AN APPELL SERIES OVER FINITE FIELDS

BING HE AND LONG LI

ABsTRACT. In this paper we give a finite field analogue of one of the Appell series and
obtain some transformation and reduction formulae and the generating functions for the
Appell series over finite fields.

1. INTRODUCTION

Let IF, denote the finite field of ¢ elements and E‘g the group of multiplicative characters
of Fy where ¢ is a power of a prime. We extend the domain of all characters x of Fy to Fy
by setting x(0) = 0 for all characters and denote ¥ and ¢ as the inverse of y and the trivial
character respectively. See [2] and [7, Chapter 8] for more details about characters.

The generalized hypergeometric function is defined by [1]

ag,a1,...,0y o = (GO)k(al)k"'(an>k k
n+1Fn< bi,...,bn x) '_Z v

K (b1)g -+ - (bn )k

k=0
where (2)j is the Pochhammer symbol given by
(2)o=1, 2)p=2(2+1)---(2+k—1) for k> 1.

It was Greene [6] who in 1987 developed the theory of hypergeometric functions over finite
fields and proved a number of transformation and summation identities for hypergeometric
series over finite fields which are analogues to those in the classical case. In that paper,
Greene introduced the notation

A.B
2F1( C

G
) =< ZE S BBen - pAn - )

for A, B,C € E‘; and x € Fy, which is the finite field analogue of the integral representation
of Gauss hypergeometric series [I]:

a,b _ F(C) ! brq1 _ p\e=br1 _ ) dt
F( ””)‘Hb)r(c—b)/o”l O =ty
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and defined the finite field analogue of the binomial coeflicient as
A\Y B(-1) .,  —
= A B
() =" s,
where J(x, A) is the Jacobi sum given by

TO6A) =D x(wA(1 - u).

For more information about the finite field analogue of the generalized hypergeometric
functions, please see [4, 5] [9].
In this paper, for the sake of simplicity, we use the notation

@) - q@)G = B(~1)J(A,B).

Then the finite field analogue of the binomial theorem can be written in the form:
Theorem 1.1. (Binomial theorem, see [0, (2.5)]) For any character A € ﬁ‘; and x € Fy,
we have
1 A
Al +a)=6@) +—=> | |x(@),
q—1\x

where the sum ranges over all multiplicative characters of Fy, and 6(z) is a function on F,

given by
|1 ifzx=0
5(9;)_{ 0 ifz#0"
Furthermore, we define the finite field analogue of the classic Gauss hypergeometric series
as
A B A, Bl \¢ — _
2F1 (T4 () =a2F (T o) =e(@)BC(-1) > B(y)BC(1 - y)A(1 — ).
Y

Then by [6, Theorem 3.6],

A.B
(1.1) o ( C

) () )

for any A, B,C € E and x € F,. Similarly, the finite field analogue of the generalized
hypergeometric series for any Ao, A1,---, Ay, B1,--- , B, € Fy and x € Fy is defined by

Ao Al e An 1 A()X AlX AnX
F ) ) ) - = . )
n+14'n < .TC> q— 1 - ( Y BIX an X(.Q?)

Bl) ) Bn
One of Greene’s theorems is now stated in our notations.

Theorem 1.2. (See [0l Theorem 4.9]) For any characters A, B,C € E, we have

(1.2) JF) <A’CB‘1) — A(-1) <fc)‘
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There are many interesting double hypergeometric functions in the field of hypergeometric
functions. Among these functions, Appell’s four functions may be the most important
functions:

b
Fab¥icay) = 3 Dmin®nlnmpn 1y gy <1,
) m!n!(¢)min

mnb b/nmn
Z()+() )

. /- /- p—
FQ(a,b,b,C,C,l’,y) - m'n'( )m(c/)n 'y, |ZL” + |y‘ < 17

m,n>0

m ,nbmb/n
Fyadibteay) = S D@ Onn mpn ) g 1y <1,

In!
o m!n!(¢)min

b
Fy(a;bie,dsay) = ) Wﬂxmy” 2|7 + |y|? < 1.
o m!n!(c)m(c)n

See [II, B, 10] for more detailed material about Appell’s functions.

