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ABSTRACT

Coupled Fibonacci sequences involve two sequences of integers in which the elements of one sequence are part of the
generalization of the other and vice versa. K. T. Atanassov was first introduced coupled Fibonacci sequences of second
order in additive form. In this paper, | present some properties of multiplicative coupled Fibonacci sequences of fourth
order under two specific schemes.
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1. INTRODUCTION

In the recent years much work has been done in this field but its multiplicative form is less known. The coupled
Fibonacci sequence was first introduced by K. T. Atanassov [4] and also discussed many curious properties and new
direction of generalization of Fibonacci sequence in [2], [3] and [5]. He defined and studied about four different ways
to generate coupled sequences and called them coupled Fibonacci sequences (or 2-F sequences). The multiplicative
Fibonacci Sequences studied by P. Glaister [6] and generalized by P. Hope [7]. K. T. Atanassov [4] notifies four
different schemes in multiplicative form for coupled Fibonacci sequences.

Let {Xi}:zo & {Y,}:j’ be two infinite sequences and four arbitrary real numbers a, b, ¢ and d be given. The four
different multiplicative schemes for 2- Fibonacci sequences are as follows:

First scheme Xy = XX, nx=0 (1.1)
Yn+2 = Yn+1 n’ =
Second scheme w2 =Y X, nx=0 (1.2)
Yn+2 = Xn+1Yn’ nz 0
Third scheme X = XY, n=0 (1.3)
Yn+2 = Yn+1xn ' -
Fourth scheme wo =Y Yo, >0 (1.4)
n+2 = Xn+1 n’ nz

In this paper, | present some results on multiplicative coupled Fibonacci sequences of fourth order under two specific
schemes.
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2. MULTIPLICATIVE COUPLED FIBONACCI SEQUENCES OF FOURTH ORDER
Let {X.}="&{Y,}"" be two infinite sequences and eight arbitrary real numbers a, b, c, d, e, f, g, h be given.
Multiplicative coupled Fibonacci sequences of fourth order are generated by the following 16 different ways:

The different schemes are as follows:

{ n+4— Xn+3xn+2Xn+1Xn T { n+4— Xn+3xn+2Xn+1Y
1 Yn+4 *Yn+3Yn+2Yn+1Y ! Yn+4 *Yn+3Yn+2Yn+1 X

{ n+4 _Xn+3Yn+2Xn+1X
5 Y,

{ =Xn43Yn42 Xns1Yn
| n+4 n+3'n+2 M n+l
n+4 Yn+3 X n+2Yn+lY 1 Y,

n+4= n+3X n+2Yn+1X

{ n+4= Xn+3Yn+2Yn+lX
9 Y,

n+4=Tn+3 n+2xn+1Y !

T { n+4=Xn13Yne2ni1Yn
10 " Ly,

n+4 *Yn+3 n+2 X n+1x ! n+4=

T { ne4 =VniaXn2Yna Xn
13

{ n14=Yn:3Xn2niaYn
n+4_Xn+3 n+2 n+1Y ! 14 Y,

The few terms of schemes (16) and (6) are tabulated below:

{ n+4 = =X n+3 X n+2Yn+1 X
3 Yn+4 n+3 n+2 X n+1Y

{ n+4 _Yn+3x n+2 X n+1X
! 7 Yn+4 n+3 n+2Yn+1Y

g

LI

T]_]_ {Y n+4* n+3Yn+2 Xn1 Xn , le :

n+3 n+2'n+l'n

T { n14=Yns3Yn12Yn1 Xn
n+4_Xn+3 n+2xn+lx 115t Yn+4_xn+3 n+2xn+1Y 1716

{ n+4— =X n+3 X n+2Yn+1Y
Y,

n+4 *Yn+3Yn+2 X n+l X

{ n+4 _Yn+3 X n+2 X n+1Y
Y,

n+4 = =X n+3Yn+2Yn+lX

{X n+4=Yn+3nr2Xnia¥n

-y

n+4_xn+3xn+2Xn+1Xn ’

n+4=An+3 n+2 41 n

X n+4= n+3Yn+2Yn+1Yn

Scheme (16) Scheme (6)
n| X, Y, X, |Y.
0|a b a b
1]c d c d
2 e f e f
3|lg h g h
4 | bdth aceg adeh befg
5 | dthaceg cegbdfh bcfg fhad e
6| acegfh bhfdeg fehad | fgbec
7 | acbdfgdeh |bhdcefhg |bcfg [adehf

MAIN RESULTS
Now we present some properties under schemes (16) and (6).

