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Abstract

The relationship between the intuitionistic fuzzy sets and the algebraic hyperstructures
is described in this paper. The concept of the quasi-coincidence of an intuitionistic fuzzy
interval valued with an interval-valued intuitionistic fuzzy set is introduced and this is a
natural generalization of the quasi-coincidence of an intuitionistic fuzzy point in intuitionistic
fuzzy sets. By using this new idea, the concept of interval-valued («, ) - intuitionistic fuzzy
sub - hypermodule of a hypermodule is defined. This newly defined interval-valued (a, () -
intuitionistic fuzzy sub - hypermodule is a generalization of the usual intuitionistic fuzzy sub -
hypermodule.

Keywords : Intuitionistic fuzzy point, Interval-valued («, 3)- intuitionistic fuzzy sub - hypermodule,
Interval-valued (€, € Vq)- intuitionistic fuzzy sub - hypermodule.

1 Introduction:

The concept of hyperstructure was first introduced by F. Marty [10] at the eighth
congress of Scandinavian Mathematics in 1934, where he defined hypergroups and started to analyze
their properties. Now, the theory of algebraic hyperstructures has become a well-established branch
in algebraic theory and it has an extensive applications in many branches of mathematics and
applied science. Later on, people have developed the semi-hypergroups, which are the simplest
algebraic hyperstructures having closure and associative properties. A comprehensive review of the
theory of hyperstructures can be found in [8].

The canonical hypergroup is the special type of hypergroup, which was found by Mittas [11] who
is the first one to study them extensively. The additive structure of hypermodules is just a canonical
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hypergroup. Several authors have studied this, for example Massouros, Corsini [8]; Davvaz, Ameri
[1] et al.

After introducing, the celebrated concept of fuzzy sets, people have tried to implement the fuzzy
concept of Zadeh [12] to classical mathematics. In this aspect, the concept of fuzzy subgroups was
defined by Rosenfeld [9] and its structure was investigated. The fuzzy groups have been widely
studied in [9]. In 1975, Zadeh further introduced the concept of interval valued fuzzy subsets where
the values of the membership functions are intervals of numbers instead of the numbers alone. By
using this new concept, Biswas defined the interval-valued fuzzy subgroups with the same nature of
the fuzzy subgroups defined by Rosenfeld. A new type of fuzzy subgroup was therefore introduced
by Bhakat and Das [6] by using the combined notions of ”belongingness” and ”quasi-coincidence”
of fuzzy points and fuzzy sets.

On the other hand, Atanassov [2] introduced and studied the concept of intuitionistic fuzzy sets
as a generalization of fuzzy sets and later there has been much progress in the study of intuitionistic
fuzzy sets by many authors. Some basic results on intuitionistic fuzzy sets were published in [3, 4]
and the book [5] provides a comprehensive coverage of virtually all results in the area of the theory
as well as the applications of intuitionistic fuzzy sets.

Actually, intuitionistic fuzzy sets are the objects of research by many scientists. In particular,
intuitionistic fuzzy logic and the area of applications are been studied by Atanassov and co-workers
(see [5]). Coker and Demirci [7] defined and studied the basic concept of intuitionistic fuzzy point.

In this paper, our aim is to introduce the concept of quasi-coincidence of an
intuitionistic fuzzy interval valued with an interval-valued intuitionistic fuzzy set which generalizes
the concept of quasi-coincidence of an intuitionistic fuzzy point in an intuitionistic fuzzy set. By
using this new idea, we define an interval-valued («, §)-intuitionistic fuzzy sub-hypermodules. Thus,
this is a natural generalization of the intuitionistic fuzzy sub-hypermodules. We shall explore
some of the interesting properties of interval-valued (a, §8)-intuitionistic fuzzy sub-hypermodules.
Moreover, some of the characterization theorems of such hypermodules will be given.

First, we present the basic definitions.

2 PRELIMINARIES

In this section, some of the basic definitions are summarized which are needed in the
following sequel.

Definition 2.1  [13] A hyperstructure is a non-empty set H together with a mapping o :Hx H—P*(H),
where P*(H) is the set of all the non-empty subsets of H. If ¢ € H and A, B € P*(H), then

Ao B,Aox and z o B are defined as follows, Ao B = [J,cqpcpacb Aoz = Ao {z} and

x o B = {z} o B respectively.

Definition 2.2  [13] A hyperstructure (H, o) is said to be a canonical hypergroup if the following
axioms are satisfied,

(i). For every x,y,2 € Hyxo (yoz) = (zoy)oz,

(ii). For every x,y € Hyxzoy =yox,
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(iii). There exists an element 0 € H such that 0oz =z, for all z € H,
(iv). For every x € H, there exists a unique element x € H such that 0 € z o x

Definition 2.3  [13] A hyperring is an algebraic structure (R, +,-) which satisfies the following
axioms,

(i). (R,+) is a canonical hypergroup (here —z for z'),

(ii). (R,-) is a semigroup having zero as a bilaterally absorbing element,

(iii). The multiplication is distributive w.r.t the hyperoperation ”+".