Inspired by Greene’s work, the second author et al in [§] gave a finite field analogue
of the Appell series F} and obtained some transformation and reduction formulas and the
generating functions for the function over finite fields. In that paper, the finite field analogue
of the Appell series I} was given by

Fi(A;B,B';C;z,y) = e(xy) AC(— ZA YAC(1 — u)B(1 — ux)B'(1 — uy)

owing to the fact that the F; function has the integral representation in terms of a single
integral [I, Chapter IX]:

1
F . /... — a—1 1 _ c—a—1 1 _ —-b 1 _ —b/
l(av bab 7C7xay) F(G)F(C— CZ) ‘/O u ( U) ( ’LLLU) ( uy) du

where 0 < R(a) < R(c).

Motivated by the work of Greene [6] and the second author et al [8], we give a finite field
analogue of the Appell series F5. Since the Appell series Fy has the following simple double
integral representation [I, Chapter IX]:

'(e)()
L)L) (c - b)l(¢ = V)

/ / b1y = 1 u)cfbfl(l — v)cl*blfl(l —uzx —vy) “dudv,
we now give the finite field analogue of F» in the following form:
Fy(A;B,B;C,C"; 2, y)
= e(zy)BB'CC'(— Z B(u)B'(v)BC(1 —u)B'C'(1 — v)A(1 — uz — vy),

Fy(a;b,b'5¢e,c52,y) =

where A, B,B’,C,C" € @, z,y € F, and each sum ranges over all the elements of F,. In

the above definition, the factor )T (b,)éc():(z))r( 7= is dropped to obtain simpler results.
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We choose the factor e(xy) - BB'CC’(—1) to get a better expression in terms of binomial
coefficients. In the following theorem we give another expression for Fy(A; B, B'; C,C’; x,y).

Theorem 1.3. For any A,B,B’,C,C’ € E and x,y € Fq, we have

ran e -ty () (V) (B (Eon

— = = AB
A(—x)C'(y)B'C'(1 — —
where each sum ranges over all multiplicative characters of Fy.

From the definition of Fy(A;B,B’;C,C";z,y), Theorem and (1.2), we can easily
deduce the following results.

Proposition 1.1. For any A, B,B’,C,C’ E and x,y € Fy, we have
(1.3) F(4; B, B';C,Cl2,y) = F3(A; B, B; €', Csy, 2),

A, B, AC'" .
C,AB'C' ’
A B AC
c',ABC |V )"

Fy(A; B, B';C,C"2,1) = B'C'(=1)3F, (

F2(A7 Ba B,a Ca C,a 1a y) = BC(_1)3F2 <

The aim of this paper is to give several transformation and reduction formulas and the
generating functions for the Appell series F5 over finite fields. The facts that the Appell
series Fy does not have a single integral representation but has a double one and the F; has
a single one led us to giving a finite field analogue for the Appell series F5 which is more
complicated than that for F} in [8]. Consequently, the results on the transformation and
reduction formulas and the generating functions for the Appell series F» over finite fields
are also more complicated than those in [§].

The proof of Theorem [I.3]will be given in the next section. We give several transformation
and reduction formulae for Fy(A; B, B'; C,C’; z,y) in Section 3. The last section is devoted
to deducing some generating functions for Fy(A4; B, B';C,C"; z,y).

2. PROOF OF THEOREM

To carry out our study, we need some auxiliary results which will be used frequently in
this paper.

The results in the following proposition follows readily from some properties of Jacobi
sums.
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Proposition 2.1. If A, B € ﬁ‘;, then

-(%)

(22) ()= (5 )=,

3)- (s

(2.4 ()= () =1+ - v,

where §(x) is a function on characters given by

s00={ 5 S

otherwise
The following result is also very important in the derivation of Theorem
Proposition 2.2. For any character A € E‘; and x,y € Fy, we have
A(x)
1 A A
A +a4y) =4 6@ + 7 (30 X, (Dx) +50) 2, (x(@)) ,
T (;1)( Ox(@)Ay) ify# -1

where each sum ranges over all multiplicative characters of IF,.

ify=—

Proof. 1t is obvious that A(1 + z +y) = A(z) when y = —1. We only need to consider the
case y # —1. When y # —1, by the binomial theorem, we have

A<1+x+y>:A<1+y>A(1+=’”>

14y
= 0(x)A(L +y) + qil Z <;1>X(IE)AX(1 +)
= 8()o) + ( Xxj (;1) e +6(y)ZX: (;‘) X(m))
e () (3)xen
This completes the proof of Proposition O

Actually, Proposition can be considered as the finite field analogue of the trinomial

theorem:
a a—1\ ; .
1 a _ Yy
(1+z+vy) E (Z>( j )xy

1,520
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We now turn to our proof of Theorem