3. Scheme (6):

Y = X Xn+2Yn+lYn+3 ! Z 0
x = Xn+1xn+3YnYn+2 ' nz 0

Theorem 3.1: For every integer n > 0:
@ XnYo =Yion X0,
0 XioniaYz = Yioni2 Xy,

X Y, =Y. X,

() “ton+4 10n+4

Proof: We prove the above results by induction hypothesis.
(a) If n =0 then result is true because Y, X, = X,Y,,.

Now assume that the result is true for some integer n > 1

i.e. Xi0nYo = YoXion

X10n+1OYO =

X 1On+9Y10n+8 X 1On+7Y10n+6Y0

Y.

><10n+10Y0 = X10n+8Y10n+7X10n+6YlOn+5YlOn+8X10n+7 1On+6Y0

X10n+1oY0 =
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X 10n+8Y10n+7 X 10n+6Y10n+4 X lOn+3Y10n+2 X 10n+1Y10n+8 X 10n+7Y10n+6Y0

(3.1)

3.2)

(By scheme 3.1)

(By scheme 3.1)

(By scheme 3.1)
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X10n+10Y0 = X10n+8YlOn+7 X10n+6Y10n+3X10n+2YlOn+1XlOn X10n+3Y10n+2 X10n+1Y10n+8 X10n+7Y10n+6Y0 (By scheme 3.1)
X10n:110Y0 = Xi1ons8Y 10047 K10n+6Y10n+3 K 10n+2 Y1001 K 10053V 1052 K10n+1Y 1008 X 10047 Y 10n+6 ( xlOnYO)
X10n+10Y0 = X10n+8Y10n+7 X10n+6Y10n+3X10n+2Y10n+1X10n+3YlOn+2 X10n+1Y10n+8XlOn+7Y10n+6 (YlOn X o) (By equation 3.2)

X10n+10Yo = X10n+8Y10n+7X10n+6Y10n+3X10n+2Y10n+1(X10n+3Y10n+2X10n+1Y10n)Y10n+8X10n+7Y10n+6x0 (By scheme 3.1)

X10n+1070 = XionssY10n+7 K 10n46 10n+3 X 10n+2 Y 10041 K 10n+4 Y 10n+8 K 10047 10n+6 X o (By scheme 3.1)
Xion:10Y0 = XionssY10n+7 X10n+6 (X1on:aY10n13X 10n+2Y10n:1) Yionse X 10n+7 Y1046 X o (By scheme 3.1)
Xi0n:10Y0 = Kionsa 1007 X10n+6 X 10n+5" 10n+8 K 10n+7 V10046 X 0 (By scheme 3.1)
Xion:10Y0 = XionssY1on+7 X1ons6 (Yionss X10n+7Y10n46 X1ons5) Xo (By scheme 3.1)
X100 = (Y10n+9 X10n+8YlOn+7X10n+6) Xo (By scheme 3.1)
X10n+1oY0 = Y10n+10xo (By scheme 3.1)

Hence the result is true for all integers n > 0.
Similar proofs can be given for remaining parts (b) and (c).

Theorem 3.2: For every integer n > 0:
X

_ 10n+10 ,
) YioniaY10n:7 V10046 10ns5 = X X = X
10n+8“*10n+7 “ *10n+6
YlO 10
b) x10n+8X10n+7x10n+6xlOn+5 = Y Y - Y
10n+8 " 10n+7 " 10n+6
Theorem 3.3: For every integer n > 4:
X X
a) YnYn+lYn+2Yn+3 = M e ’
)(n+1)(n+2)(n+3>(n+4
Y Y
b) Xan+an+2Xn+3 = T
Yn+lYn+2Yn+3Yn+4
Theorem 3.4: For every integer n > 4:
Y XY .Y
a) ann+lX:2Xn+3Xn+4 = = nZ+5 = '
Yn+1Yn+2Yn+3Yn+4Yn+5
X X X
b) YnYn+lYn22Yn+3Yn+4 = et g+5 =
)(n+1)(n+2)(n+3)(n+4)(n+5

Theorem 3.5: For every integer n > 0:

Y. Y,
a) X5n+4 — 5Yn 5n+5 »
5n+4
b) Y — X5nX5n+5
5n+4 T X
5n+4
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Theorem 3.6: For every integer n > 4:

a) X X n+1X X )( o )( Yn+4Yn+5Yn+6Yn+7 ,
Y lYn+2Yn+3Y 4Yn+5Yn+6
b) YnYn+1Y Y Yn+4Yn+5 X fed X 1o X —E X
n+2 n+3 X 1X an+3x Xn+5x

Theorem 3.7: For every integer n > 4:
a) YnYn+1Y Y Y Y”*SYn+6 X n+4 X n2+5 X n2+6 X r;+7 X n+8 ,

o Xn+1Xn+2Xn+3Xn+4Xn+5Xn+6Xn+7
b) X, Xpu X2 X2 X2 X,.6X 6 Yoo nesYnisYnar Ve

Yn+lYn+2Yn+3Y Y Yn+6Yn+7

n+4 n+5

Theorem 3.8: For every integer m, n > 4:

[1%.

a) m-4 (YnYn+1Ym+n—3Ym+n—2)(Xn+1xn+2Xm+n—2xm+n—l) ’
H Xn+|)(HYn+|)
HYHH
b) m-3 :4 m—4 ) = (X Xn+lxm+n 37 Y m+n— 2)(Yn+l n+2 m+n—2Ym+n—1)
(HYn+i)(H Xn+|)
i=3 i=2
Theorem 3.9:
) X, +Xg+ Xg+ Xyo+ Xy, + Xy +————= (Yo X, + Y, X )Y, X5+ (Y, X5 + Y X )Y X, +————
b) X+ X, + Xg+ X+ X3+ X +———= (Y, X, + Y X )Y, X, + (Y X + Yo X )Y, Xg+———
Theorem 3.10: For every integer n > 0:
a) Xn+4 _ Xn+lY
X Xn+4Yn+5
Yn+ Yn+lX
b)
Y Yn+4X

Theorem 3.11: For every integer n > 0:

(xn+4Yn+4) (X n)(xn+1 n+1)(Xn+5Yn+6)
(Xn+5Yn+5)

Theorem 3.12: For every integer n > 1:
2n-1

H X4| H (X2|+1Y2|)

Theorem 3.13: For every integer n>4;

. 2
Hxi XYIHY

i=1 i=0

Theorem 3.14: For every integer n > 0:

Q) X X . =YY .
b) Xn+lx Yn+lYn+6 ’
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0 X Xn7 =YooVoir
d X n+3xn+8 = ThisThnige
e XpaXno =YniaVnio
N XnsXnio = Ynus neto

Theorem 3.15: For every integer n > 0:

) X X X, Xoo =YY, .Y, .Y

n+17n+5 n n+l n+5' n+6’
b) Xn+lxn+2xn+6xn+7 = Yn+1Yn+2Yn+6Yn+7 !
C) xn+2xn+3xn+7xn+8 = Yn+2Yn+3Yn+7Yn+8 !
d) Xn+3xn+4 n+8Mn9 = Yn+3Yn+4Yn+8Yn+9 !
) X X6 Ko X010 = YoiaYnas nasV nio

Theorem 3.16: For every integer n > 0:

) X X 1Yo s = YaYna XX

n+l" n+10 " n+11 n'n+l“ n+107  n+ll>
) X Xnia i Yniz = Yo Yneo X X sz
0 X2 Xnia¥ni2Ynias = YaeoYnea X a2 Xpsas
d)  XoaXiaYnasYniae = Yaea nea X iaa X s
) XnaXnsYnianis = YoeaYnas X naa X s

Theorem 3.17: For every integer n > 0:

x n+10 X n+11 X n+15 X n+l6 — Yn+10Yn+1lYn+15Yn+16

Theorem 3.18: For every integer n > 5:

o (Txaqo=qId .

n-5
X 2
(:ll:!: i ) _ Y0Y1Y2Y3Y4Yn—4Yn—3Yn—2Yn—1Yn

b) o =
(ﬁYZ) XoxlxzX3X4Xn74xn—3xn—ZXn—an
i=5

Theorem 3.19: For every integer n > 5:
XYy = (XY s) (XoYo) ™ (X1Y1) ™™ (X,Y,) ™™ (X,Ya) ™
Where n,,Nn,,n,,n, >1 suchthatn, +n, +n,+n, =3.2"°,

4. Scheme (16):

Yn+4= ann+lxn+2xn+3' 0
Xn+4 = YnYn+lYn+2Yn+3' nz O

Theorem 4.1: For every integer n > 0:
a) X Yo=Y, X,

b) Yo Xi=YiXgn,

) Yoo X,= Yo Xgpn,

d) Vo3 X5= Y X503,

€) Yo u X, =Y, X0,

© 2013, IJMA. All Rights Reserved
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Proof: We prove the above results by induction hypothesis.