Definition 2.4  [13] A non empty set M is called a left hypermodule over a hyperring R (R-hypermodule)
if (M, +) is a canonical hypergroup and there exists the map - : R x M — P*(M) by (r,m) — r.m
such that for all r,r7, € R and mq,ms € M, we have

(i). 71 - (m1+m2) =71 -m1 + 71 My,

(11) (’I“l + TQ) cmyp =71-Mmy+17e- mq,

(111) (7"1 . 7’2) myp =17 - (TQ . ml).

Definition 2.5 [13] A fuzzy subset F' of a hypermodule M over a hyperring R is a fuzzy
sub-hypermodule of M if,

(i). min{F(z),F(y)} < inf.coryF(z) for all z,y € M,

(ii). F(z) < F(—xz) for all z € M,

(ii). F(z) < F(rz) for all r € R and z € M.

Definition 2.6  [13] A fuzzy set F of a hypermodule M of the form,
_JiF0) ify=uz,
ro)={ 70 HLoT 1)

is said to be a fuzzy point with support x and value ¢ and is denoted by U(z;t). A fuzzy point
U(z;t) is said to ”belong to” a fuzzy set F, written as U(xz;t) € F if F(x) > t. A fuzzy point
U(z;t) is said to "be quasi-coincident with” a fuzzy set F, written as U(z;¢t)qF if F(x)+t > 1.

Remark 2.7  [13]

1. If U(z;t) € F or (and)U(z;t)gF, then we write it as U(x;t) € VgF, (U(z;t) € A¢F).

2. The symbol € Vq means that € Vg does not hold.

3. Using the notion of "belongingness(€)” and ” quasi-coincidence(q)” of fuzzy points with fuzzy
subsets, we obtain the concept of an (a,3)- fuzzy subsemigroup, where a and § are any two of
{€,q, € Vg, € \q) with a £€ Aq.

4. An interval number & is an interval [a ™, a*], where 0 < a~ < at < 1. The set of all interval
numbers are denoted by D[0,1]. The interval [a, a] is identified with the number a € [0, 1].

Definition 2.8  [13] An interval-valued fuzzy set F on X is the set of the form,

F ={(z,[up (), u}(2)])|z € X}, where pp(z) and pj(z) are two fuzzy subsets of X such that
pp(r) < ph(z) for all z € X.

Put ip(z) = [up(z), wi(x)], then the set F = {(z, tir(z))|z € X}, where iy : X — DI0, 1].
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Definition 2.9  [13] An interval-valued fuzzy set F of a hypermodule M of the form,
_ [ HF0]) ify=uz,
Fly) = { [0,0] ify # . (2)

is said to be a fuzzy interval value with support x and interval value £ and is denoted by U (x; ).

A fuzzy interval value U(z;1) is said to be ”belong to” an interval-valued fuzzy set F', written
as U(x;t) € F if jip(z) > t.

A fuzzy interval value U (z;t) is said to ”be quasi-coincident with” an interval-valued fuzzy set
F, written as U(z;t)qF if ip(x) +t > [1,1].

Definition 2.10  [13] An interval-valued fuzzy set F' of M is called an interval-valued (o, 3)-fuzzy
sub—hypermoqlule of M, if for all t,r € (0,1],a € R a:nd z,y € M,
(i). U(z;t)aF and U(y;7)aF imply U(z;r min{t,7})GF, for all z € x + y,

(ii). U(z;t)aF implies U(—=x;t)5F,

(iii). U(z;t)aF implies U(az;t)BF.

Definition 2.11  [13] An interval-valued fuzzy set F' of M is said to be an interval-valued fuzzy
sub-hypermodule of M, if for all r € (0,1],a € R and z,y € M, the following inequalities hold,

(i). r min{pir (), tir(y)} < rinf{yip(2)|2 € z + y},

(i). 4ir(z) < piv (—a),

(ili). rir(z) < pir(az).

Definition 2.12  [13] An interval-valued fuzzy set F' of M is called an interval-valued (€, €
Vq)-fuzzy sub-hypermodule of M, if for all t,r € (0,1],a € R and z,y € M,

(i). U(z;t) € F and U(y;7) € F imply U(z;r min{¢,7}) € VqF, for all z € x + y,

(ii). U(z;t) € F implies U(—x;t) € VqF,

(iii). U(z;t) € F implies U(ax;t) € VgF.

