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ABSTRACT

Coupled Fibonacci sequences involve two sequences of integers in which the elements of one sequence are part of the
generalization of the other and vice versa. K. T. Atanassov was first introduced coupled Fibonacci sequences of second
order in additive form. There are 32 different schemes of generalization for the Fibonacci sequences of fifth order in
the case of two sequences [1]. | introduce their recurrent formulas below.
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1. INTRODUCTION:

In the recent years much work has been done in this field but its multiplicative form is less known. The coupled
Fibonacci sequence was first introduced by K. T. Atanassov and also discussed many curious properties and new
direction of generalization of Fibonacci sequence in [1]. He defined and studied about four different ways to generate
coupled sequences and called them coupled Fibonacci sequences (or 2-F sequences). K. T. Atanassov [1] notifies four
different schemes in multiplicative form for coupled Fibonacci sequences.

2. RECURRENT FORMULAS OF THE GENERALIZED MULTIPLICATIVE FIBONACCI SEQUENCE OF
FIFTH ORDER

We can construct 32 different schemes of generalized multiplicative Fibonacci sequence of fifth order in the case of
two sequences. We introduce their recurrent formulas below.

Everywhere let X, =C,,Y,=C,, X, =C,,Y,=C,, X, =C,,Y,=C,, X, =C,,Y,=C,, X, =C,,Y,=C,
and assume that N > 0 is a natural number, where C,,C,,C,,C,,C,,C;,C,,C,,C,,C,are given constants and Z

is one of the symbols X or Y.

The different schemes are as follows:

T { n+5= Xn+4xn+3xn+zxn+1x { n+s= Xn+4Xn+3Xn+2Xn+lY
1 Yn+5 n+4 n+3 n+2Yn+1Y ! 2 Yn+5 n+4 n+3 n+2Yn+1X

T { n+5 = Xn+4xn+3xn+2Yn+1X { n+5~ Xn+4Xn+3Xn+2Yn+1Y
3"y, ’ 4 Y,

n+5= n+4Yn+3Yn+2 X n+1Y n+5 *Yn+4Yn+3Yn+2 X n+1X !

T { Xn5=XniaXni3¥ni2 XniaXp { Xn5=Xn1aXni3¥ni2 Xnia¥n
5Ly, ' 6 Y,

ns = n+4Yn+3Xn+2Yn+1Yn n+5= n+4Yn+3Xn+2Yn+1Xn !

T { n+5~ Xn+4xn+3Yn+2Xn+1Y { n+5— Xn+4Yn+3Xn+2Xn+1Y
6° Yn+5 _Yn+4Yn+3 X n+2Yn+1 X ! 8 Yn+5 _Yn+4 X n+3Yn+2Yn+lX

T -{Xn+5=Yn+4Xn+3Xn+2Xn+1X { n+5_ n+4xn+3Xn+2Xn+1Y
9" + 110 "y,

Yii5=Xn14¥n43Yns2 e Yn 5 =XneaVnia¥ni2Ynn Xn !

T { n+5 Yn+4Yn+3 X n+2 X n+1x { n+5~ Yn+4Yn+3 X n+2 X n+lY
1 Yn+5 X n+4 X n+3Yn+2Yn+1Y ! 12 Yn+5 X n+4 X n+3Yn+2Yn+1 Xp!
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=YiaXniaYnio Xna X =YpiaXniaYnio XnaYn
n+5 7~ 'n+4 A n+3'n+2 M n+l n+5= 'n+4 A n+3Tn+2 M nl
T13 {Y Tl4 {Y

n+5— =X n+4Yn+3Yn+2Yn+1Y n+5~ =X n+4Yn+3Yn+2Yn+1x !

T { n5=Yn+a Xn13Xn2Yni1 X { 145 =Yn+4 Xn13Xns2Ynia Y
15 * Yn+5 - Xn+4Yn+3Yn+2 Xn+1Y ! 6 Yn+5_xn+4Yn+3Yn+2 Xn+1x

