_$)

+(q—1)B1---Bp(—1)0(1 —z)d(A).
Proof. Tt follows from [8, Corollary 3.16, (iii)] that

A, B B — _
2 < ) x) = ( A)dw)B(l — o) = A=) + (g — DA(=1)5(1 — 2)8(B)
for A, B € ﬁq and x € Fy. Then, putting C = By - - - B, in the first identity of Theorem
we have
() (A; By, Bn| B Bi---Bp, A
Fp ( B,---B, |5 " =2k B, B, |*

- (15’1 A Bn>g(x),4(1 —z) = By -+ By(—1)

+(¢—1)B;---B,(—1)§(1 — x)d(A),



LAURICELLA HYPERGEOMETRIC SERIES OVER FINITE FIELDS 18
from which the result follows. ]

Letting n = 2 in Corollary [5.3] gives

Corollary 5.4. For A,B,B’ € @q and x € F,, we have

A

. /u I' —
Fi(A;B,B;BB";z,x) = <BB’

>s(m)A(1 —2)— BB/(—2) + (¢ — 1)BB'(~1)5(1 — 2)5(A).

6. GENERATING FUNCTIONS

In this section, we establish several generating functions for the Lauricella hypergeometric
series over finite fields.

Theorem 6.1. For A, By, --- ,B,,C € @q,xl, coxp € Fyoand t € F\{1}, we have

Z ACH [ Af; By, , By
. 0 b C

1, a;n) o(t)

= 5(25)2(1 — t)Fé”) <A; Bl?é' - Bn

—e(xy - 2p)AC(—t)B1(1 — 1) - - - Bp(1 — ).

Proof. Making the substitution u = %, we have

e(txy - xn)AC(-1) Z A(u)AC(1 —u+ut)Bi(1 — z1u) - - By (1 — wpu)
u#l
=e(twy - x,)AC(-1) Z A(u)AC(1 —u+ut)Bi(1 — z1u) - - By(1 — wpu)

—e(z1 ) AC(—)Br(1 — 21) -+ B (1 — )
= e(tz1 - 2,) AC(~1)A(1 — 1) 3 A(v)AC(L —v)B1 (1 — u> - B, <1 _ I v>
—e(xy - 2n)AC(—t)Br(1 — xl)v- - Ba(1— 1)
= e()A(1 —t)FS) <A; Bl’é” » B 1”7_1757... , f_?lt)

—e(wy - 2n)AC(=t)B1(1 — 1) -+ - Bp(1 — my,).
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This combines the binomial theorem over finite fields to yield

ACO\ (n) (AO;By,--- , B,
Z 0 FD

C
0

w1, xn> o(t)

=e(xy - xpn)AC(—1) Z <A§9> A(u)AC(1 — u)f(—ut)f(1 — u)B1(1 — wyu) -

- Bp(1 — zu)
0,u

T 1) Y AW AC( - w)Bi(1 — aqw) -+ Ba(l — ) 3 <A09>9 (_ ut )

u#l

0 1—u
6
t — _
=ce(twy--- Z A(u)AC(1 —u + ut)By (1 — xqu) - - - By (1 — zpu)
u#l
— A1 _ (n) A;Bla"'aBn z1 Tn
= (A1 - t)F! < - — ,1_t>

—ée(zy - 2n)AC(—t)B1(1 — 1) - By (1
which ends the proof of Theorem

Theorem [6.1] reduces to [11, Theorem 4.1] when n = 2.

Setting n = 1 in Theorem we get a generating function for the Gaussian hypergeo-
metric series o F7.

- CCn),

O

Corollary 6.1. For A,B,C € ﬁq,x € F, and t € F\{1}, we have
BC _ I
3 ( 00>2F1 <A’ Be‘x) 0(t) = «()B(1 — )2 Fy <A’ B ””’““) — (@) BO(—tA(1 — 2).
o C C 1=+

We also give another generating function for the Lauricella hypergeometric series over
finite fields.

Theorem 6.2. For A,By,---,B,,C € @q and x1,---

Bne (n) A;Bla o 7Bn—17Bn6
Z 0 FD

C
9

, Tn,t € Fy, we have

Ty, ,:En> 0(t)
- w (A:Bi, - By_1, By T
= (q_1)5(t)Bn(1_t)Fj(j) ( ! C ! Ty, 7xn—17H>
—(q—De(z1 -+ 2p_1)Bp(—t)B1 - -+ Bu_1C(2,)AC(1 — 2,)B1 (xr, — 1) -+ Bp1 (T — Tn1) -

Proof. 1t is obvious that the result holds for x,, = 0. We now consider the case x,, # 0. It
follows from [8, Corollary 3.16, (iii)] that

S (5’ o =ta-0 (B -0 (%) - mn).

