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Abstract-Resumen

In this paper we give some formulas for the number pi

En esta nota mostramos una coleccién de férmulas para la constante pi:

—4<1 1+1 1+1 >—3141592
= 3tz =715 = 3.

Introduccién
Descripcion y Notacion:
En las formulas (1)-(2)-(3)-(5)-(10)-(11)-(18)-(19)-(20)-(21)-(24)-(25) , aparecen los
numeros de Bernoulli B, :
B = {1 1 1 1 5 }
" 16730°42°30°66"
En las formulas (6)-(7)-(8) , aparece la sucesion:

2

w, =Im((L+D)") = Y (=1)F (Zk”jr 1) neN
k=0

[n—l

{u,} ={1,2,2,0,—4,-8,-8,0,16,32,32,0,—64,—128,—128, ... }
El simbolo de Pochhammer es:
(@), =a(a+1D(a+2)..(a+n-1), (a)g=1

Los numeros H,, , se definen como:

| =

H, =
k=1

Siz=x+iy ,x,y€R,i=+v—1,entonces: Re(z) =x ,Im(z) =y



En las formulas (26)-(27)-(28)-(29)-(30)-(31)-(37)-(38)-(48)-(49)-(50) , aparece la funcion
hipergeométrica de Gauss:

- a), (b
F(a,b;c;x) = (();—()'" x™ x| <1,c#0,-1,-2,..
e c), n!

que es solucion de la ecuacion diferencial
x(1=x)y +(c—(a+b+1)x)y —aby=0
Una representacion integral para F (a, b; c; x) , €s:

Ir'(c)

T J te 11— 211 —xt)Pdt

F(a,b;c;x) =

donde Re(a) > 0,Re(c —a) > 0,|x| < 1,y I'(x) es laclasica funciébn Gamma.

En las formulas (68),(69),(117),(118),(119),(120), aparecen las funciones de Bessel:
Vs

1
I (x) = fcos(xsinH—n@)d@ ,nEZL
0

d*w dw
27 —_— 2 _ n2 = =
X 12 +xdx +(x*—nHw =0 ,w=J,(x)

En las formulas (74)-(75)-(76) , aparece la funcion Gamma incompleta:
X
v(a,x) = f e ttvldt ,a>0
0

nok
X
y(n+1,x) =n!<1—e"‘ ZF> ,n=0123,..
k=0
dzw+(1+1—a)dw_0 (@)
dx? x Jdx WEYX

En las formulas (83),(84),(90),(91), aparecen los nimeros de Euler:
E, = {1,5,61,1385,50521, ... }

Formulas



B 3 i )n—126nBZn_1a4n—
L r=7 Z (2n — 1)(4n — 2)!

donde a = 0.888539 ..., satisface la ecuaciéon: tanha = L tan a

V3
2 ~ 1 i )n—126nB2n_1a4n—2
2 p—

(2n—1)(4n — 2)!

donde a = 1.091769 ..., satisface la ecuacion: tanha = (V2 — 1) tana

(3)

B 3 i 1)n—126nBZn_1a4n—
8L (2n—1)(4n—2)!

donde a = 1.266367 ..., satisface la ecuacion: tanha = (2 —v3) tana

o1
@ 7=6) s, @y, (D) (@h)
n=0

donde
U,+1(a) = 2au, (a) — 2nu,_1(a) ,ug(a) = L,u;(a) =2a,a €R
Vp41(b) = 2bv, (b) — 2nv,,_1(b) ,vy(b) = 1,v;(b) =2b,b ER
1/2

2abx — (a® + b?)x?
I,(a,b) = f x™ exp| — T dx,n=0,12,3, ..

0

Sia =b =0, entonces (4) se reduce a:
_ 3 Z (1/2);
2n + 1)!

~ ad (_l)n—122n (ZZn _ 1)Bn
=2 Z n (2n)!