(a) If n =0 then result is true because Y, X, = X,Y, .

Now assume that the result is true for some integer n > 1.

e XY= Yo X,
Xo oYy =Yoo VonoYenaYo

X oYy = XoraX e Xena X e YeriaVenioVenaYo
Xo oYy = XeriaX e XennYeriaYenoYena (Xs,Yo)
X Yo = XeniaXenis XennYenaYonoYena (Yen Xo)
XsnisYo = XsnisXons2 Xsnia (YnsaVons2YsniaYon) Xo
X oYy = XeroaXenis Xena Xena Xo

X 10n+10Y0 = Y10n+10 X 0

Hence the result is true for all integers n > 0.

Similar proofs can be given for remaining parts (b), (c), (d) and (e).

Theorem 4.2: For every integer n > 1:

a) Ko g Ko X XXX, =Y, VoY1 YoYsY,

b)  XeniaXoXi X, =Yg, YoYoYs,

C) X XX X, XX, =Y., Y Y Y,Y.Y,

d) Ko Xo X XXX, =Yg, YoYiYo oY,
€) Ko p Ko X X, XXy =Y, ,YoY Y, YoV,
) KenaXo X XXXy = Vora¥o¥1YoYsYs

g) X5n+4X12X32 =Y, Y2Y32

5n+4 "

Theorem 4.3: For every integer n > 0:

2 2 2
a) X n+5 X n+6 — Yn+lYn+2Yn+3Yn+4Yn+5
2 2 2
b) Yn+5Yn+6 = X n+1x n+2 x n+3X ned x n45

Theorem 4.4: For every integer n > 0:

_ 2 3 3 2
a) Yn+5Yn+6Yn+7 =X n+1X n+2 X n+3X ned X 045 X n+6
_ 2 v3 v3vy?
b) X n+5 X n+6 X n+7 — Yn+1Yn+2Yn+3Yn+4Yn+5Yn+6

Theorem 4.5: For every integer n > 0:

_ 2 3 43 y2
a) X n+5 X n+6 X n+7 X n+8 — Yn+1Yn+2Yn+3Yn+4Yn+5Yn+sYn+7
_ 2 3 4 3 2
b) Yn+5Yn+6Yn+7Yn+8 - X n+1X n+2 X n+3 X ned x 045 x n+6 X n+7
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(By scheme4.1)

(By scheme4.1)

(By equation 4.2)

(By scheme4.1)

(By scheme4.1)

(4.2)
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Theorem 4.6: For every integer m, n > 0:

_ 2 3 44 \y3y2
a) X n+5 X n+6 X n+7 X n+8 X n+9 — Yn+lYn+2Yn+3Yn+4Yn+5Yn+6Yn+7Yn+8
_ 2 3 4 4 3 2
b) Yn+5Yn+6Yn+7Yn+8Yn+9 =X n+1x n+2 X n+3x nad X n+5 X 046 X ne7 X n+8

Theorem 4.7: For every integer m, n > 0:

_ RVERVERVE 4 4 4 3 2
a) X n+5X n+6 X n+7 X n+8 X n9 T T X n+m — Yn+lYn+2Yn+3Yn+4Ym5 T Yn+m_6Yn+m—5Yn+m—4Yn+m—3Yn+m—2Yn+m—1
_ 2 w3 w4 y4 4 4 4 3 2
b) Yn+5Yn+6Yn+7Yn+8Yn+9 - _Yn+m =X n+1X n+2 X n+3x ned X s X nam_6 X n+m—5X n+m-4 X n+m—3x n+m-2 X n+m-1
Theorem 4.8: For every integer m, n > 0:
2 3 4 5 5 5 4 3 2 _ 2 3 4 5 5 5 4 3 2
X n+1X n+2 X n+3x nea TN nes X n+6 X n+m-4 X n+m-3 X n+m-2 X nemt X n+m — Yn+lYn+2Yn+3Yn+4Yn+5Yn+6 - _Yn+m—4Yn+m—3Yn+m—2Yn+m,1 n+m

