Mathematical Formulas:Part 1

Edgar Valdebenito

abstract

In this paper we give some formulas related with the constant pi:

m=3.1415926535 ...

1. Introduccion

Notacion
N={1,2,3,4, ..}, Ng=N{J {0} (1)
funcién zeta de Riemann:
{(x)= in‘x ,x>1 2)
n=1
funcion zeta alternada:
= i(—l)”*1 nr, x>0 3)

n=1

4
s,cz\/Z—\/2+\/2+...+\/? , k —radicales, keN @

5
ckz\/2+\/2+\/2+...+\/7 , k —radicales, keN ©)

(@oy=1, (@,=ala+1)(@+2)..(a+n-1), neN 6)
1 n
e= lim[l + —] =2.7182 .. (7
n—oo n

1

© g @ n a2 1 In(u)
Lip(2) = — = ( )—:zf du, 0<z<1 (8)
;n ;nZ”; k) 2 0 1-zu

Ly
H, = -, neN 9)
I;k

n 1
H=Z}; n,meN (10)
k=1
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nimeros de Bernoulli:

P
6 30 42 30 66 2730
constante de Catalan:

~ ) (_1)11

= 2n+1)?

1 1

y= lim(l + =+ + = —1nn]:0.5772...
n—oo 2 n

funcion gamma:
F(x)zf et ldx, x>0
0

funcioén Psi:

d
Y(x) =T"(2)/T(z) = — In(T'(x))
dx

II. Formulas

i 2k-1 2m-1 i(_l)nil 2
=343 6 Q4462 Y e,
P 362 - 1

n=1

{*(x) es la funcion zeta alternada

m Seal A o (22n _ 1) (2(2n—1)(m+1) _ 1){(2 n)
1+ =2" Z , meN
pr Chsl 5 22 n(m+2) (22 n—1 _ 1)

£(x) es la funcion zeta de Riemann

= (22" = 1)¢{2n)

n[1+isk”]=4z

22n (22n—1 _ 1)

k=1 Ck+1 n=1
70 © (—1)! Trn o (1)1 87n
—_— T = sen; = sen
2197 Z: n ( 13 ] Z; n [ 13 )
10 © (=11 3an) & (=1t 57an
—r sen( )2 sen[ )
343 z‘ n’ 7 Z‘ n’ 7
140 w (=1)*! 5mn ® (1)1 167n
—7‘[3: sen( ): sen( )
6859 Z: n 19 ; n 19
28 i(l/2)§,(2n+ 1) (84n% + 164 n + 81)
b/g _n:O 26 (n1)3 (n+ 1)2
V2 ((r(1/14))2] i(—sn)g (1/2), (10/7), (343 n> — 11)
_— | =11-=
s /7 201y} (1/28), (15/28), (281 + 1)

(1D

(12)

(13)

(14

(15)

(16)

an

(13)

(19)

20)

@n

(22)

23)
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sen(a) sh(b) + cos(a) ch(b) + sen(b) sh(a) — cos(b) ch(a)]
(24)

& 1
z + Ztan"l(—] = tan"l[
4 5 n* sen(a) sh(b) — cos(a) ch(b) + sen(b) sh(a) + cos(d) ch(a)

aV4+2vV2 , ava-2v2 25)
- 2 0T 2

7.[2 2 m 2 (26)
:. ()
32 "1*"0(n+1)2ZZ [n+l) n+1

k=1 m=k+1
Sean:
F(a) = ff dxdy, 0<a<1 27
0 (1+x2y*a®) (=In(x y)
0 4 + 1 a4/l+l 4 +4 a4n+3
G(a):l_[[ ! ) [ ! ) ,0<a<1 (28)
_o\4n+2 4n+3
se tiene:
1 1 1 1 T 1 1
- F(—] + = F(—) =—+ ln(G(—] G[—D (29)
2 \2 3 3 4 2 3
2 1 1 1 /g 1Y)? 1
55 )l <) o
3 3 7 \17 4 3 7
5 1 6 3 bg 1) 3 )2
G Az ) A5 a
7 7 79 79 4 7 79
o T 4
F + =—+In|l|¢| —|| 6| — (32)
3v3 \3v3 ) av3z ay3) 6 343 43
5 1 4 1 2 1 T 1Y I 1 2
) 515w a1l (5] (456) .
7 \7 53 33 4443 4443 4 7 53 4443
4 1 1 1 4 1 b/d 1 1 -1 1 —4
i) mls) w5l &) [5) () )
5 10 239 \239 515 515 4 10 239 515
44 1 7 1 6 1 24 1 7 1 -12 1 24
215 ) ) ma e Tl ) () () sl ] e
57 57 239 \239 341 682 12943 12943 239 682 12943
n=loe 2 e 2 © = cos(2m+1)2k" 1 x
ZS”Z Gk _ + > —1-222 ),neN (36)
4 i 22 -1 2?1 jomen 22 amm 22R@m+ 1 -1
Ejemplos:

V2 2 & ®© © cos (2m+1)2k3
"Vavz + 22 ZZ—) 37)
4 3

63 2% -1 immm 22 2m+ 1 -1
\/2+x/7 V2O 2 = 2 © @ cos(@m+ )2k
—\/2— 2+vV2 +7+———+Z ZZ—) (38)
3 15 255 mel 22F@m+ 172 -1
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2 \/ 2+ \/2+ 2 \/— 2
224V 24VD

+
15 1023

© cos(2m+1)2k5 )

1-2%%"

s 22KQm+ 1) -1

_ i (=D)k

k:Ok!(ak+n+c+1)

IrA+b)IT((n+c+1)/a)

al(l+b+m+c+1)/c)
a>0,b>-1,c>-1,neNy

VaT(n+c+D/a) 22"2m+ D! &, (-Qm+1)/2),

o kl@ak+n+c+])

aF(m+i+—n+c+l) Q2m+2)!
2 a
a>0,c>-1,neNy, meNy U {-1}

Vr T((n+c+1)/a) (1/2)

NgE

aF(]— _’””1) o k! ak+n+c+1)

5 Z
a>0,c>-1,neN,

N T(L+b)  22m+l ) o (=b),

MRem+b)  @m! SkQ@k+2m+1)
b>—l,meN0

rrfesst (e

ai

2

22k _

S S

a;, a,>0, ¢, co>-1, ny, np €Ny

1 +cp+1 1 +cy+1
alazf(5+—nl a )F(_+nzcz )

aj 2 a:

(agm+n +ci+ D(apxtk—m)+ny +cr+ 1)

2—2 k=2m—-1

e S e S
aZ(r(;‘+% =0 (ak+n+c+1)? P k41

a>0, c>-1, neN,

220 ml Ut (n+m)! &, (=2 n - 1)/2),

n=

em!Em)! K1 Qk+2m+1)

k=0
n, meN

ra+pmIr(m->b-1/2) 2m)!
N :22m—1m!k
b>-1,m-b>1/2, meN
[

\/7 X1 X2 e X gy 2 (k +x1) . (k + Xp)

(=b)
K Qk+2m—2b-1)

NgE

Il
S

I'xp)Tx) .. Tx,) 1/ K12k +1)

neN, x;,x, o, x,>0, X1 +...+x,=1/2

)( )(ak+a+n+c+1)(am +n+c+1)

(40)

(41)

(42)

(43)

(44)

(45)

(40)

(47)

(43)
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© 2121 2n—172-81) 44 = x2(1212n- 17 -81)°

a=11]] ]_[ (49)

n=1 T4 2r =D (12107 - 9)

@n-1*121n* -

(2n—1)2(121n -1 4 12172 = 1) (121 2n - 1)? = 81)

BT l—[ 0

=1l

11, n?(1212n - -25) acit 114022 n - D> (121 2n - 1)? = 25)
(n+2) 2 sen(r/(n+2)) x2
= sen( ]+2(n+2)f dx, neN 1)
2 n+2 0 )
1 —x
n sen(r/(n+2))  x?
7r:(n+2)tan( )—(n+2)f ——dx, neN (52)
n+2 0 a _x2)3/2
(n+2) 2n > 1/2), T 2k+3
= sen( ]+2(n+ )Z ( ( )) ,neN (53)
2 o K12k +3) n+2
i (3/2) SIINRTEE
=(n+2)tan( ) (n+2) ( ( ]) ,neN 4
o k1 2k+3) n+2 59
1 & (1/2), 3/4)k!
T= 3\/_[ Py ‘ ] (55)
im0 K'Qk+3)