Proof of Theorem . It is clear that Fy(A;B,B’;C,C";z,y) = 0 for y = 0. We now
consider the case y # 0. When y # 0, if v = y~!, then

A(l — ux — vy) = A(—ux);

if v # =1, then from Proposition we have

+
(]

a1 () (X

It is easily seen from the binomial theorem that

Y \X

= ()= £ (s (s

which implies that

u€ly

S B)B'(y ) BC( - wBC' (1 -y )Y (A> (AX

XA

Then, by (2.2),

u€FRgvAy—1

Z B(u)B'(v)BC(1 — u)B'C'(1 — ) Z <A

XA

() uon-w)
u,vEFy XA

- ¥ s hEc - 0FC -y ) S (1) () une
u€el, XA

= YN EE
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Thus, by the fact that e(zy)d(ux)B(u) = §(v)B’'(v) =0, and (2.2)),

Fy(A;B,B;C,C"x,y) = e(vy) BB'CC'(—1) ( Z + Z )

u€lfg,v=y~1 u€Fyv#£y1

= A(—z)C"(y)B'C'(1 — y) (gg) + BB'CC’'(-1) Z B(u)B'(v)BC(1 —u)B'C'(1 —v)
vEy !

33 () (Do

“a % () (@) (o) wacaewmen - (gz).

In view of the above, we complete the proof of Theorem O

3. REDUCTION AND TRANSFORMATION FORMULAE

In this section we give some reduction and Transformation for Fy(A; B, B'; C,C’; x,y).
In order to derive these formulae we need some auxiliary results.

Proposition 3.1. (See [0, Corollary 3.16 and Theorem 3.15]) For any A, B,C,D € ﬁ‘; and
x € [Fy, we have

(3.1) JF) <AC’F g;) _ <Z>A(—1)C(x)AC’(1 — ) = C(—D)e(x)
+ (g = DA(=1)3(1 — 2)5(AC),

(3.2) JF) <AAB :1:) _ (i)a(m)B(l _2)—A(-a)
+ (¢ —1A(-1)6(1 — z)d(B),

(3.3) JF) (Afbc x) _ (i)m (Bbc g:> ~A(—a) (gi)

+ (¢ — 1)A(~1)D(z)CD(1 — z)8(B).

From the definition of Fy(a;b,b'; ¢, c’; z,y) we know that

FQ(a; b707 c, Cl;xa y) =9k (a’ b

o)
)

/
Fy(a;0,V;¢,d;2,y) = o F1 <a(’:/l)

We now give a finite field analogue of the above identities.
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Theorem 3.1. For any A,B,B’,C,C’ € ﬁ‘; and z, y € Fy, we have
(34) FQ(A7B7€707 0/71:’3/)
. o A B i gy [ACT AC',B| =
= —¢e(y)C'(-1)2F1 ( R + C'(y)AC' (1 —y) 4 o Fy ¢ Ty

+ (¢ — DA(-1)T(2)C(y) ABC*C'(1 - y)BC(1 — 2 — y)5(AT")

fory #1,
(35) FQ(A;‘E’ B/;Ca Cl;x7y)

= —e(2)C(=1)oF} <A’C],5 / y) +C(x)AC(1 — ) (Af >2F1 (A%’/B/

+ (¢ — DA(=1)C"(y)C(z)AB’C™?C(1 — ) B'C"(1 — x — 4)§(AC)

Y
1—=x

for x # 1.
Proof. We first prove (3.4]). It follows from (3.1)) that

AxA A _ Ax, e
XA: ( 3 > (C,A>A(y) = (¢—1)27 ( o y>
C’ —
~ (a1 ) ACDTAXC =) - (0 = D 1el).
Then, using the above identity in Theorem by —, and (3.3)), and canceling

some terms, we get

Fy(A;B,&,0,C';2,y)
“w L (D)@ (V) (e poracaemen ()

/)

B x> + O () AC'(1 - y) (AS)QFI (‘4(70"3 ' ’ )

-y
+ (¢ — DA(=1)C(2)C"(y)ABC*C'(1 — y) BC(1 — x — y)§(AC).

i
11—y

~ec-1af (4]

S A, AC", B
AC

This proves (3.4)).
Identity (3.5)) follows from (3.4)) and (|1.3]). This completes the proof of Theorem U
In [I), §9.5, (3)], Bailey gave the following reduction formula:

/
Fy(a; b, 050, 5 ,y) = (1 —2) "2 F <a’b 13:::) '