Definition 2.13  [2] An Intuitionistic Fuzzy Set(IFS)A in X is an object of the form

A= {{z,pa(x),va(z))|z € X}, where the functions py : X — [0,1] and 4 : X — [0, 1] denote
the degree of membership (namely,ua(z)) and the degree of non-membership (namely,v4(z)) of
each element x € X to the set A respectively, and 0 < pa(z) + va(z) <1 for each z € X.

Definition 2.14  [2] Let A and B be two Intuitionistic Fuzzy Sets of the forms

A = {{z, pa(x),74(2))|z € X} and B = {(z, up(x), 75(x)) |z € X}. Then

(a) AC B if and only if pa(x) < pp(x) and ya(z) > vp(z) for all z € X,

(b) A= B if and only if A C B and B C A4,

(c) The complement of A is denoted by A and is defined by A = {(z,v4(z), na(z))|z € X},

() AN B = {(z, pa(2) A i (2), 74(2) V 15(2)]z € X},

()AU B = {{z, pa(x) V 115(2), 74 (x) A s ()} € X},

The Intuitionistic Fuzzy Sets 0. = {(z,0,1)|z € X} and 1. = {(z,1,0)|x € X} represent the
empty set and the whole set.
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Definition 2.15 [7] Let a,b € [0,1] and a + b < 1. An intuitionistic fuzzy point is denoted by
T(q,p) and is defined to be an intuitionistic fuzzy set of X given by,

o ={ 01 H15T 3)

In this case, z is called the support of x(, ), a is said to be the value of x(,p) and b is the
non-value of x4 p).

An intuitionistic fuzzy point x(4p) is said to be ”belong to” an intuitionistic fuzzy set A =
{{z, pa(z),va(x))|z € X}, written as 2, ) € A if pa(z) > a and ya(z) < b,

3 Interval-Valued («, §)- Intuitionistic Fuzzy Sub-hypermodules

In this section, we extend the concept of quasi-coincidence of a fuzzy interval value
within an interval-valued fuzzy set to the concept of quasi-coincidence of an intuitionistic fuzzy
point in an intuitionistic fuzzy set.

Definition 3.1  An intuitionistic fuzzy point z(,;) is said to be ”quasi-coincident” with an

intuitionistic fuzzy set A = {(z, pa(r),va(x))|x € X}, written as x(,5)qA if pa(z) +a > 1 and
va(z) +b< 1.

Example 3.2 Let X = {a,b,c} be a non-empty set. Consider an intuitionistic fuzzy set A =
{(z,pa(z),va(2))|z € X}, where pa(z) = 204024 4 07 and yy(z) = 224 038 4 01 forall g € X
and an intuitionistic fuzzy point

sann ={ g7 = O30 uZn @

Here,the intuitionistic fuzzy point ” quasi-coincidence” with A and ”belongs” to A.

Definition 3.3  An intuitionistic fuzzy set A of a hypermodule M over a hyperring R is an
intuitionistic fuzzy sub-hypermodule of M if for all x,y € M,r € R and the following axioms are
satisfied,

(i). min{pa(z),pa(y)} < infrcorypa(z) and

max{ya(x),7a(y)} = supzca+yva(2);

(i). 1a(2) < pa(—z) and ya(z) > va(—2),

(it). p1a(2) < pa(ra) and 7a(z) > va(ra).

If A is an intuitionistic fuzzy sub-hypermodule of M, then clearly we have,

ia(=2) = pa(@), min{iua(@), pa(y)} < infoco_ypia(z) and

va(=2) = ya(@), maz{ya(x), va(y)} = sup.es—yya(z) for all z,y € M.

Definition 3.4 Let M be an R-hypermodule. Then, for an intuitionistic fuzzy set A of M,
t € [0,1], the level subset U(A;t) and the strong level subset U(A;t*) are defined by,
U(A;t) ={x € M|pa(z) > tand ya(zx) <t} and U(A;t*) = {x € M|pa(x) >t and va(z) < t}.
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Definition 3.5  An interval-valued intuitionistic fuzzy set A on X is the set of the form,

A = {{@,jia(@), 7a@)|e € X}, here ia(a) = [uz (@), uf(@)] and Ta(2) = 73 (@), 75 ()]
where p,(z), u}(z),7,(x) and v} (z) are the member and non-member of an intuitionistic fuzzy
set A on X such that p,(z) < pli(z) and v (z) > 7§ (2) for all z € X and pix : X — D[0,1],
va 1 X = D[0,1].

Definition 3.6  An interval-valued intuitionistic fuzzy set A of a hypermodule M of the form,

i) ={ (55" H ®)

and

aw={ 3 gL )

is said to be an intuitionistic fuzzy interval value and is denoted by (7 5 With support z, t is called
the value and 3 is called the non-value of zj ;.