& (/2 sk

7r:2"s,,+2”z—,neN (56)
im0 k! 2k +3) 22k

7n°°[ Tn-4 V > (1/2); a2*+3
el

Ep— 4ny ———— , neN (57)
i Tn@k-1) §k1(2k+3)

) Tn-2 2
an:n(l—[ni)], neN
TnQk-1)

k=1

Pt o (1)1 nn 1
—=36Z sen(—),/\=3—+s—+s (58)
A4 = A 3
Sean
[e] (_1)”1
a=1+2 = =0.2720290549 ... (59)

F1+n* sh@)

et AT )

a=2)" (-1 (1-(1-2"2") 2 m) (61)
n=1
=1+2 = —— =3.1533480949 .. 62
Zl +n? thm) ©2
b=1-i +i) -y —1i) (63)
b=2+2 ) (-1 ¢@n) - 1) (64)

n=1
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se tiene:

Sea

se tiene:

b 1
Xpp1=In|—+ —x,|, xy=0 = limx,=n
a a n—-oo

Vpr1=b—-ae? , y1=0 =>limy,=n
n—oo

Zyp1 =bth(z,) , z1=b = limz,=nx

n—oo
= 11’1[— + - 11’1(— + — h{_ i ]]]
a a a a a
Tt=b-a e—b+a obraett
ad =b+r
/4
a+b=
th(z/2)
/4
b_a=7rth(—)
2

V-d=b+a)b-a)=n>
b
— =ch(n)
a

7% ch(r)

ab=
(sh(m))?

2 1 U 1

Sl

n

nn+ 1) ((An-22+1) = (mn+D>16n*+1)

—L2 i+ 1)+ 1 kzo((2k+2)2+1)(2(n—k)(n—k+1)+1)]

1]

+
el (4n? -1y ol Qn+1)*
1 = nX((4n-27%+1) © 2216172 + 1)

a=— —+ll_[

211:] (2n—1)3(2n+1) 4n:l (4}12—1)2

Ve
@=— ™ =17225981236 ...
4

—a e
PR

n=4ae®
m*=6Lis(e”!)+6Lis(1 —e') = 6In(1 —¢')
72 =6Liy(a) + 6 Lix(1 —a) + 6aln(l — a)

a=e" =0567143 ..., ae’ =1

72 = 6 Lix(z) + 6 Lis(1 — 2) + 18 (In 2)?

z= 2(108 +12 W)m -2(108 +12 «/ﬁ)fl/3

72 =6Lix(z) + 6 Lir(1 — 2) + 2 (In2)?

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

(74)

(75)

(76)

(7"

(78)

(79

(80)
81
(82)
(83)

(84)

(85)

(86)
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1/3
=1- (108+ 12x/93) (108+ 12\/93) ! (87)
6
7* = 6 Liy(2) + 6 Liz(1 - 2) + 9 (In 2)? (88)
1 1/3
——+—(44+12\/69) (44+12\/69) ! (89)
3 6 3
72 =6Lix(z) + 6 Lir(1 — 2) + 4 (In2)? (90)
1 13
(44+12\/69) (44+12\/69) ! 1)
T3 6 3
6x
7% =6 Liy(z) + 6 Lir(1 — z) + — (In 2)? (92)
y
x>0, y>0, 0<z<1, zZf=(1-2) (93)
= (sen(f))>" + (cos(0))>" T
=24 In(sen(0)) In(cos(@)) + 6 + 6 > , 0<6<— (94)
n=2 n 2
72 = 6 Linr(z) + 6 Lir(2") + 6 m (In 2)* (95)
m>0, 0<z<1, 2"=1-z (96)
1 X
n? =6Li2[ )+6Li2( )+ 6m(m—1)(nx)>? 97)
1 +x 1+x
m=2,3,4, ...,x:\”/1+“1+\/"’1+... ©8)
Sea
Lt
a=—¢e:°" =03517337..., 2a=¢" 99)
2
se tiene:
o COSX
7r=f dx (100)
0 a®+x?
1 poocos(ax)
= —f dx (101)
aJo 1+x2
2a w1 — cos(a x) 4q o (sen(x/2))?
r= f dx= f dx (102)
1-2a a? + X2 1-2a @+ x2
2 o 1 = cos(ax) 4 o (sen(a x/2))?
r= f dx— f dx (103)
1-2a 1+ x2 1-2a 1+ x2
co X Sen x
7T:2f —dx 104
0 (a2+x2)2 ( )
1 o x (1 — sen x)
=—- f dx (105)
a? (a +x2)