C

We also deduce the finite field analogue of the above formula.
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Theorem 3.2. For any A,B,B’,C’ € ﬁ; and z € F\{1}, y € F,, we have
F2(A7 Bv B,a Ba C/; x, y)
— / JR— E— JE—
(@)A1 - 2):Fy (Ag? 1*”:6) + A=) T ()T (1 - y)
+ A(—z)C'(y)B'C'(1 —y) (-1 + (¢ — 1)6(AB))
_ [AB AB, B
+B( )<B>2F1< C’ y)

Proof. We know from [6, (3.11)] that for any A, B € ﬁ and = € F,, we have

39 X (3 )@ =50 T (1 )x) = (0 - VBB - )

X X X
/)

~ (0= (")) @R ) - (4~ ()

It is easily seen from (3.2 that

() (4=t (1

X

Then, by () and @),
2 (3) () (en)xere
(3.7) = Z (C’A) EX: (/;X> <1i14)\x><>x(x)

~ (4 DPela A - or (A0

Thus, by (2.1]) and ( @,

(A B,B;B,C";2,y)
DD <AX) () 1 - o) (5 ) et
Ble

A(— y)B'C'(1 —y) (=14 (¢ — 1)6(AB))
~e@ A1 - oh (o7 |1 ) + AT EC - )

+ A(=z)C"(y)B'C'(1 —y) (-1 + (¢ — 1)6(AB))
=, \[AB AB,B’
This concludes the proof of Theorem

1—=x

v ) — (g — 1)2A(=2)T(y) BIC"(1 — y),
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From Theorem [3.2| and (|1.3)) we can easily derive the following identity which is the finite
field analogue of the formula
x
1—y)’

Theorem 3.3. For any A,B,B’,C € ﬁ and x € Fy, y € F,\{1}, we have
F2<AvaBlach/7m7y)

a,b
c

Fo(asb, s, Vs, y) = (1 — y) "o Fy <

— A Bl =z
= —e(y)A(1 — F )
() A( y>21<c’1_y

+A(=y)C@)BO(1 —2) (-1 + (¢ = DI(AT)
LBy (if%ﬂ <A% B ‘x) .

From the definition of Fy(A; B, B'; C,C"; x,y), we can easily deduce the following trans-
formation formulae for Fy(A; B, B'; C,C’; x,y).

) + A(—y)C(z)BC(1 — x)

Theorem 3.4. For any A,B,B',C,C’ ¢ ﬁ‘; and x,y € F,, we have
(3.8) F(A;B,B;C,C5 2, y)

1—2'1—2

Al - 2)F (A;BC,B’;C,C’;— r oY )

I
|

& (A;BBCC 0 Y
(1 y) 2<a ; Cacacal_ya l—y

Al —z —y)Fy <A;BC’,B’C';C, o’ — < ,— J )
l—-2z—y 1—z-—y

Proof. Using the definition of Fy(A; B, B'; C,C’; x,y) and then making the substitutions (1)
u=1—v,v=0,2u=uv,v=1-v,B3)u=1—1u, v=1-1" at the left side of (3.8)
we can easily obtain these transformation formulae. L]

It is easily seen that these transformation formulae in (3.8)) can be regarded as the finite
field analogue of [Il, §9.4, (6)—(8)].

4. GENERATING FUNCTIONS

In this section, we establish some generating functions for Fy(A; B, B'; C,C’; z,y).
We first state a result of Greene in our notations.

Proposition 4.1. (See [0, (2.15)]) For any A, B,C € E, we have

(g) <j> - (Z) (iﬁ) — (¢ —=1)B(=1)8(A) + (¢ — 1)AB(-1)6(BC).

The following theorem involves a generating function for Fy(A; B, B;C,C’; x,vy).
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Theorem 4.1. For any A, B,B',C,C" € ﬁ‘; and x € F {0}, y € Fy, t € F,\{0,1}, we
have

> <é0> F3(A0; B, B';C,C";2,9)0(t)

0

= (¢ — D)A(1 - 1) (AB B':C.Chi . 1:)

(g VA(—a)T(y)BC(1—t —y)B'(1—t) (gg)

~ (g = DA(-)T () BC(1 - y) <A’CB'—f>

~ -0 () (00)e) - B B850 Cha)