An intuitionistic fuzzy interval value z ; ;) is said to "belong to” an interval-valued intuitionistic
fuzzy set A, written as z; ;€ A if pia(z) > t and ya(7) < 5.

An intuitionistic fuzzy interval value z; ;) is said to "quasi-coincident” with an interval-valued
intuitionistic fuzzy set A, written as z; 5)qA if yia(z) + t > [1,1] and ya(x) + 5 < [1,1].

Example 3.7 Let X = {1,2,3} be a non-empty set, consider an interval-value intuitionistic
fuzzy set A = {{z, ,uA( ),va(z))|z € X}, where

pia(z) = 208 4+ &7 4 08 and yy(x) = &M + %24 + 998 for all z € X and an interval-value
intuitionistic fuzzy set Ais
- _ [ [0.5,0.6]( [0,0])) ify=u=,

and

Here, the intuitionistic fuzzy interval value ” quasi-coincidence” with A and ”belongs” to A.

Definition 3.8  An interval-valued intuitionistic fuzzy set A of M is called an interval-valued
(o, B)-intuitionistic fuzzy sub-hypermodule of M, if for all r,a,b,¢,d € (0,1],a € R and z,y € M,
(i). z (@h) aA and Yiz,d) aA imply Z(rmin{&,&},rmaz{i),c{})ﬁA’ for all z € z + v,
(ii). =, b)aA 1mphes T 5P4,
(ili). @, 5 A implies az ; 5 BA.
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Remark 3.9  Let A be an interval-valued intuitionistic fuzzy set of M such that p4(z) < [0.4,0.5]
and v4(z) > [0.5,0.6] for all z € M.

Suppose x € M and t € (0, 1] such that Tah € AgA, then

pia(x) > a, va(z) < band gia(z) +a > [1,1] and ya(z) +b < [1,1].

Now, [1,1] < pia(z) + a < pia(z) + pa(z) = 2fa(z)

= [1,1] < 2jia(z) =[0.5,0.5] < jia(z) (ie). fia(x) > [0.5,0.5]
and then, [1,1] > vya(z) + b > va(z) + va(z) = 27a(x)
=[1,1] > 294 (z) =[0.5,0.5] > Fa(z) (ie). 7a(z) < [0.5,0.5].
From this, we get that {z 5 |2; ;) € A¢A} = ¢.
For this case, a #€ Aq.

Proposition 3.10  Every interval-valued (€ Vg, € Vq) intuitionistic fuzzy sub-hypermodule of
M is an interval-valued (€, € Vq) intuitionistic fuzzy sub-hypermodule of M.

Proof: Let A be an interval-valued (€ Vg, € Vq) intuitionistic fuzzy sub-hypermodule of M.

We have to prove that, A is an interval-valued (€, € Vq) intuitionistic fuzzy sub-hypermodule
of M.

For that, let z,y € M and r,a,b,c,d € (0,1] be such that T(a5)€ A and Yie.d) € A.

Since, A is an interval-valued (€ Vg, € Vq) intuitionistic fuzzy sub-hypermodule of M, then
T € VgA and Ye,d) € VgA imply

Z(rmin{a,c},rmaz{b,d}) € VgA, for all z € x +y -(1)

then, z; ;) € A implies —z; ;)€ VgA (i)

and z; ;) € A implies az; ;)€ VqA (iii)

From (i), (ii) and (iii), we get that A is an interval-valued (€,€ Vg) intuitionistic fuzzy
sub-hypermodule of M.

Lemma 3.11  Every interval-valued (€, €) intuitionistic fuzzy sub-hypermodule of M is an interval-valued
(€, € Vq) intuitionistic fuzzy sub-hypermodule of M.

Lemma 3.12 If M; is a sub-hypermodule of M, then the characteristic function x s, of M is
an interval-valued (€, €) intuitionistic fuzzy sub-hypermodule of M.

Proposition 3.13  For any subset M; of M, xy is an interval-valued (€, € Vgq) intuitionistic
fuzzy sub-hypermodule of M if and only if M; is a sub-hypermodule of M.
Proof: Let us assume that xpz, is an interval-valued (€, € Vq) intuitionistic fuzzy sub-hypermodule
of M.
We have to prove that, M is a sub-hypermodule of M.
Let z,y € My, then x((1 1),j0,0)) € X, and y(1,11,)0,0)) € XM,
which imply z(rmin{[1,1],11,1]},rmaz{[0,0],00,01}) € VaXa, for all z € T +y.
= Z([1,1],[0,0]) € VaXM,
= lixay, (2) > 10,0] and vy, (2) < [L,1] for all z € x + y.
Thus, z +y € M,
Let x € My, then z(1,1),0,0)) € Xar, and then —z((1,1),0,0)) € VaXas
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= tixar, (=) > [0,0] and 7y, (—z) < [1,1]

Thus, —z € My and M is a sub-hypergroup of (M, +).