(5) Im(z*")

donde

z=In(p + /o) +i tan'(/p) , (p—1+\/_




P o
(6) ”=1225< ) Z( D" (50 + 1)

n=1
S I
7))  w=12 ” ( > ) D D (5 1)
n=1 =0
o
® m=4 ZE(E) kZO D" (314 1)
9 m=4-4 Z);tam‘1 <ZZZ:§> =4-4 ni;tan‘1 (Z—:)

donde

i 1 3+1
Zn+1=1+n+2<1——>'21= 2
n

app1 = (n+2)(a} +b7) — (n+ Db, (af 1 + b7 )
b1 = (a; +b7) — (n+ Day(ai_y + by_q)
apg = 1,b0 = 1,a1 = 3,b1 =1

Zn
(10) mw=2 Z 2B )

(2n )'
donde
z =1.93737197 ...+ i 1.04467026 ...
z, — (1 +i)sinz, o
Zn4l = Zp — 1 +1Dcosz, ,Zy = 2+1 ,gl_r)?ozn =z
(11) =2 z - 1):222;3 Im(z*")
donde

z = 1.04467026 ...— i 1.93737197 ...

B z, — (1 +i)sinhz, 19 1 B
Zn+1 = Zn 1—(1+41i)coshz, P41 = bR =2

4



(12)

donde

(13)

donde

(14)

donde

(15)

donde

(16)

donde

tanh 1 - Im(z
7T=4tan‘1( )—4 Ztan‘l (Zn)
tan 1 ] Re(z,)
n=
—1 i (1 1) __3-—i
AT T T D+ z,) T3

tanh 1 - Im(z
n=4tan_1( )+4 Ztan_1< ( n)>
tan 1 P Re(z,)

14 i (1 1) _ 3+1i
i1 = (n+1)(2n+3) Z, A= T3
=4 Z(—nn—l H, Im((z — 1))
n=1
z = 0.641026 ...+ i 0.523628 ...
N 1+i
Zn+1=(1+l)" 121 = 2 "rll—g;loznzz

T=6 Z(—l)"-l H, Im((z — 1)")
n=1

z=0.800814...+10.416047 ...

i\™ 1+i
Zn+1=(1+—) ,Zy =———,limz, =z

\/§ 2 n—oo

T=8 Z(—l)"-l H, Im((z — 1))
n=1

z=0.874399 ...+ 0.339395 ...



1+l .
,lim z, =z
2 n—)OO

_1\n-1 >
a7 _42( 2 (1—xn)2+yn Z 1<1+x>

n=1

Z nrt Yn Z . < Yn )
-4 tan
14+ 2+ (1 —-x)2)" —2x, 4 1+x,
n=1 n=

Zu = (1+i(V2 - 1))

donde
Xn+1 =_xxn_(1_x)yn yYn+1 = (1_x)xn_xyn X1 = XY = 1-x
0<x<l1

Ejemplo: x = 1/3,

(e¢]

_42( 1)7111+(5/9)n—2x Z (1+x)

n=2

1 2

Xn+1 = _§xn _§yn

2 1
Yn+1 = §xn - §yn

f1="3 Yy1=3

(18) T =4 tan~ (smh x) i (2" = 1B, x*" < (—1Dk (Zn - 1)

sin x - (2n)! o 2k + 1\ 2k
0<x<m/V2
® o2n-1 _ m 1 Nk
(9 mozay DB O o
; (2n)! La2k+1\ 2k
n= =

donde x = 1.280021 ..., es solucion de la ecuacién no lineal: sinh x = V3 sinx

[’ n—1
(200 w=16 ) @7 — DB 2 N (CLF G
@l LZk+IN 2k
n= =

donde x = 1.614027 ..., es solucion de la ecuacion no lineal: sinhx = (V2 + 1) sinx



0 n—1
B @21 — 1B, x?" 0 (=D 12— 1
@h  m=12 Z 2n)! L 21+ 1( 2k )

donde x = 1.954759 ..., es solucion de la ecuacion no lineal: sinhx = (2 + v3) sinx
n+1 [n/2]

(22) n=2+;(n+1)<%> ;(_1)k(271k)(2k11+2k1+3)

nt1 /21 k

e r-2iSon @) Y (D B

(24) Im(z*"2)

d 4n(24n -2 _1)an 1
Z (2n—1)(4n - 2)!