foo X cos(xz) (106)
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3 1 w g2l 2 (111 oo cos(ax)
ﬂ[-_ ]:_z 3 —_ ix
4 2 V&= 2k -1 1

oen o a 1+x2

o0 Moo Y COSX
x=2 f " dydx
0 2)2

2 o raxsen(x y)
n= f f dydx
1-2aJo Jo 1+x2

1 00 00
= —f f e Vsen(a y)cos(x)dydx
aJo Jo

formulas con nimeros de Stirling de primera clase:

(—1)“(%)2"1: i M(an+b,,«/7), meN

n!2"

n=2m
© s(n,2m-1)

- T\2m—-1
o3 - > (v T) men
n=2m-— *

donde
s, k)=0, VYn<k-1

sm+ 1, k)y=s(n,k—1)—ns(n, k), 1<k=<n

sm+1, )=-nsn, 1), sn+1,n+1)=s5(n, n)

xx—=D..x—-n+1)= Zs(n, k) x*

k=0

s(I, D=1,s2,1)=-1,52,2)=1,53, 1)=2,53,2)=-3,53,3) =1, ..

a, 22 1 0 1
B R S
WL AT 0 2 2 —2f T o
d, 1 0 -1 2 0
Xps1=Ax, , n=0,1,2,3, ..
x,=A"xy, n=0,1,2,3, ..
T 11n(e/x)
G+—=f dx
4 0 1+x?
T 11n(e x)
G——:—f dx
4 0 1+x?
T e In(x)
G——:—ef dx
4 0 & +x?
T o In(x)
G+—:ef dx
4 e & +x2
T il 1 i 1
—=In l_[ch( ) +1n 1—[(1+(—1)"th( ]]
4 we0 \2n+1 =0 2n+1
1—x? 1-x xlnx n© & 1 453 2(1-x)> I —x\*"
ln( ]+ +—:Z X [ ] ,0=<x<1
2(0+x%) \l+x) 1+ 4 Z@n+D@n+3)\1+x2 T+ +x)\1+x

(107)

(108)

(109)

(110)

(111)

(112)

(113)
(114)

(115)

(116)

(117)

(118)

(119)

(120)

(121)

(122)

(123)

(124)

(125)

(126)
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5 3 ) 2—4n+3—4n—1
—n7——In3-In2= _— (127)
8 4 Han+1)@dn+3)
0 2n+l (n')Z n+l n+1
ncos’lxzz—((l+\/l—x2] —(1—\/1—x2) ), 0<x<1 (128)
Zan+2)
T 00 2n+1 (n|)2
—cos”![— uy(m, k)
[Ep ( )- Lo (129
Unsa(m, k) = 2k 1 (m, k) = m? w,(m, k) (130)
uoim, k)=2, uy(m, k)=4k, m,keN, m<k (131)
22k—1 Bk o 1 n—1 oo 2k
—ﬂ2k=Z(——] Q2 k(n + 1))+Z— , keN (132)
Q) =\ 2k = 2kn?k 41
Vs & - 2
—=Z[ ) :(2n+2)+2 (133)
6 I 120 + 1
ﬂ' > -
il Z( ) g(4n+4>+z (134)
4n*+1
e~ Qk+Dy 1\2 1\2 e CkDH, 2k +1\2
el
T 2 Jin1 2 )ut1 (”l!)z m=n+1 2m
neN, keN
TS (=) (1/3),(2/3),3%"
—=>" P(n) (136)
4 o (3/2),,n!22”
2n
2n ( k ) 1 2n+2 k+1 1 2n+2k+1 1 2n+2k+1
P(n)=27 2(—] +[—] +2(—] (137)
o 2nt2k+1 5 7 8

T 1 1 1
- = —tan’l(—] - tan’l(—] - tan’l{—] (138)
4 X1 X2 X3

x1=\3/11+10\/311+10\/311+... (139)

xi 1 33
Xp=-—+-— [10- — (140)
2 2 X1
xi 1 33
y=-——-— [10- — (141)
2 2 X1
7T2 2m_n 2
—+{(4m) 24(2m+1)+2[ — ] , meN (142)
> (=1t > (-1 (2n+2
G+ Bn+1)= h{ ] (143)
; n §2n+1 2n+1

B(x), funcion beta de dirichlet
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/s
— =1+

Ve

T a (1
4_fo

1+x%e

& n!