Hence, M; is a sub-hypermodule of M.

Conversely, let us assume that M; is a sub-hypermodule of M, then by using lemma 3.12,
we get that the characteristic function xs, of M; is an interval-valued (€, €) intuitionistic fuzzy
sub-hypermodule of M.

Then by using lemma 3.11, we get that xas, is an interval-valued (€, € Vq) intuitionistic fuzzy
sub-hypermodule of M.

Proposition 3.14  Let A be a non-zero interval-valued («, 3) intuitionistic fuzzy sub-hypermodule
of M. Then, the set

A= {(z,pga(x),va(z))|z € M} where pia(z) > [0,0] and v4(z) < [1,1] is a sub-hypermodule of
M.

Proof: Let A be a non-zero interval-valued («, 3) intuitionistic fuzzy sub-hypermodule of M.

Claim: A is a sub-hypermodule of M.

Let 2,y € A, then gia(z) =t > [0,0] and va(z) = § < [1,1]

also, 1ia(y) = f1 > [0,0] and 7a(y) = 51 < [1,1].

Assume that, pig(z) =[0,0] and y4(z) = [1,1] for all z € z — y.

If a € {€, € Vg}, then z; 5 @A and y4; 5 )A

DU 2(pmin 7,61}, rman{s,s ) BA for every B € {€,q,€ Vg, € N}

which is a contradiction

Hence, for all z € x —y, tia(z) > [0,0] and v4(z) < [1,1]

=z€ A= 12—y C A Thus, (A,+) is a sub-hypergroup of M.

Hence, (A, +) is a sub-hypermodule of M.

Definition 3.15 Let A be an interval-value intuitionistic fuzzy set. For every t,s € [0,1], the
set 775 = {z € M|ua(x) > t,7a(x) < 5} is called the interval-value level subset of A.

Definition 3.16  An interval-valued intuitionistic fuzzy set A of a hypermodule M is said to be
proper if ImA has at least two elements.

Definition 3.17 Two interval-valued intuitionistic fuzzy sets are said to be equivalent if they
have same family of interval-value level subsets. Otherwise, they are said to be non-equivalent.

Proposition 3.18  Let M have proper sub-hypermodules. A proper interval-valued (€, €) intuitionistic
fuzzy sub-hypermodule A of M such that cardImA > 3 can be expressed as the union of 2 proper
non-equivalent interval-valued (€, €) intuitionistic fuzzy sub-hypermodules of M.

Proof: Let A be a proper interval-valued (€, €) intuitionistic fuzzy sub-hypermodule of M with
Im pa(z) = {to,t1,t2,...tn} and

Im ya(z) = {s0, 51, 52, ...n }, where n > 2 with £y > t; > t3 > ... > t,, and

So < $1 < S2 < ... < $p. Then, Ay oy € Ay q) © - © Ag,.s) = M be the chain of
interval-valued (€, €) intuitionistic fuzzy sub-hypermodules of M.

Choose r1,72,p1,p2 in [0,1] such that tg > t; > r1 > t2 > re > ... > t, and
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Sp <81 < p1 <82 < p2<... < 8p.

Now, we define two interval-value intuitionistic fuzzy sets B,C in M by,
'Iil lf T € B(t-lysvl)’

t~2 lf xT € B(t},s"z) \ B(t~1,5~1)’

ts if € Bga \ B

tn lf T € B(tt,“S';L) \B(t

n—1,5n-1)"

and
p~1 lf S B({hs”l)»
s~2 ifz e B({%s}) \ B(t},sﬁ)’
VB(z) = 1o
Sp, ifzxe B(t},s}t) \B(tnlhsnll)’
Then,
to if 2 € Ciy,50)
t} lf xT € C({l,s‘l) \ C(tko,si))’
2 ?f S C({s,gs) \C(t],S'l)’
(@) =4 B 7€ 06\ O n) (11)
t, ifxe Citrsi) \ Ot 1 1)
and
ﬁQ lf T € C({o’-{o)’
§1 ifzeCua\ Cus)
Yo(z) =9 1
sn fzely g \C(tnll,snll)'

Now, let z € B4, 4, then pp(z) >t and yp(z) < 51
alSO, T € B(t;,8~2) \ B(t"l,é-l)
= = € B, ), then up(r) >tz and yp(z) < S, proceeding like this we get , By ) C
B(t;,s-g) g g B(t’;hszl) = M
Similarly, C(t?),sho) - O(t’i,s‘i) g C({Q,Skz) g g C(t;l7S;L) =M. AAISO7 B,C S A.