donde
z =10.791035...4+i0.501872 ...
z , es solucion de la ecuacion no lineal:

coshz—(1+4+i)cosz=0

*© 24n 24n —1)B
(25) 7w=8 z ( Bz Im(z*")
n=1

(2n)(4n)!

donde
z =1.159277 ...+10.482198 ...

z , es solucion de la ecuacion no lineal:

coshz cosz — (1 —i(vV2 - 1)) =

(26) atw

= o D (tan(a m))%**1F(n, 2k + 1; 2k + 2; —tan(a )
- 2k +1
® o 1yk-1



1
0<a<-, neN

4
O (=DF (tan(a m))ZH! tan(a 1)
@7)  am= — 2k +1(1 + tan(a m))" FlnLizk+27 + tan(a m)
(—1k? n+k—1 (tan(a m))**!
+Z Kt 1 )1+(tan(a7r))2F (1 (Sm(“”))>
0< <1 eEN
a Z, n
(28) am
- (-1DF [ tan(am) tan(a )
B _02k+1 1+ tan(a ) 2k + 1,2k +2 = n2k+21+tan(an)
S (=D k=1 e (kL k+1 k+3
) ey (T D em@my (S5 Gin(am)’)
0<a<o N
a<Z, ne
(29) 2\/_2( D3 ( 2% +1; 2k + 2; 1)
"= 2k+1 " ' T3
+6Z( DE oy +k—1)(1)k+1F(1k+1_k+3_ 1)
k+1 V3 T2 T2 '3
n €N
n+l oo
2(\/3 —1)k37k 1
(30) = (\/_) - ) F(n,1;2k+2; )
(1+v3) & 2k+1 1++3
z( 1)" ! n+k—1)(1)k+1F<11_k+3_1>
2 k+1 \/§ 14 2 )4
n €N
* (—l)k 1 2k+1 1
31 7T=6Z ( ) F(2k+1,2k+2—n;2k+2; )
GV 2k+1\1++3 1++v3

+62( 1)k-1 n+k_1)(1)"+1F(k+1 k+1_k+3_1)
k+1 2 2 7 2 7 2 4



(32) an—Z( 1)n (2”)2 2§ D

(33) am= i(—nn (Zr:‘) -2
n=0

donde

2(sin(am))™ /1 — sin(amn) N 2n

I, =—
n 2n+1 2n+1

I,_4 ,m€EN

Iy =2 (1 —1- sin(an))

0< <1
<3

o ems S @S (-3
n=0

N n —2n N (— l'«:+2

(35) T =12 ;(_1) (2711)2 ) > 2 < )

] g
@) =16 ) (- (32 2(:3]; (1) <1 B (1 - _ﬁ> )
n=0 k=0

- sin(am))2k+1 1 1 3
(37) Z "+" 1 %F(—n+§,k+§;k+z;(sin(a7r))2>
k=0
1
O<a<E,nEN
N +h-1) (1/2)%+ 1 1 31
38 62 (" F(— k4= k+ ——)
(38) £ 2k + 1 nAg kgt y
neN

9



(39)

(40)

(41)

(42)

(43)

(44)

(45)

(n) (—1)ka‘k‘1 sin ((k + 1)7T>

k k+1 4
n=0 k=0
a>1/V2
_, ey (DFa kTt ((ke+ D
= Z (k) k+1 oM T3
n=0 k=0
a>1
oo my (DFa R e+ D
T=26 Z (k)—k+1 sin —6
n=0 k=0
a>1/V3

(_1)k k+2m+1 _ (k 2 1)
() () T on ()

0<a<0.66338..

> (1) () G g (2

0 <a<0.53568..

4 27\ 1 - 2(8n +2)72
(4n+1) (Zn) T 14+ 9(8n + 2)2
n 1+ 25(8n + 2)—2
143906+ 2)2
1+ --
n=0123,..

