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A FUNCTION IN THE NUMBER THEORY

Summary
In this paper I shall construct a function 1 having the following properties:

VI€EZ n#0 (y(n))l=M.n, Q)

7(n) is the smallest natural number with the property(1). (2)
We consider: N = {0,1,2,3,...} and N* = {1,2,3,...}.

Lema 1 Vk,p € N*,p # 1,k is uniquely written under the shape: k= t,a®) 1. -+ta®) where
a(P)—p—l,t—ll Mm>n>...>m>0andl1 <t Sp—l,]—l,l—l,lﬁhﬁp,
nj,t; € N, Z=1,l le N~

Proof. The string (a{?)),en. consists of strictly increasing infinite natural numbers and

afh—1=p-af), ;vn€ N-pis fixed,
o =100 = 14p,6P =14p+7,.. = U (a?,a2,) n N7
neN*

where [a), an_,_]) n [ n+1y n+2) =8 because a® < an“ < G(P)
Let k € N*, N" = U ([a®,a®)NN*) > 3, € N+ . & € ([, e} = k) s
nEN*
uniquely written under the shape k = [%] a®) + r, (integer division theorem). We note

k— [Tﬁ] —t1=>k—t1a(*")+rl7 r1<a(’)

Ifr;:O,asaL‘?SkSaf,’:{(_l—l = 1<t <pand Lemma 1 is proved.

Hr#0=2>3meN:rne [a,(z),a,,ﬁ_l), a®) >0 >0, #0and e <k <
<a£,’;)+1 —1 = 1<t <p-—1 because we have # <(aﬂl,H —1-r):aP <p,.

The procedure continues similarly. After a finite number of steps [, we achieve r; = 0, as
k =finite, ¥ € N* and k > T1 > 13... > 1 = 0 and between 0 and k there is only a finite
number of distinct natural numbers.

Thus:

k is uniquely written: k = tlaﬁ,’? +71, 1 <4 <p-1, ris uniquely written: r = tga,(;';) + 73,

nz < np,

1St2$P—1,
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ri—y 1s uniquely written: r; = t,a,‘fi) +r;and r; =0,
np<mey, LS4 <p,

= k is uniquely written under the shape k = t;af{:’-ﬁ . ‘+t,a£,’;) withny >ne>...>n; >0
becuase n; € N*, 1<t;<p—1, y=1,{-1, 1<, <p, {21

L= i=TLi21 mtieN,
p—1
i=1LLm>n>...>m>0,1<¢;<p—-1,3=1,1-1,1<t,<p.

Let k € N*, k = t;a®) + .. + t)a!?), with o) =

1 construct the function 7,, p = prime > 0, n, : N* — N~ thus:
¥n € N* ny(a®) = p*,
To(t10®) + ...+ 11a®) = hny(aP) + ... + iy ().

Note 1. The function 7, is well defined for each natural number.
Proof.

Lema 2. Yk € N* = k is uniquely written as k = t,al? + ... +t1a,(_5) with the conditions from
Lemma 1 = 31 typ™ + ...+ tip™ = n,(t16% + ... + 110 and ] + 17 € N~

Lema 3. Vk € N*, VpE N,p=prime=>k = tlan";)-}. . .tza,(;’l) with the conditions from Lemma
2= T]p(k) =tp™ + ...+ 4p™.

It is known that [%t&] > [%1-] +...4 [%'1] Va;,b € N* where through o] we
have written the integer side of number . I shall prove that p’s powers sum from the natural
numbers make up the result factors (£1p™ + ... +{p™) is > k;

[,p™ +---+tlpm.] > [tlp"’
p 14

.tzp"' A

=tpn 4+ tpt
L P

[+t

r L% Ry ny ,ﬂt-
Hp™ + ...+ 4P ]Z{tlp ]+”.+ 1434

— ny—n; 0
2 e P =tpt Tt tp

[tp™ +... +tip™ ] S [ ] ] ettt tp™
—~—pm J_ _pm +.o 4+ _p"l_ =tip +... _p"l .

Adding = p’s powers sum is > ;(p™ "1+, L.+ +. L+ (p L 4P = HhaP . el =



Theorem 1. The function Ny, p=prime, defined previously, has the Jollowing properties:
(1) ¥k € N*, (ny(k))! = Myt.
(2) np(k) is the smallest number with the property (1).

Proof.
(1) results from Lemma 3.
(2) VEEN, p>2= k= t,a,({l) +... 4+ tza,(.f;) (by Lemma 2) is uniquely written

?
where:
-1

npti € N5y >np> > m >0, o) = 2T

EN, i=TT1<¢t;<p-1,
i=11-1, 1<t < p.

= (k) = t1p™ + ...+ tp™. I note: z = typ™ +.. Jpt

Let us prove the z is the smallest natural number with the property (1). I suppose by the

method of reduction ad absurdum that IvEN, v<z2:
7= Mp
T<z=2y<z-13(z-1){ = Mp*.

z-l=tph 4.+l -1 m>n>...>n2>0andn; €N, j=1,1;

. -1
z l] =HpM T b g™ +tp° —1 as [F] =—lasp>2 n2>1,

tp —1
__} = tlpﬂl—ﬂz—l +... 4+ tl-lpm-x-ﬂi—l + [II;;LT] = tlpﬂx—ﬂx—l +...+ tl_lpm-;—ﬂz—l

because 0 < t;p™ ~ 1 < p-p™ — 1 < pnHl as ¢ <p;

z-1 e tp™ —1 .