Thus, B, C are non-equivalent. Hence, BU C = A.
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4 Interval-Valued (€, € Vq)- Intuitionistic Fuzzy Sub-hypermodules

In this section, we extend the intuitionistic fuzzy sub-hypermodule to the interval-valued
intuitionistic fuzzy sub-hypermodules of a hypermodule and also we concentrate on the interval-valued
(€, € Vq) intuitionistic fuzzy sub-hypermodules of a hypermodule.

Definition 4.1  An interval-valued intuitionistic fuzzy set A of a hypermodule M is said to be
an interval-valued intuitionistic fuzzy sub-hypermodule of M if for all z,y € M,a € R,r € (0,1] and
the following inequalities are satisfied,

(i). rmin{pia(z), pa(y)} < rinfreotypia(z) and rmaz{ya(z),7a(y)} > rsupzcosyval2),

(i) 1ia(@) < jia(—=) and 7a(x) > va(~2),

(iii). pa(z) < pia(az) and y4(x) > va(azx).

Definition 4.2  An interval-valued intuitionistic fuzzy set A of a hypermodule M is said to be
an interval-valued (€,€ Vq) intuitionistic fuzzy sub-hypermodule of M if for all z,y € M,a €
R,r,t,s,t1,81 € (0,1] and the following axioms are satisfied,

(). z(i,5€ A and y; o)€ A MMDLY 2 minii i} rman{sn)) € VeA, forall z € z +y,

(ii). =735 € A implies —z( ;)€ VqA,

(iii). =735 € A implies ax; 5 € VgA.

The following theorem can be proved

Theorem 4.3  Every interval-valued intuitionistic fuzzy sub-hypermodule of M is an interval-valued
(€, € Vq) intuitionistic fuzzy sub-hypermodule of M.

The following example clarifies the above theorem.

Example 4.4 Let M = {e,a,b,c},R = {0,1,2,3} be two non-empty sets with the following
hyperoperation tables, we define an intuitionistic fuzzy set A = {(z, tia(z),va(z))|z € X}, where
pia(z) = %6 4 05 4 068 4 0T apd ) (z) = 928 4 034 4 082 4 012 f6p 5] g € X,

Table 1: Hyper Operation Table for '+’

+ e a b c
e e a e c
a a {ab} ¢ {e,b}
b e ¢ {bec} b
¢c ¢ {eb} D c

Here, the intuitionistic fuzzy set A satisfies the conditions of definition 4.1 and 4.2, thus A
is an interval-valued intuitionistic fuzzy sub-hypermodule of M as well as A is an interval-valued
(€, € Vq) intuitionistic fuzzy sub-hypermodule of M.

But the converse statement of theorem 4.3 need not be true and it is proved by the following
example.
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Table 2: Hyper Operation Table for ’.’

. e a b ¢
0 e a b c¢
1 ¢ a b c
2 e b ¢ c
3 e e ¢ ¢

Example 4.5 Let X = {1,2,3}, R = {a, b, c} be two non-empty sets, we define an interval-valued

intuitionistic fuzzy set A = {(x, 1ia(z), 7a(z))|z € X}, where jiy(z) = 255 + &7 + 08 and v (z) =

0'—5’1 + % + % for all x € X and an interval-valued intuitionistic fuzzy set A is of the form,

jiat) ={ oo A0 v (1

and

) - { B0 o= w

The hyperoperation tables are as follows,

Table 3: Hyper Operation Table for '+’

+ 1 2 3
1 1 2 2
2 2 3 {2,3}
3 2 {23} 3

Table 4: Hyper Operation Table for .’

1 2 3
a 1 2 3
b 2 {1,2} {1,3}
c 3 {23} 1

Here, the interval-valued intuitionistic fuzzy set A satisfies the conditions of definition 4.2,
thus A is an interval-valued (€, € Vq) intuitionistic fuzzy sub-hypermodule of M and it is not an
interval-valued intuitionistic fuzzy sub-hypermodule of M.