+ x) e*

dx
2 x

Ve fe
4 Ji x(d+nx?d

,a=e" =0.567143 ...

1
dx

1! 2!

=1+ +

;(n+1)((n+1)«/ﬁ+\/hm) 2(2«/1_+\/5_) 3(3\/?+\/E)

n

k=

2
—] 5 hn+1 =

n!
hn=Z(k

n+1%h, + 0N, hy =1

(1/5),, (2/5), (3/5), (4/5), (3125)"

1/2), 3

/4),(5/4),n! \2304

~Yrm+k+1)

e =1

k )32k(4n+4k+1)(4n+4k+3)

n foo
4 e —2e"a+x)+@+x)7?+1

dx, a>0,b=In(1+a+b)

b=In(l+a+In(l +a+1In(l +a+..)))

— +1In

g (l+x
2

7T (e ]
—+In(6) =4 Z
2 n=1

In2= i:tam"1

7T o0
——n2= (—1)”tan‘l(

Im((x + i(1 = x))*)

e

Z = itan‘l{

2m+1

x(1 —x)]:

&> 1

— 4n

1-x 4n-3
42 [x4“_3+( ] ],O<x<1
o 4n-=3 1+x

! (27(4 n-3) | 34 n73))

-3

n+1
n=1 ((2}’1— 1)(2n2+ 1)+n]

T 1 & n+1
——-In2= tan’l(—] - Ztan’l( )
4 3

n=2

Cn-1DQ2nr2+D+n

n+1 +(—1)”]

Im((p + i(q — p)*)

1+ Re((x +i(1 - x))*)

],0<x<1

22m

g% +Re((p +ilg - p)*)

Sm o
=[1
Cm+l  p=1

1

+6 }’l2

(2m+2 _ 1)2

22 m+6 n2

], 0<p<g; p,geN

1

-—, meN
22m+4n2]

4
] =248 (6 4 e —dcpry) , meN

4
] =248 (6t e +4Cprr) , meN

+ ...

(144)

(145)

(146)

(147)

(148)

(149)

(150)

(151)

(152)

(153)

(154)

(155)

(156)

(157)

(158)

(159)

(160)

(161)
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_ 2 o n (7 2"
,,zg("" 2 ez e

1/2),

n=0\k=0
L/ P ()
—=- ]_[(k+2m n W e
n (m=-D1)
1
G=
1+ !
8+ 344
16+ 54
© G 1
- = -
16 2 4_ 1 .
12452 d
52 72041
2 G 1
16 2 4_ 3 .
3247 —
74112 zqu
LR € ) ="
- Z , meN
4 2+l | 4 Ge2m?
24 (5+2m)?

24+,

. (1+a)(1+a+x/?(a—1)) -

_:1n _ 21171f - (ﬂx
3 (1—a)(1—a+\/3_(a+1)) " a 1452
1+a¢?
y=———  l<a<vV3
V3 -a
@+12Qa-1Ba-1 ) a1 v
n=2In —422”(] dx+f
(@a-1’Q2+a)B+a) =l a 14+x2" a1+
1+2a 1+3a
u= , V= , l<a<?2
2—-a 3—-a

7= 1,{13_0) - gzn (sz 1+ IxZ”“ e f3‘/121/3 1+ lxzﬁ1 dx]
(67 -v3)/"
(67 )

T 1/\/7 (1 - 2x2’3")x2(3”‘1)

S A et
6 o 0 1 — x4 X+

2 sh(r/3 & 1 & 2
tan"l[i/)) = Z - Ztan_l[ ] + Ztan"l(i]
V3 — 18n2) o 9(2n—1)2

VT VT
tan‘l[i7 J— -+ Z( 1) ta

dx]

|11

(162)

(163)

(164)

(165)

(166)

(167)

(168)

(169)

(170)

(171)

(172)

(173)

(174)