T { n+5— =X n+4Yn+3Yn+2 X n+1)< { n+5— =X n+4Yn+3Yn+2 X n+1Y
17 Y, 8 Y,

n+5= n+4 n+3/¥n+2 n+1Y n+5= n+4 n+33n+2 'n+l

T { n+5_ n+4xn+3xn+ZYn+1Y { Xni5=XniaYni3Xn2YnuYn
16 * L, 20 Y,

n+5= |'|+4 n+3 n+2xn+1x n+5= n+4xn+3Yn+2Xn+lX

T { 145 =XnsaXnsa¥ni2Ynaa Xn T { 145=Xn4Xn:3Yns2Yni1Yn
21 Yn+5 *Yn+4Yn+3 X n+2 X n+1Y 22 ¢ Yn+5 - n+4Yn+3 X n+2 X n+1X

T { nt5=Yn+a¥n:3ns2 Xnia Xn { 145 =Yn+4Yn13Yns2 Xni1¥n
23 Yn+5_xn+4xn+3xn+2Yn+1Y ! 24 Yn+5_xn+4xn+3xn+2Yn+1X

T { n5=Yn+aYn13Xni2Ynia Xn { 145 =Yn+aYn13Xns2Yni1n
25 " 1y, 26 Y,

n+5 _Xn+4xn+3Yn+2Xn+1Y ! n+5_xn+4xn+3Yn+2Xn+1X

T { n+5 *Yn+4 X n+3Yn+2Yn+l X { n+5= Tn+4 X n+3Yn+2Yn+1Y
27 * Yn+5_xn+4Yn+3xn+2Xn+lY ! 28 Yn+5_xn+4Yn+3xn+2xn+lx

T { n+5_xn+4Yn+3Yn+2Yn+1X { n+5_xn+4Yn+3Yn+2Yn+1Y
29 " 1y, 30 Y,

n5= n+4 n+3 n+2xn+1Y ! n+5= n+4 n+3 n+2xn+1xn1

T { n+5 Yn+4Yn+3Yn+2Yn+1 X { n+5= n+4 n+3 n+2Yn+1Y
3 Yn+5 Xn+4Xn+3Xn+2Xn+1Y 32 Yn+5 Xn+4Xn+3Xn+2Xn+1X

The first scheme is trivial. All of the others are nontrivial; they have the following recurrent formulas for n > 0:

—For T,:Z ..0=2Z.0Z,.6Zn7Z0.6Z

n+9=n+8=n+7=n+6"=n+5?

Z Zn+BZn+7

2 4 3 2
7274 7% 7% 7,
n+6 n+5 n+4 n+3

—-ForT,:Z .., =

2% 7,4
z3z3z z Z,

n+2

—--ForTy i Z 0 =

ZZZZZ

. Z n+8=n+2

n+10 — 3
Z n+6 Z n+5 Zn+4

----ForT,

Zzn+8Z
2°7°7°7,,2° Z,

n+2

—--ForTg i Z, 10 =

Z ZnJrSZnJrﬁZ Z
—--ForTg 1 Z, 0= 77 77 7 ,
n+7 n+5 n+4

2 2
Z n+9 Z n+7 Zn+6

—ForT,:Z ., =
7 n+10
Wz 7327273 7% 7,
n+8 n+4 n+3 n+2 n+l

A4

n+9 n+7

z
ZZZZZ

—-ForTy i Z, 0=
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3 Z 2
6
—ForT,:Z ., = L AL
9 n+10 3 74 53 52 !
Zn+4 Zn+SZn+2 Zn+1Zn

7° 7% 7,2,

—-ForTy i Z 40 ==5=" ;HG ,
Z n+5 Z n+4 Z n+3 Z n+2
. Zn EZ:7Z|13+GZ|12+5
—--ForT, 12 0 = IR TR

n+4 n+3 n+2 nd N

4 2

Z Z 72362 L Z,
- _ N+ n+ n-+ n+! n+

—--ForT, i Z, 0= ,

VA
n+2
z7°7°7°
----FOI’T13 Z n+8 n+6  n+5

n+10 — '
z 727 722,
n+4 n+3 n+2 n+l
. =53 53
""FOrT14 ' Zn+10 - Zn+BZn+GZn+4Zn+ZZn’

z¢ 72 7*

+8 n+7 n+5

) Zn+BZn+4Zr12+3Zn+ZZn |

—--ForT. 1 Z, 10

. Zfaznz7znaznzznz1zn
—-ForT 12, 40 = 7 )

n+6

Z:QZ3 Z?