Xn
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Then, by (£-1)),

Bn n . — '
Z< 90>Fé) <A,B1’ 7C'B l,B o Mo PR 7$n> Q(t)
[%

et (B (R e e

Xl’.” ’X”l CXl o Xn Xl Xnil

S o e

— W > (AXl ' ”X”) (Bm) (B"X">X1(:c1) o Xn—1(Tn—1)Xn ( n )

X1, »Xn CX1 - Xn X1 Xn 1-—t

- (qBj(l_)z)_l > ) <B1X1> (Bn_lxn_l>><1(ﬂc1) o Xne1(@ne1) Y (AXI . ..Xn>Xn(9Cn)

N ¢! Xn—1 T \Cx1xn
A’ Bl’ o 7Bn71’ BTL T1, " 3 Tn—1, 1x—nt>

C

B 2 () (2] 5 (e ()

X1 Xn—1 n

Tn
T1, 5, Tn-1, 1_¢

n A;Bv"'7Bn—aBn
— (g —1)e(t) n(1—t)F}3)< b

— (g— De(r -+ 20 1) Ba(—)C (2 AC(L — ) By (1 - "’”) B (1 - x) ,

In In

from which the result follows. This finishes the proof of Theorem L]

When n = 2, Theorem [6.2] reduces to [11, Theorem 4.2].

Taking n = 1 in Theorem we can easily obtain another generating function for the
Gaussian hypergeometric series o F.

Corollary 6.2. For A,B,C € Fq and z,t € Fy, we have

£ (0)n (4

0

x> 0(t) = (¢ — )e(t)A(1 — t)2 Fy (A’CB‘ 1 i t)

— (¢ — 1)A(=t)C(2)BC(1 — z).

The following theorem involves another generating function for the Lauricella hypergeo-
metric series over finite fields.
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Theorem 6.3. For A, By,--- ,B,,C € @q and x1,--- ,Tpn,t € Fy, we have

ACO\ (n) (A; By, , B,
£ (0 (455 o
rel (n) (A; By, , Bn| 71 Tn,
=(¢g—1De(t)C(1+t)F e
(C] )6()C( +) D ( C 1+¢ ’1_|_t>
—(q—1DAC(—t)e(z1 -+ 20)B1(1 — 1) -+ Bp(1 — zp).
Proof. Tt is easily seen from [8, Corollary 3.16, (iii)] and , that

29: <A§9> <Cxi4“o.ew>9(‘t) =(a-1) (éiﬁ )AC( De(t)CxXT - Xn(1+1)
— (¢ —1)AC().

Combining (2.1)), (2.2) and the above identity, we obtain
ACH (n) (A;Bi,---,By
Z( 9 >FD < o Ti, o, xn | O(t)

0

G p> (o™ ) () (o poaten - teacr

Xl:'" Xn
e X () ot xen 2 (°) (T Yoo
=T Z () ) (e (73) e (15)
e 2 (o e 2 (O ke
- A; By, - .X’an

~ (- vec+org) (B2
—(¢q—1DAC(~t)e(z1 - 20)B1(1 — 21) -+ Bp(1 — 2,
This concludes the proof of Theorem 0
Putting n = 2 in Theorem we get the following result which is a generating function
for the finite field analogue of the Appell series F}.
Corollary 6.3. For A,B,B',C € Fq and x,y,t € Fy, we have
ACH = = Y
Fi(A;B,B';CO;2,y)0(t) = (¢ — 1)e(t)C(1 +t)Fy | A;BB;C; ——, ——
(%) m 20)0(0) = (g = DT+ O =)
— (¢ = DAC(=t)e(zy)B(1 — 2)B'(1 - y).
Letting n = 1 in Theorem yields a generating function for the Gaussian hypergeo-
metric series o Fj.
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Corollary 6.4. For A,B,C € IAFq and x,t € Fy, we have

(1]
2l
8]

(10]
(11]
(12]
(13]

(14]

1+1¢

BCY A, B
> (%) (G

0

ac) 0(t) = (¢ — )e(t)C(1 +t)2Fy (A(:‘B‘ . )

— (¢ —1)BC(~t)e(x)A(1 — ).
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