(175)
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P
tarl_l(‘/7 Sh(”/4)) - X B ;tan_ [3271 ] nZl:tan (m]

t*‘(zh(/6>)——— ¢ ( ) ; (—)
an~ (2 sh(r Zan — nzl:an P

n=1

2sh(z 27! © 1 = 1
tan"l[¥] = % - Z:tan"l(zn+3 2] + Ztan"l(i], keN

22k+1 (2}’1 _ 1)2

Sk n=1 n n=1
T 0 \/? ) 32n—2 32n—1
—+Z:(—1)”"l tan~!| — =\/3_Z( - ]
6 = 3" En-3)G"3+1) @n-1DE*" '+
oo (_l)n—l
+ —Zta Z Hysp-1, meN
6vV3 V3 = nV3 ) = @n-1)3"
s ( l)nfl (27(2}171) +37(2n71))
—+ tan™ = Hyon1 eN

,,Z;‘ ( ) Z @n-1) S
T Im((x — 1 +ix)") o D" Im((x = 1 +ix)")
—+Ztan’][ ]:
4 o L+Re((x=1+ix)")) S n(l+1-2x+2x%) -2Re((x— 1 +ix)")

O<x<1

aV2 21 n K -1t Z r];
\/_=\/71n(2+\/?) Z( )23”22 ( )( )

6 prs HaemeDQk-2m+ 1)

Z—tan’1 \/2 2+\/7 _2_\/7 +i(2n)(_1)"71 sen(z)
4 n ) porn 4

2+vV2 -1 n=l
T 1 2\/?—3 ""(2,,,)(—1)"_1 (nﬂ')
—=tan | ——— |+ sen| —
Vio1 | Ve T

sz—z—\/? i(—l)”‘l (-1/2),
+

24v2 -1 et

=\/2\/2+\/7 ~2-v2 +tan!

V3 | & i=1/2),
I 243 -3 +tanl|,| — +Zisen(ﬂ)
3 2

o n'n

SC]’I( —

(176)

(177)

(178)

(179)

(180)

(181)

(182)

(183)

(184)

(185)

(186)

(187)

(188)



- + Ztan

n=2

- + Ztan—1

n=2

Im((-1 +9)")
(2" +Re((-1 +1)") ]

Ztan

n=1

Ztan

n=1

Im((-1 + (k= 1) iy")
(k”+Re((—1 + (k=1 ]

keN-{1}

V3 4 1) wRe+iy)) 6 i3

Ztan"l(ylm((i] Ztan-l

n=1 + Re((l + l)n n=1
Ztan

- + Ztan
n=2

4 n=2

[ Im((1 + )" ]
32)1 1 Re((l +i)2n—1)
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Im((-1 + l')2n—]) ]
22n—1 _ Re((—l + l-)2n—l)

Im((-1 + (k- D))*" 1

k2n—1 — Re((-1 + (k_ l)l')Zn—l)

Im((1 + i)2 n—l)

(\/3_ + 1)27171 —Re((1 + i)2n—l)

Im((1 +9)")
Im((1 + 271
[42" ! — Re((1 + l')Zn—l)]

(3 - ‘/?)2”_1 Im((1 + 2"

o [ VI masn ) x|
t - —
Zl " 2" + (3 - \/?)n Re((1 + 1))

n=

n=4 Z(—l)” tanl[

n=0

K — 22n-1 _ (3 B ‘/?)2 n-1

L+ (=1 20702 ]

co n (_l)n 1+(_1)k
n—2k+1

2(3‘_1)/2 JZ n—2k+1

23 4 (=1 2612

—2n+1

(- l)k 1+ (_l)k—n 2(3"*“_1)/2 2n+1
27 (12l

n=4 itan‘l[

n=0

donde

A1 =A3-34,B2, By =342B,- B,

a,beN, a<b

BB 424, B,
B 4 b A, + A2 - B

A():a, Bozb—a

~8 31
T VIZ(; an (2+\/?)