n+6 n+5

) Zn+BZn+4Zn+ZZr12+lZn ,

---ForT, 1 Z, 1,

. angzr?azn4znz+3zn+zzn
-ForTg i Z 0 = 7 ,

n+8

2 2 2
----FOI’T . Z _ Zn+QZn+7Zn+S
19 * “n+10 — 2 ’
Z 727 7,
n+6 n+4 n+2
T Z Z292272 5
““For — n+ n+ n-+!
20 n+10 '
Z 2°7°1Z
n+8 n+6 n+4 n+2

2
—_ Zn+QZn+BZn+SZn+2
n+10 — 2
°7 7 Z
n+7 n+6 n+4 n

----ForT,, : Z

Z|12+9Zn+BZn+4Z|12+3Zf+ZZri1Zn
Z* Z

n+7 n+6

~ForTy, 1 Z, 40 =

2 5 4
Z 7°72°72"Z
n+8 n+7 n+6 n+5 n+4
Z 7
n+2 n+l

ForTy i 20 =
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. 2 5 2 3 2
ForT, 1Z,.,=2 222°227%27%7 7,
N+ n+8 n+7 n+6 n+5 n+4 n+3 n+2 n

T. Z z 8 Z ) Z i 6 Z ’ Z
--__For — n+ n+7 __ n+ n+5  n+4 ,
25 n+10 Z Z

n+3  n+l
. 4 2 3 3
—ForTy:Z ,,=24 2" Z Z°7°72°7Z Z Z,
26 n+10 n+8 n+7 n+6 n+5 n+4 n+3  n+2 n+ln

- Zriszmﬁziszn 4Zn+2
~-ForTy, 1 Z, 40 = 7 '

n

. 3 2 3 3 2 2
ForTye:Z,,,=2°2 227%7%727%7,
n+ n+8 n+6 n+5 n+4 n+3 n+2 ndlon

T Z Zzgz 62452 42232 2
____For — N+ N+ n+! n+ N+ n+
29 n+10 ,
i Z 7
N+ n

2 2 4 2
Z 9Z Z 5ZBAZ 32322 Z

. _ N+ n-+ n+! n+ n+! n+ N+ n
—--ForTy 1 Z 0 = Z ,

n+8

z 52272362652342232 )
. — N+ N+ N+ N+ N+ N+ N+.
-ForTy 12,0 = 7 ,

n

. _ 2 93 54 54 53 52
----ForTSZ ' ZnJrlO - Zn+SZn+7Zn+szn+szn+4zn+3zn+zzn+1’
3. RECURRENT FORMULAS OF THE GENERALIZED FIBONACCI SEQUENCE OF FIFTH ORDER

We can construct 32 different schemes of generalized Fibonacci sequence of fifth order in the case of two sequences.
We introduce their recurrent formulas below.

Everywhere let,
X,=C,,Y,=C,X,=C,Y,=C,,X,=C,,Y,=C,, X, =C,,Y,=C,, X, =C,,Y,=C,, and assume
thatn > 0 is a natural number, where C,C,,C,,C,,C,,C,,C,,C,,C;,C, are given constants and Z is one of the
symbols X or Y.

The different schemes are as follows:

T -{Xn+5=xn+4+xn+3+xn+2+Xn+l+xn T -{Xn+5=Xn+4+Xn+3+Xn+2+Xn+1+Yn
1 Yo=Y s Y2 Yo +Yn P20 W =YY Y HYna + X, !

T '{Xn+5:Xn+4+xn+3+xn+2+Yn+1+xn T -{Xn+5:Xn+4+Xn+3+Xn+2+Yn+l+Yn
3"y, 4,

116 =Ynsa+Yni3 o2+ Xpia +Yy 116 =Ynsa TYnia Yo+ X+ Xy !

T -{Xn+5=Xn+4+xn+3+Yn+2+Xn+l+xn T -{Xn+5=xn+4+Xn+3+Yn+2+Xn+l+Yn
5y, U6 T LY,

15 =Ynsa Ynia+ Xp2 Y +Yn 145 =Ynea tVnia+ X+ + X, !

T -{Xn+5:Xn+4+Yn+3+Xn+2+xn+1+xn T -{Xn+5:Xn+4+Yn+3+xn+2+xn+1+Yn
7 W5 =Y+ Xna Yoo HYna+Y, P8 W s =Yt XY Yt Xy !

T -{Xn+5=Yn+4+xn+3+xn+2+xn+l+xn T -{Xn+5= nea T Xz X+ X +Yy
9 " Wois=Xna+Y i3+ Y2 Y +Yy P10 T WY s =X H Y Yt X !