Theorem 4.9: For every integer m, n > 0:

lﬂ[xs' 3 2 2 3
L XEOX2XE X2 X2 X3 X

n+1"'n+2"*n+3 ' n+4 " *n+m-3“*n+m-2“"*n+m-1“ " n+m

ﬁYs YAYS Y2NL Yl oy?oydo v
=1

. n+l" n+2 " n+3 ' n+4 " n+m-3° n+m-2" n+m-1"n+m
n-+i

Theorem 4.10: For every integer n > 1:
4n-1

a [IX.=]1Y
i=1 i=0

4n-1

n
by [[Ya=T1X
i=1 i=0
Theorem 4.11: For every integer n > 1:
n 4n
a) H Xpin = HYi
i=1 i=0
n 4n
b) HY4i+l = H Xi
i=1 i=0

Theorem 4.12: For every integer n > 2;

2n-3 2 1 n
o 11X XX X, X [1¥

i=2 2n-2/N2n-1 i=2
b) Y '=—— X,
i=2 I YOYlYZn—ZYZn—l i=2 ’
Theorem 4.13: For every integer n > 2:
2n-2 1 n
a) G p— "
]i:3[ I X1X2X2nx2n1:ilj2[ a
b) Y =« —— X,
i=3 I YlYZYZnYZn—l i=2 o

Theorem 4.14: For every integer n > 4:
a) XY, =Y, X

b) X nYn = X n+1x n—3X n-4 X n-5 X n-6
C) ann :YnYn—lYn—ZYn—3Yn—4
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Theorem 4.15: For integer n > 5 assume that,
X=X (XoYo)P (X Y)™ (X,Y,)™ (X,Y,)",
X = Xo o (Xo¥o) P (XY™ (XY, (X oY)
Xoo = X s(XoYo) ™ (XY™ (X,Y,) ™ (X,Y5)"™
X s = X o (Xo¥o)® (XY™ (6Y,)™ (XY5)"
X 0= X (XY) B (XY)™ (X,Y,) (X,Y,)"

1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4 +
where n,ni ni,ninZ,n?nZnznnndndnin’niniez
Then,
X _ X X Y ZnS—n}, X Y 2n15—n11 X Y 2n§—n§ X Y 2n§—n§
n+5 n( 0 O) ( 1 l) ( 2 2) ( 3 3)

5_nl1-n2 2[2n3-nk ]-n2} 21208 -nk1-n2y
_ {2[2n3-nk1-n2} {2[2nf-ny1-ng } {2[2ny-n 1-n; 3-M31-n3
Xn+6 - Xn+1(XOYO) (XlYl) (XZYZ) (XSYS)
2{2020% -nt]-n2}-nd 2{2[2n5-nk 1-n2}-nd 2{2[2n2 -k ]-n2}-n3
_ 2{2[2n3—né]—n§}n8 U R T 2 "M 1=y =My 37 M3~z
Xn+7 - Xn+2(XOY0) (X].Yl) (XZYZ) (X3Y3)
2t 1-n?}-nd]nf 2[2{2[2n3 -n} -nZ }-n3 ]-n} 2[2{2[2n3 -n}]-nd}-n31-n]
_ 2[2{2[2ng -n}1-n2}-nd1-nd 2[2{2[2ng -y J=ng 3-ny -y 2 Iy 3Nz 1, 3-N3l-n3}-n3l-ng
Xnie = Xnia(XoYo) (X.Y1) (X,Y,) (X5Ys)
5 1, 2y 31 4y 5 5 1. 2, 3, 4y 5 5 1, 2y 31 4y 5
X _ X (X Y )2{2[2{2[2n8—n3]—n§}—ng]—ng}—ng (X Y 2{2[2{2[2n1 —nl]—n1 }—nl]—n1 )—n1 ( 2{2[2{2[2nz—n2]—nz}—nz]—nz}—n2 2{2[2{2[2n3 “3] n3} n3] ”3} n3
n+9 = ““n+4 0°0 1'1 2°2 3'3
CONCLUSION

In this paper I described and extended Multiplicative coupled Fibonacci sequences of fourth order under two specific
schemes. Similar results can be developed for other schemes.
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