Proposition 4.6  The above 3 conditions of definition 4.2, are equivalent to the following corresponding
conditions, respectively for all z,y € M,a € R and r € (0,1],
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(1).rmin{sia(x), tia(y),[0.5,0.5]} < rinfocoyytia(z) and

rmaz{va(z),Va (y)7 [0.5,0.5]} > TSUpzeery'fA(Z)’
(2). rmin{a(x),[0.5,0.5]} < pia(—z) and

rmaz{7a(z), [0.5,0.5]} > 7a(~2),
(3). rmin{a(x),[0.5, 0 5]} < tia(az) and

rmax{ya(x),[0.5,0.5]} > va(ax).
Proof: Let z,y € M,r,t,s,t1,51 € (0,1] and a € R.
(i) implies (1): Let us assume that z(; ;)€ A and y; )€ A imply
Z(Tmin{f,t'l},rm-aw{&s"l}) S \/qAa forall z € x + Y.
Now, we consider the following two cases,
I) rmvin{ia(x), ga(y)} < [0.5,0.5] and rmax{va(z),va(y)} > [0.5,0.5]
1) rmin{sia(2), 124 ()} > (05,05 and rmaz{7a(z), 7a()} < 05,05
Case: I Assume that there exists z € x + y such that

/[A(Z) < rmin{liA(x)a ,L’:A(y)a [05, 05]}
= 1ia(2) < rmindyia(z), o)} by (D)
Choose ¢ such that pa(z) <t < rmin{ga(z), raly)}
and v4(2) > rmaz{ya(z),7a(y),[0.5,0.5]}
= 7a(2) > rmaz{ya(z), 7a(y)}by (I)
Choose s such that v4(z) > § > rmaz{7va(x),va(y)} . Thus, 2 ;€ VqA
which is a contradiction to (i).
Case: II Assume that for some z € x + y, we have
pa(z) < rmin{a(z), aly),[0.5,0.5]} and va(z) > rmaz{va(z),va(y),[0.5,0.5]}
= 1ia(z) < [0.5,0.5] and v4(2z) > [0.5,0.5] By (II)
Then, z(j0.5,0.5],0.5,0.5)) € VgA which is a contradiction to (i).
Hence, (1) holds. (ie). rmin{ga(x), fa(y),[0.5,0.5]} < rinf.cptrytia(z)
and rmaz{ya(x),va(y),[0.5,0.5]} > rsup,cqotyva(z).
(ii) implies (2): Let us assume that z; ;€ A implies —z; ;)€ Vg4,
Now, we consider the following two cases,
I) pia(z) < [0.5,0.5] and vya(z) > [0.5,0.5]
10) fia(z) > [0.5,0.5] and 7(z) < [0.5,0.5]
Case: T Assume that pis(z) =t < [0.5,0.5] and ya(x) = 5 > [0.5,0.5]
Now, pia(—) < rmin{ia(z),[0.5,0.5]} = = pia(—2) <t
and Y4 (—z) > rmaz{ya(x),[0.5,0.5]} =35 = ya(-z)>35
Then, —z; ;€ VgA which is a contradiction to (ii).
Case: II Assume that gis(x) > [0.5,0.5] and v4(z) < [0.5,0.5]
If fia(—2x) < rmin{pia(x),[0.5,0.5]} =[0.5,0.5] = pa(—z) < [0.5,0.5]
and ya (=) > rmaz{ya(z), [0.5,0.5]} =[0.5,0.5] = 7a(-=z) > [0.5,0.5]
Then, —((0.5,0.5),0.5,0.5]) € VA which is a contradiction to (ii).
Hence, (2) holds. (1e) rmin{a(z),[0.5,0.5]} < pga(—2) and
rmax{ya(x),[0.5,0.5]} > va(—x).

(iii) implies (3): The proof is similar to the proof of (ii) implies (2)
instead of —x put ax for all a € R.
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(1) implies (i):Let us assume that rmin{za(x), a(y), [0.5,0.5]} < rinf.caiytia(z)
and rmaz{ya(z),7a(y),[0.5,0.5]} = rsupzcatyVa(z)-
Now, let z; ;) € A and y; ) € A, then yia(z) > ¢,74(z) < § and

ia(y) > t1,7a(y) < s

For every z € z +y, we have ia(z) > rmin{ia(z), i, ( ),[0.5,0.5]}
= fia(z) > rmin{t, t1,[0.5,0.5]}

If rman{t, t} > [0.5,0.5], then 4ia(2) > [0.5,0.5]

= ia(2) + rmin{t,t1} > [1,1] (a)

If rmin{t,t;} < [0.5,0.5], then 1ia(z) > rmin{t, t;} (b)

and v4(z) < rmaz{ya(x),va(y), [O 5,0.5]} = va(z) < rmax{3, $1,[0.5,0.5]}
If rmax{8s,s1} < [0.5,0.5], then v4(z) < [0.5,0.5]

= va(z) + rmaz{s, sl} <[1,1] (c)

If rmax{8, s1} > [0.5,0.5], then v4(2) < rmaz{s, $1} (d)

From (a)a (b)v (C) and (d) we get z(rmm{t t1},rmaz{5,s1}) € VqgA.