T '{Xn+5:Yn+4+Yn+3+Xn+2+xn+l+Xn T -{Xn+5:Yn+4+Yn+3+xn+2+xn+1+Yn
11" W s=Xnua+ Xng Yoo Yo +Yn  ? 12 7 W g=X g+ X g+ o+ + X,
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T { nt6=Ynsa T Xnia Yo+ Xna + X,
13 Yn+5_xn+4 +Yn+3 +Yn+2 +Yn+1 +Y

T { n5=Ynsa T Xni3+ Xpa +Yng + X
15 * Yn+5_Xn+4 JrYn+3 JrYn+2+xn+1+Y

T { ni5=Xnra FVna Yoo+ X+ X,
17 - Yn+5 “Yheat X n3t X n+2 +Yn+1 +Y

T { n+5_xn+4 +YnJr?,JanJrZ +Yn+1+x
19 ° Yn+5 neat X n+3 JrYn+2 +X n+l JrY|'|

T { 145 =Xneat X3 Yo Y+ Xy
21 Yn+5 *Yn+4 +Yn+3 +X ne2t X n+l +Y

T { ni5=Ynia +Yni3+Yni2 + Xn+ X,
23 ° Yn+5_xn+4+xn+3+xn+2 +Yn+1+Y

T { n15=Ynsa TYni3+ Xnia Yo + X
25" Yn+5 _Xn+4 JrXn+3 JrYn+2 + Xn+1 +Y

T { n15=Ynia T XniatYni2 Yo + X,
27 " Yn+5_xn+4 +Yn+3+xn+2+xn+1 +Y

T { Xni5=Xnia iz i+ + X,
29 "y,

n+5 _Yn+4 JrXn+3+ Xn+2 JrXn+l+Y !

T { 116 =Ynsa Yo+ Vni2 HYna + X,
3 Yn+5 Xn+4+Xn+3+Xn+2+Xn+l+Y

The first scheme is trivial. All of the others are nontrivial; they have the following recurrent formulas for n> 0:

—-ForT,:Z ., =2

n+9

---For T,:Z

—--ForT,:Z ., =22

n+10 n+9

---ForT, 1 Z .10

—-ForT, :Z ., =22

n+10

—ForTg 1 Z, .0 =22,

—ForT,:Z .,=2Z,,

n+10

—-For T3:Z, .,,=22Z, 4

n+10

—--ForTy:Z .,,=32

n+8

~--ForT,:Z, ,,=3Z

n+8

—--ForT, 12,0 =2

n+8

—-ForT,:Z, ., =

n+8

—-ForT,:Z,,,,=3Z

n+8

+ Zn+8 + Zn+7
= 2Znetg + Zn+8 - Zn+6
Zn+8 _3Zn+6

= ZZn+9 + Zn+8 _32n+6

n+9

-Z

+2Z,,+Z,.c—Z,.,
+2Z, ,+2...-22, -2 ,—2Z
+4Z, ,+3Z,+2Z, -2, .,
Z +4Z. . +3Z

+ 32n+6 + ZZn+5 - Zn+4

T { ne5=Yneat X g HYna + X +Y,
14 * Yn+5 =X n+4 +Yn+3 +Yn+2 +Yn+l+ X !

{ ni5=Ynea+ Xn3+ Xni2 +Yhn+Yn
Yn+5 =X n+4 +Yn+3 +Yn+2 +X nat X !

{ n+5~ =X n+4 +Yn+3 +Yn+2 +X n+l +Y
Yn+5 =Yniat X n3t X n+2 +Yn+1 + X !

T { Xni5=Xna HYnia+ Xnp2 +Yna+Yn
20 - Yn+5 n+4+xn+3+Yn+2+Xn+l+Xn’

{ n+5~ =X nea T X n+3 +Yn+2 +Yn+1 +Yn
Yn+5 *Yn+4 +Yn+3 +X ne2t X R X n !

{ 115 =YnsaHYni3+Hni2+ X +Yy
Yn+5_xn+4+Xn+3+xn+2+Yn+l+X !

{ 145 =Ynsa +Ynia+ Xpo Y +Yy
Yn+5_xn+4+xn+3+Yn+2+Xn+1+x !