10



donde

(Vo=v2)/a 2 (8 2)3
x(8+x°)"
b f G X m=0123,..
N /D0 (/D(-1/12), 4 (- 1/12),
T4 (2/3)n-12/3) (= k) k!
e CDM(A/2),(-1/6),
(46) =12 ; o I
donde
(V6—v2)/4

x\2n (4 — x?%)3n
In B f (Z) mdx yn= 011,2,3,
0

' (—1)"(1/2),(— 1/6),
47) nm=8 ; o )

donde

V2—2/2
~ X\ 21 (4_ _ x2)3n q B

(48) 7T=3Z(zn)4n+1F(——,2n+—;2n+—;——)

n 2 2 2 4
n=0
_ N ony 274 ( 1 1 3 1)
(49) n_ZﬁZ)(n)4n+1F S 2nt o am ;=
n=

3V3 & 2my (3/8)% 1 1 3 3
(50) =m= Z(n)4n+1F(_§’2"+E’2n+§’_Z)

11



. ein/3

(51) m=—12i Z j e *(1—xe™)"dx
n=0 yin /4
ein/3

= —12i izn:(_l)k (Z) f xke—Ue+1x g,

n=0 k=0 eim/4

(52) mw=24 Z a/ ?)" Z (Z) 1)f Im(z3k+1)

donde

3
Il
o
=
Il
o

z=1+i<2 /2+\/§—2—x/§>

 (1/3), 0 my (1% (Bk+ Dn
(53) "2242 nl Z(k)3k+1sm< 24 >

(54) 1=4 i% (3) (-1 — @y sin (k—”)

4
n=1 k=1
a” av2+1—i "
-4 Z—Im
L m (14 a®)V2 +2a

0<ax1

(55) 7T=g /%mz Z(—nn(é)znzn

donde a = 0.76903994 ..., es solucién de la ecuacién no lineal: ¢ — /% +a? tana =0,

a
I, = f(sinx)zn dx ,n=0123,..
0

P T B T "+2n—11 .
" T 2an |25 T4 \T¥50a2 2n m1om
Ioza

12



B o (_1)n o ) .
(56) =4 ;(zm STt ;tan L(a™)
donde

1 1/3 1/3
= §(1 +(19-3v33) " +(19+3V33) ") = 1.83928675 ...

AN (1" NI
(57) 7r—6;(2n+1)(a2n+1_1)—6;tan Lg™)

donde

1
= ﬁ(l +(1-3v2+3v3) P+ (1+3VZ + 3\/§)1/3) — 256088267 ...

N D" N
(58) =8 ;(2n+1)(a2"+1 58 ;tan (@™

donde

2 —3V2)b~/3 + b1/3) = 3.25133913 ...

1
“3vz—p

b=-98+72V2+ 3J3(744 — 526v2)

_ .\ (-1 N 1
(59) mw=12 ;i;(271+_1)(a2n+1 5 12 ;i;tan La™)

donde

———(1-(3V3-7)b71/3 + p1/3) = 459216986 ...

1
“3(2-V3)

b =361—207V3 + 3\/3(9554 — 5516V3)

(60) Z —-1)" Slnh( ) Z n+ 1)| (:i/_;>




tan (

T ==

Zn (22n _ 1)B

(62) m=06 iZ(n _}_)nltan< ) i (2n)! ta _1(3 n‘/_)
n=0 =i
69 n=e > o ()6 3 () 2 ()

n=0

(64) T=6 Z (Zn) 22__2:1 tan !(272" 1) -6 z 2(7_11)711 sin~1(272"1)
n=0 n=1
N Cr
(65) =8 -
" Z 2n+ 1) ((VZ2+1)" +(V2-1)"" - 2)
-8 » ntan ! ((vV2-1)
Z ((z-1)")
° —Dr(VZ-1)"" 1+ (V2= 1)
(66) m=38 ( ) ( ( 2n+1 )3 )
= (2n+1)(1—(ﬁ—1) )
-8 2tan~! (\/_ 1)
Z ((vz2-1)")
- i ~r(Vz-1)"" (1+a(vz- )" + (V2 - 1))
= 2n+1) (1 (V2 - 1)2"“)
tan_1 (\/_ 1)
o k
_ —D"(2n + 1) 3n—k
(©®) - kZ Z 2k—ant1 Jet (ﬁ)
o k
(69) = Z Z(Zi) (22:':11) 2n+1(22n —2k— 1)+]2n+1(32n —2k— 1))
k=0 n=0