L,m-z} =Hp" it e+ + [ip"?} =HpM T+t hap®as g > ny,
z=1! tap™ + . hp~ 1 .0

[pm }—tlp +[——? =t5°

Because 0 < t;p™ + ...+ fpM — 1 SE-Up=+...+(p—-1)pH2 +p-pn —1 <(p-1)x
ng+1
2+l

2y tp™ + .. g™ — 1
x 3 p‘+p’”+‘—15(P—1)£ (=P -l<pt —1<ph Lp - “"pﬂlzp -0
i=ny_,y _—

211 fhpm 4. gpi—1 =0
puti] pu+l -




because: 0 < £yp™ +...+1p™ —1 < pH+ —1 < p™+! according to a reasoning similar to
the previous one.

Adding = p’s powers sum in the natural numbers which make up the product factors (z—1}
is:

(P A (T ) (M T )l = ke < k-1 < R
because n; > 1 = (z — 1) # Mp¥, this contradicts the supposition made.

= n,(k) is tha smailest natural number with the property (n,(k))! = Mp*.

I construct a new function 5 : Z \ {0} — N as follows:
n{£1) =0,
Vn = ep’...p% with e = £1, p; = prime,
n#F P fori#j, ai 21, i= n', 77("’) = mi,x{np.'(ai)}'
=18

Note 2. 7 is well defined and defined overall.

Proof. )

(2) Vn € Z,n # 0,n # *1,7n is uniquely written, independent of the order of the factors,
under the shape of n = ¢pf* ... p2* with € = +1 where p; =prime, p; # pj, o 2 1 {decompose
into prime factors in Z =factorial ring).

= Tn(n) = max{rn(os)} as s =finite and n,,(a) € N* and Imax{n,,(e)}

(b) 7 = %1 = Jin(n) = 0. =

Theorem 2. The function i previously defined has the following properties:
(1) {n(n))l= Mn, ¥n € Z\ {0}
(2) n{n) is the smallest natural number with this property.

Proof.

{a) n(nj = gg{np.(ai)}, n=e-pf..pl, (n#F L (o))l = Mpl, .. (np,(e0))! =
= Mp3-.

Supposing max{ny, ()} = p, (i) = (o, (i0))t = MPL®, mpo{cti,) € N~ and because
(pepi)=1,1# 7,

= (1, (i)l = Mp7, j =1,

= (py, (0ig))! = MpS ... p.

B n=21=n(n)=0;0l=1,1=Me-1=Mn.



(2) (a)n#il#n:ep"f‘...pf‘=>17(n)=in_1ia_xr;,,‘..
=132

Let = gr_lg_f{np‘(af)} =Ny (0), 1<i< s

piq (0, ) is the smallest natural number with the property:

(i, (@)t = Mp° S VY € N, v <y (@) = 7! # Mpl® =

2> # Me-pf . pa® .. g% = Mn.

e, (@i, ) Is the smallest natural number with the property.

(b) n = £1 = n{n) = 0 and it is the smallest natural number = 0 is the smallest natural
number with the property 0! = M(£1).
Note 3. The functions 5, are increasing, not injective, on N* — {p*lk = 1,2,...} they are

surjective.

The function % is increasing, not injective, it is surjective on Z V{0} = N\ {1}

CONSEQUENCE. Let n € N*, n > 4. Then n =prime < n(n) = n.
Proof. -

”

=7 n=primeand n > 5= n(n) =n,(1) = n.

7 <=7 Let n(n) = n and suppose by absurd that n #prime =>
(@) or n=pf* ... px with s>2, ;€ N*,i=T1,5,

7(n) = max{n(a:)} = 75, (0) < @ioPio < 1

contradicts the assumtion; or
() n=pl* withay > 2= n(n) =, () <pr-an<pd =n
because a; > 2 and n > 4 and it contradicts the hypothesis.
Application
1. Find the smallest natural number with the property: n! = M(£2% - 3%7. 713),
Solution
P2 - 377 7%) = max{m(31), m(27), m(13)}-
Let us calculate n2(31); we make the string () en- = 1,3,7,15,31.63,. ..
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31=1-31 = (31 = ny(1-31) =125 =32

Let’s calculate 75(27) making the string (a{)uen- = 1,4,13,40,...; 27 =2-134+1 =
) o213 41 1) =2-m(13) + Lo pe(1) =2-33 +1-3' =54 +3 =5T.

Let’s calculate 77;(13); making the stricg (a7 )aen+ = 1,8,57,...; 13 = 1-8+5-1 = n{13) =
18 +5-77(1) = 1- 724+ 571 = 49 + 35 = 84 = (2% - 3%7 - 7'%) = max{32,57,84} =
84 = 84! = M(£2%' - 377 . 7'%) and 84 is the smallest number with this property.

2. Which are the numbers with the factorial ending in 1000 zeros ?

Solution

n = 10190, (p(n))! = M10'°® and it is the smallest number with this property.

7(1019%9) = 7(210%0.51000) _ max {7, (1000), 75(1000)} = n5(1-781+1-156+2-31+1) = 1-55+
1-52+2.5%+1-57 = 4005, 4005 is the smallest number with this property. 4006, 4007, 4008, 4009
verify the property but 4010 does not because 4010! = 4009!4010 has 1001 zeros.
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