{ n+5 *Yn+4 +X n+3 +Yn+2 +Yn+1 +Y
Yn+5_ X n+4 +Yn+3 +Xn+2 + Xn+l+ Xp!

T { nt5=Xnea Vni3+Yni2 +Yn +Yy
30 * Yn+5_Yn+4+xn+3+xn+2+xn+l+x !

T { nt6=Ynsa TYnia Y2 Yo +Yy
32 Yn+5 Xn+4+Xn+3+Xn+2+Xn+1+X !

+7Z . +7Z

n+6 n+5?

_4Zn+5 _3Zn+4 —-2Z, ,- Zn+2 + Zn’

n+3
_32n+4 - 22n+3 - Zn+2 - Zn’

_22n+5 _Zn+4 +Zn+2 +2Z +Zn’

n+1

Zn+8 —2Z +22n+6

n+7

o +Z,¢g—22 +Z., .6

n+7

- ZZn+5 —Z

+ ZZn+7 +Z n+6 _Zn+4 _22n+3

n+8

Zn gt ZZn+7 Zn+6 - 22n+5 - Zn+4 - Zn+2 + Zn'

- 4Zn+3 _32n+2 - 22n+1 - Zn J

-7 . +Z

n+3 n+2 n?

_22n+

n+7 nie T Z +4 Zn+2 + Zn’

- 22n+3 - Zn+2
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- 4Zn+4 - 22n+3 -

n+4

_3Zn+2 - 22n+1 -

3 _32n+2 - 22n+1 -

- 22n+1 - Zn’

2 _22n+1 —Z

n?

+Z, .,+Z,

Z.,

Z,,
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—ForT, 12, ,,=32,+3Z, s+2Z  ,+2Z,,+Z,

n+8 n+6 n+4

ForTyg 1 2,0 =325 422, =L, +22, 52, ,=2L, =L, =L,

n+8

—ForTyiZ,,,0=32,4+2Z ;=2 s+Z s =L s+ L,

POy 120 =220 =2y +3Z,6 +2Z, s =2y = 2y =22, — Z,,

n+8

—-ForTg:iZ, 0=22, gLy g+32, s+ 2Ly +22, 3+ 2, ,+2Z

n+8 n+6 n+4 n+3 n+2 n’

—-ForTyy:Z, ,,=2Z Z,og+2Z,,-2,+2Z -2,,~Z,,-Z,

n+9

ForTy 2o = 22,0~ Zog + 22y = Lo + 2oy 22,y + 2, + 27, + 7,
—-ForTy i Z0=22, g~ 2= 22,7~ 2Ly +2ZL s~ 2Ly + L~ 2L,

eFor Ty, 1 2,0 =22, g+ Zyig =220y = Lo + Znos + 22,3 + 32, , +2Z,  + Z,,
—ForT,,:Z, =2, +22,,,+5Z, +4Z +Z. -2, ,-2Z. ,-Z,,

~For T,:Z ,,=2,+2Z,,+5Z, +2Z +3Z ,+2Z ,+Z, ,+Z,,
—ForT,:Z, =2, +4Z +2Z, +42Z +2Z, ,-Z,,-Z,,

—ForT,:Z, 0=2,s+42Z, ,+2, +2Z, +32, ,+2Z ,+Z, ,+2Z ,+Z,,
ceFOr Ty, i 2,10 =320+ 27,6 #3205 + Zoa + 2o = 2o

~ForZ,, =3Z.+Z,s+22,+32Z,,,+2Z, ,+3Z, ,+2Z ,+Z,

ceFor Ty Zoto = 2210 = Zosa + Zove + 8205 + Znia + 2205+ 2o = Zo,

—-ForTyy i 2,0 =220,g—Zyg—Lyo + 22,5 +32,,,+4Z, ,+32,,+2Z ., +Z,,
—ForTy:Z, ,0=2,4+2Z,,+3Z, +6Z +3Z, ,+2Z ,+Z ,—-Z,
~ForT,,:Z, . w=2ys+22,,+3Z, s +4Z, +5Z,  ,+4Z ,+3Z ,+2Z . +Z,.

CONCLUSION

In this paper | introduced recurrent formulas for coupled Fibonacci sequences of fifth order under different schemes.
The proofs for these facts can be shown by induction, using methods similar to those in [2] or [3].An open problem is
the construction of an explicit formula for each of the schemes given above .
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