14



n 2k+1

°° (-1/9)*(V2 -1
(70) m=8 Z;)(—l)" (Zf)k z (21— ) 21(< +1 )

=[n/2]

) n (_ 1/4)k 2 —\/§ 2k+1
(71)  w=12 ;(—1)" (2,:1) 422] (26 - ) 21(< +1 )

=

n

(n) (\/i _ 1>n+k+1 Im(i"+k+1)

(72) m=16 ZO(—D" (Znn) KW\ 72 n+k+1

(73) =24 i(—l)" (*™
n=0

k=

(=]

n

(n) (2_\/§>n+k+1w

k 2 n+k+1
k=0

(74) s

o O (2n — 2k 4 1)~@k+D 1+ iV3
=6;k=0 GF D Im<y<2k+1,(2n—2k+1)< _ >>>

oo (2n— 2k + 1)@k 1+i

(75) n—SnZ(:)k:O TR Im<y<2k+1,(2n—2k+1)(ﬁ>>>
(76) T

o O (2n — 2k 4+ 1)~@k+D <\/§+i>
=12 m| y| 2k +1,@2n—2k+1)

;k=0 2k + 1)! ( ( 2
(77) s
_ N n(2n C n 1 \/5—\/fn+k+l, 3r(n+k+1)
_122;(-1) (n)kzo(k)mm)( _ ) ( - )
(78) s
_ N n (21 C n 1 V2 -1 n+k+1, 3r(n+k+1)
_16;—1) (n)kzo(k)mm)( : ) ( - )

15



(79) T

~ ) 2n 1 3WVZ-ve\"" Br+k+ 1)
242( b ( O()(n+k+1)< 12 ) Sm( 4 )

2n+1

(80) T = Z ( T 1 (sin((Zn + 1)x) + (—1D)" cos((Zn + 1)x))

vZ-1)"" ¢ 2n+1
Z ( ) Z(—l)k(sin x)%* (cos x)?n 2k ( ) sin x
2n+1 - 2k+1

+(—D" (an-;; 1) cos x)

Ejemplol:

ParaA =8,x=m/2,yA=8,x =0, setiene:

) 2n+1
":82(_1) (V2-1)

2n+1
Ejemplo2:
A=12
3 V3 1
sin x §—7+§ 6vV2 —7
3 V3
= |z—-——-= 6vV2 — 7
COosS Xx \/; > \/_
7T< <
; <x<m
Ejemplo3:
A =16

16



sinx=%(1+\/§)\/5+4\/§ 2\/x/§—1— /2(x/§—1)— /4\/77_5

17293 — 12228v2 — 15084+/3 + V2 + 10666 /2(3 +2)

1451 — 1026V2

+

cosx =~ (1+2) 5+ 42 | -2 VE-1+ [2(VZ-1)+ 7S

17293 — 12228v2 — 15084+/3 + V2 + 10666 /2(3 +2)

1451 — 1026V2

+

Ejemplo4:

1
sinx = o= |11 = 6V3 (7 + 43) \/39(12+6\/§)—2/143+78\/§

+13(2v2 - V6 + r)>

cosx = — ’11—6\/5(%-&-2\/5) _2\/§+\/6+2\/11 136@—\/3(11:36\/§)+r

donde

\/6411723 —3701810v3 + 464812+/66 — 36vV3 — 80507822 — 123
’r =

3569521/3 — 618259

17



Ejemplo5:

—1++10++v2V10-5
2v/3

—14++/10-+v2V10-5
2v/3

sinx =

CosSx =

0<x<™
X3

- 1 \/_l "
nx

81 =6In2—-12 Z—f
(81) T n n! +x2
n=1 1

o (—Dnt ﬁ(l )"
3 1) nx
(82) 7T—6ln§+12 El i f1+x2dx
n=

1

(4+V7)/3

4o N CDTE, (x* ~ Dnx)>"
(83)  m=4-9 ; f x2/46x2 — 9(1 + x%) §

o (-1 E, (1nx)2n 1/x2 41
(84) 7T=6n=1 @n =D f ( 2_1>dx

u
n

- x
_ _1\n — ,2—/3 _
(85) m=12 ;:0,( D of 1+ (In(1 + x))?2 dx u=et -1

[o'e) u
xn
= = —_ _2+\/§
(86) T=12 Z)fl+(ln(1—x))2dx au=1—e
n=00

(87) n=4zof +(1n(1—x))2dx u=1—el

n=0

18



x"(1 — 2 1
(88) n-lZZ( +1)f2 (2 f)z xu=1-—

o u
x™(1 —x)? 1
(89) n—6—2@+62(n+1)]mdx ,u—1—ﬁ
n= 0

(90) 7T=6\/_ln(1+\/_)—31n2—6+3\/_

(- LE, x(1+x2)(lnx)2" -2
+1ZZ (2n—2)! f 6xZ—1—xt

V3
D*E,  (1+x2)?(nx)?"2

(91) n—6\/_ln(1+\/_)—31n3+6z((2n 2)| x(6x2 —1— 29

92) n—31n(§+4u) 122( 1)n 2- anu

1
u= —\/—263 —160V3 + 8J2321 + 1340V3

4
o9 m=an(T) sy (2) ()
e R 16) \n /)
n=1
n
5+ 4u ny (—1)k N 4k
e =tn(5=5) + 2. () ((1+5) ~(1-%)
k=1
1
u= Zj—263 —160V3 + 8J2321 + 13403
o 3/4
2n x™
(94) 7T=31n2+122( )2—2"f dx
n 5—4x
n=1 1/4

n

09 w3 Y (M) (m2e X OG- @)
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(96)

(97)

(98)

(99)

(100)

(101)

(102)

(103)

(104)

(105)

n=0 0
. 2v2-2
1 xn+le—x
=32 EE:—— d
T n! f 41+ x4 &
n=0 0
o \/§_1
1 xn+1e—x
— 48 :E:-— d
T n! ,[ 4+ x4
n=0 0

o V2
2n+1
o3 Z . 1 f (tanh(x/2)) s
= 0

n+1 4 + x4
n
00 \/§_1
1 (tanh(x/2))?"+1
T =96 Z dx
2n+1 4 + x4
n=0 0
o V3-1
_ 18 Z (_1)n (tan X)2n+1 p
= n+ 1 41 xt K
n=0 0
I x/§ 1
3 (sm x)2n+1
= 4+ xt dx
n=0 0
V3-1
Z —1)n2—%n <2n) (sinh x)?"+1 p
2n+1 n 4 + x4 x

n=0 0

2n+1 cosh x

& 1 X
=4
& 82:4)(2n+1)!f4+(sinhx)4 dx
n= 0

u=MC@—1+/5—b@>

20




(106)

(107)

(108)

(109)

(110)

(111)

7T:2+4z d 'u:2+\/§

1 (x2 + 1)(Inx)2n+1
=4 E n
2n+ 1)! T+ 2x — x2 (x2 — 1)3/2
n=0 o

1++5
2

v=1+2

)
ETE R o (O

u =

= 6(V6 - J7+1mn<

/1@\
n=4m—4m_81n N
=
8 i(‘”‘)zm Z (D" (Zn— ><(1_L)k+§_<1+i>k+g>
oy 2n & NG 5
el o 2
+24Z< )2 —4n ( 1)];<anc—1><<1_\/g;ﬁ>k+

\/g_ﬁk+7>
(1)

21



. 2 (1) K+ k42
amn=s 30 e (0 -0))

(113) =2 nEZO (;Z i i) z:: (—1D* (2n) << N 12)k+2 ~ (1 B 12)k+2
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