+(q — DA(=2)C"((1 = t)y) B'C'(1 — (1 — t)y) (jg)
A, AC‘ B t> ‘

g - DBCC-VACC T - ah (] -

Proof. Tt is easily seen from (3.2]) that

_ (ﬁx>gm (AXAQX)\‘Q _A(—t) (XA> + (g = 1) A(=DAR(DA1 — D)5(Ax)
(

) a- (S cn-ao )



EEEEEEEEEEEEEEEEEEEEEEEEEEEEEE

(4.1) QZ (’?) (éf:) (iﬁ:) (gi) (g;;>x(a:)k(y)9(t)

XA
B Bx\ (B'\ A, Ay, Ax\
~a-1Y () (et (445N

= (- DAL-1> <AX>

XA X

From Theorem [1.3] we see that

wa R )EDE) ) () ()

= (¢ - 1)%F. <A;B,B leXe; Hly_t>
g PR T - 1= AB1 - (52
By (@2) and (5.6).
“ NI EANCIRE
-2 () ) 2 (o) 2@
~ (- POWEC - er (7] 7).

It can be deduced from (2.4) and (3.6) that

5 (3) (o) @ =~X (&) + @=1(g,)w

— - DTGFC =) + - 1) ¢y )<t

o) (e (e (7)1 (2

)
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This combines (2.4) to give

> () () (@) (Ex)ren

XA

A z<><;> () (o

XA

(B remen (2
SO

From Theorem and (2.1) we have

S () () () (@ )xenn = - 17me .50ty
- PTWEC - ().

So we deduce from the above two identities that

an S (N () (e e = a-17(2) (6 )<

X5
- (q - 1)2F2(€; B, B/; C) C/; Z, y)
By Theorem and (2.1)—(2.3)),

A
> < 99> Fy(A6; B,B';C,C"; z,y)0(t)
0

- 5 (D)) (o
+ BO(—1)A(-2)C"(y) B'C' (1 —y) > @Q) <jgz>9(—t/x).

0

Using (4.2)—(4.4) and (3.6 in (4.1) and then substituting (4.1) in the above identity, we
obtain the result. This ends the proof of Theorem L]

Theorem [4.1]is actually the finite field analogue of [3, (2.2)].
We also establish two other generating functions for Fy(A; B, B'; C,C'; z,y).
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Theorem 4.2. For any A,B,B’,C,C’ € ﬁ‘; and x,y € Fq, t € F\{1}, we have

(4.5) > (BQC@) F5(A; B, B';C,C' 2, y)0(t)
5

— (4= VB0 - 0 (4555 0.0 )

= — A, B
—(q—1)BC(—t)e(z)A(1l — x)2F} < o 1= g x)
forx #1,
el
(4.6) S (B C") Fa(4; B, B'0;C,C" 2, )0(t)
- 0
=(¢g—De(t)B'(1 —t)F <A B,B;C,C; x, 1y—t)
=7 — AB| =
_ _ 1Y o )
(@ - DFC 0 A0 - afs ()
fory # 1.
Proof. We first prove (4.5)). It is easy to know from Theorem that
an ("0 m s pio i)

0
- S O () s

+ AT B -1 Y <BHC@) @gg) o).

0
It can be seen from Proposition [4.1] that

(Bg/’@) (g?;) - (ng> (gé) — (¢ —1)8(=1)8(BCH) + (¢ — 1)BC(-1)6(BX).

Then

(4.8)

( o) () (5 (gj)xw(y)e(t)
%( ) () V) (o) xeno
SlmIReEn 2 G @i)x@ﬂ)w

14
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It follows from ([2.1)), (3.6) and Theorem that

(4.9) > (ng> (gg) <ix> <A§A> (g:Dx(x)A(y)e(t)

0,x,A

ERE s
R ><AXA><5>;><5:;>X<&>A@>

(g~ 1) AB( — ) A(~2)T () B (1 — ) (2’2)

It is easily known from (3.2)) that
BCO\ (AB6 BC,AB
a0y S (77) (Gog) o0 = - vers (PG ‘t)

0
—(g—1) (gg>g(t)AB(1 —#) = (g — VBC(~1).

Using (4.9) and ( in , combining (4.7] . and (| and canceling some terms,

we get,

> (B§9> Fy(A; BO, B C,C"; 2,)6 (1)
0

=(qg—1)e(t)B(1 —t)Fy (A B,B’;C,C’"; T t,y)

v
1—x2)’
which proves (4.5

4.5)).
Identity (4.6)) follows easily from (4.5)) and ([1.3]). This finishes the proof of Theorem
l

- g~ DBC(-=(@A( — ahori (7
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