Re((1 +i)*"")
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(192)

(193)

(194)

(195)

(196)

(197)

(198)

(199)

(200)

(201)

(202)
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-
. ( 2-VZ )
7=16 ) (1" tan™" .
n=0 (2 +V2+ ) ( -V2+vV2 )
o0 ( )3"
= 2k+2 Z(—l)” tan‘l( i ] , keN
=0 C+e)’ -2-¢)”

00 1}’[ 1
n= 42( )f(ln(1+x2))"dx
0

!
n=0 M-

1 1 (In(1 + x))" 1 2 (Inx)" 1 ph2 'y
f(ln(1+x)) dx:—f —f“:‘f dx=-f L
0 2Jo \/; 20 o1 2 Jo \/ﬁ

}’IENO
o0 (_1))1—1 0 .
(1+x) 'a
= e X
; n! j;( )
© ) 1 peo(e 1) 1 (e = 1) L pin (=1
f (e(1+x2)‘_1)"dz)c:_f —”“:_f 7dx:—f ——dx,neN
! 241 Vx 292 Vx—1 20 xx(1-x)
x2n
P 42( v'H, | ———dx
= 0 In(1 + x?)

2n 1 )1171/2

1 x 1 x" 1 p2(x—112 n2 (e —1 e
f—dx:—f —dxz—f—dx:f —— dx, neN
0 In(1 + x?) 2Jo \x 1 2J1 Inx 0 2x

2n+l1
& L+ 2+2x%+x4
= 42 f Inf —— dx
Cn+1)! 2

=0 1+x
2n+l1
| [1+y2+2x2+x*
fln— dx=
0 1+x2
2n+1 2n+l
1 pi 1+42+2x+x? 1 1 r2| |1+ 1+ 1
—f Inf ——— —dx:—f In dx
2Jo 1+x Vx 2J1 X =1
I’IENO

dx

2n
f 2+ x2 +\/3+2x

o 0(Zn)'

2n
fl 2+x2+4/3+2x2
In ——
0

2

dx=
1+x

e (24x+vV312x )V 1 e (1+x+vis2x )V 1
—f | "7 —dx:—f In| dx
0 1+x 1 x V-1
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2n+l
=4 f[ ( ]] dx
;2n+1 1+ x?

1 1 2n+1
[ (th( ]] dx=
0 1 +x?

1 1 1 2n+l 1 1 ) 1\)\2n+1 1 1 1 1
- f (th[ D —dx=- f [th[—]] dx=— | (th@)>?*"™! ——
2 Jo 1+x Vx 2J1 x x—1 2J12 xVx(x—1)

1(1+ 2)11 1
= 42 f i dx

!
n=11:

n—1

1(1 + x2y! 1 (1 +x)! 2 x
f — dx:f 761;(:]‘ ——  dx, neN
0 et -1 0 2@ -1Vx P2 -DVx-1

© (= 1)” 1 1(1 +xz)n—l
= 42 f - dx
0 12

n=1 ! -

1L+ 22! L+t 2 x!
f — dx:f 4a{x:f—dx,nef\l
0 - 0 2(1-etVx P2(-eVx-1
o (=1)r-122n 1(ch1)cosx+ (sh1)xsenx
+4f
0

__Z 1+ x?

Hen-1n@n-2)
e

n=

dx

(=11 22 1(1-x*)(senl)chx+2(cos1)xshx
+4f dx
0

{2n-1)@dn-1)!

Zon-1)@4n-2)!

(1+x%°

dx

(=1ym=t22n 1(cos1)chx —(sen 1) xshx
+4f
0

1 +x?

o (1)1 22n 1(1 —x?)(sh1)cosx +2(ch1)xsenx
+4f
0

T=— _— dx
Hoen-1)@n-1n! (1+x%)?
o 1 1/2 1cosx + xsenx
n:—ZZ(—l)”" 4”( + + ]+4ef _
oy @n-1)@n-1! @An-2)4n-2)! @An-3)4n-3)! 0

X

o (oqylgn 4 (1(cos(2x) —xsen (2x) e
TR Ak
0

s Cr=-DR2n-1D! e 1 +x?

o (1)1 22n 1(cos(2x) +xsen(2x)) e
—_—+4 ef X
0

)

ZHaon-1nen-1!

0 ( 1)" l(m) [(n-1)/2] 1 m(x)
r=4y ———— > (-1 (2k+1)+2m+2f TTae
0
k=0

o onln2n L +xH) (9 +x3)"

1 +x?

[m/2] [(m=1)/2]
_ k[T am—2k 2k Rt m m=2k-1 2k+2
pm(x)—kz(;( 1)(2k)3 x > (1)(2k+1)3 262 meN

1 sh2 — xsen(2 x) 1cos(2nx) —xsen(2nx)
= 2f dx-38 Z f dx
0

(1 +x2) ((sh 1)? + (senx)?)

o (_l)n71272n 1 1 X
7T=4Z—+4f sen( Jch( )a?x
Qun-1@n-1! 0 1+x2 1 +x?

n=1
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0 (_1)n2—2n 1 1 X
7r=4z—+4f sh( ]cos( )dx
Q2rn-1)@n-1)! 0 1 +x? 1+x2

n=1

=
E(Zn—l)@n)! (1 +x2°

9-3n [(n=1)/2]

(=1)r 22n+1 1(1=3x3)((chcosx—1)—(x*-3x)(sh)senx
+8f d
0

4 & 1 33 - 15x"+15x" —x
r=—= ) > (—1)"( . )+128f dx
5 n 2k+1 0 (1 +x2) (1089 — 6352 + 330 x* + 106 + 518 + x10)

n=1 k=0

o (=1)r=122n 1 r~1ch(x y%) cos(y?) — x sh(x y*) sen(3%)
n=) +4 f f dxd

2

2n-1)@n-3)@4n-2)! 1+x

0 ( l)n 12 —2n+2 4+(1 —3x2)y2
n:Z +16ff
H@en-1)@n-1) 0 (1+x2)((4+(1-x2) ) +4x7 y*

o 1 (=12 . y)
P=-16) Z[Z(—l)k(zk" J+16eff S
0
k=0

f(x, y) =ch(xy)(cosx + xsenx) (cos y + ysen y) + sh(x y) (x cos x — senx) (y cos y — sen )

n=4tan"'(thx)) + 4 Z:talf1

n=1

ml Sh(xn 1 _xn)
(Jri] +4tan™! (e’z""l)

ch(x41 + x,)

meN, 0<x;<xp<———<x,

\/3_—62’”" m sh x
= 12tan"1[7 +12 Ztan"l(i]

1+ \/?ez”" n=1 Ch((zn_ 1)x)
In3
meN, 0<x<—
4m
Yy

714422

=0 ko0 (21— 2k + 2)F+!

7 =4tan™! ez’"" +4Ztan (7]
ch(2n+1)x)
meN, x>0
) ( 1)[n/2] e—(2n+l)x
n:Ztan’l(\/_shx)+2\/_Z—, x>0

pr 2n+1

o0 (_1)[)1/2] 2n+3

=0 (20 + 1)(1 + x/?)z"+1

V2 shx—1
ﬁshx+1
V2 +vV6

x> In| ———

m=

o0 (_1)[1172] e—(Z n+1)x

]+4«/72

n=4tan"!
70 2n+1

2

A+x1+%
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(236)

(237)

(238)
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(240)

(241)

(242)

(243)
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n=0 k=0

=3

71:2\/7511—

n=11

o (2] (=)
= —(" )(1—x)"‘2"x2"+',0<x<1
Sk \2k
[(n=1)/4] . n el [(n=2)/4] . n ke [(n=3)/4] . n ke
_ + _ _ e +. _ +
2. D (4k+1)x \EEDINCY (4k+2)x DI (4k+3)x
k=0 k=0 k=0
0<x<\/?
3 oo 1 ([n=1)/3] . n [(n=2)/3] . n .
_Z _ _ 3kl _ vk 3442
”‘2‘52” ;} (1)(3k+1)x ,;:‘ (1)(3k+2)x
n= = =
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(Ch x)—2 n-1

7r=2tan"1(ex)+2(2nn)7 x=0
n=0

20Qn+ 1)

(th x)2 n+l

(2
7r:4tan’1(efv)—22( nn)— xeR
n=0

) (_l)n

20Qn+ 1)

2n+1)x
coth(

] -8 Ztan"l(e"’”‘) , x>0

n=1

2

n=0 =0

7r=4i

n=0 =0

(_l)n

=" 2n+1x >
th( ]

2

+8 Z(—l)”" tanl(e™"") , x>0

n=1

1 1

2k+1 22k(2+\/3_)2"_2k+1 +32k(3+2\/7)2"_2k+1

(_l)n+k

n

2

(

Q2k+

=)

n=0 k=0

n=0 k=0

2n+1
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1 2
Cek+1D!2n-2k+1) [g]
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+
Dm-kt\ 22 32k

e

3

2 3
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I
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sonoli) )l G
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