(2) implies (ii): Let us assume that rmin ,uA( ), [0 5,0.5]} < pia(—x)
and rmaz{ya(x),[0.5,0.5]} > va(—x).

Now, let Tz € A, then piy(z) >t and 7,4( )<§.

we have, 1ia(—x) > rmin{iia(z),[0.5,0.5]} > rmin{t,[0.5,0.5]}

~ Jia(—a) > T or fia(—o) > [0.5,0.5)—(a)

also, we have, v4(—z) < rmax{ya(z),[0.5,0.5]} < rmaz{s,[0.5,0.5]}

— 7a(—) < 5 or Fa(—z) < [0.5,0.5 (b)

From (a) and (b), we get —z(7 ;)€ VqA.

(3) implies (iii): The proof is similar to the proof of (2) implies (ii)

instead of —z put ax for all a € R.

Using definition 4.2 and proposition 4.6, we deduce the following corollary.

Corollary 4.7  An interval-valued intuitionistic fuzzy set A of M is an interval-valued (€, € Vq)
intuitionistic fuzzy sub-hypermodule of M if and only if the conditions of proposition 4.6 holds.

Let us characterize the interval-valued (€, € Vq) intuitionistic fuzzy sub-hypermodule of M by
using their level sub-hypermodules.

Theorem 4.8 Let A be an interval-valued (€, € Vq) intuitionistic fuzzy sub-hypermodule of M.
Then, for all [0,0] < £ < [0.5,0.5] and [0.5,0.5] < & < [1,1], the set A = {(x, sia(x),va(z))|lz € M}
is an empty set (or) a sub-hypermodule of M. Conversely, if A is an interval-valued intuitionistic
fuzzy set of M such that A(# ¢)is a sub-hypermodule of M, for all [0,0] < ¢ < [0.5,0.5] and
[0.5,0.5] < § < [1,1], then A is an interval-valued (€, € Vg) intuitionistic fuzzy sub-hypermodule of
M.

Proof: Let us assume that A be an interval-valued (€, € V¢) intuitionistic fuzzy sub-hypermodule
of M with for all [0,0] < < [0.5,0.5] and [0.5,0.5] < § < [1,1]

We have to prove that, the set A = {{z, tia(x),va(z))|z € M} is an empty set (or) a sub-hypermodule

of M.
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Let 2,y € A, then jia(z) > £,7a(z) < 5 and ia(y) > £, 7a(y) < &
Since, we have rinf,cqytia(z) > rmin{pa(z), a(y), [0.5,0.5]}
> rmin{t, [0.5,0.5]}
Pinfocarytia(z) >t (smcet < [0.5,0.5])
and rsup.eqaiyya(z) < rmax{va(z),va(y),[0.5,0.5]}> rmaz{3s,[0.5,0.5]}
TSUPseztyVa(z) < § (since,5 > [0 5,0.5]).

Thus, z € Aandso z+y C A.
Now,pia(—z) > rmin{ga(z),[0.5,0.5]} and v4(—z) < rmaz{va(z),[0.5,0.5]}
> rmin{t, [0.5,0.5]} < rmaz{s,[0.5,0.5]}
ia(—z) > Ta(—z) <3
Thus, —z € A, therefore (A, +) is a sub-hypergroup of (M, +).
For every x € A,a € R, we have

tia(az) > rmin{a(z), [0.5,0.5]} and va(az) < rmaz{ya(z),[0.5,0.5]}
> rmin{t, [0.5,0.5]} < rmaz{s,[0.5,0.5]
pia(aw) >t Yalaz) <5

Thus, ax € A, therefore (A, +) is a sub-hypermodule of (M, +).

Conversely, let A is an interval-valued intuitionistic fuzzy set of M such that A(# ¢)is a
sub-hypermodule of M, for all [0,0] < ¢ < [0.5,0.5] and [0.5,0.5] < § < [1,1].

Claim: A is an interval-valued (€, € Vq) intuitionistic fuzzy sub-hypermodule of M.

For every x,y € M, jia(z) > rmin{yia(x), ia(y), [0.5,0.5]}= tia(x) > to and

also, 74 (z) < rmaz{¥a(x), 7 (y), [0.5,0.5]}= 7a(x) < &

and va(y) < rmaz{va(z),7a(y),[0.5,0.5]}= va(y) < $o.Thus, z,y € A

and pia(—z) > rmin{ga(z),[0.5,0.5]} > to

also, ya(—z) < rmaz{va(z),[0.5,0.5]} < Sp.

Therefore, —z € A and so z +y C A, we get

rmin{ga(z), a(y),[0.5,0.5]} < rinf.coqytia(z) and

rmaz{ya(z),Va(y),[0.5,0.5]} > Tsupz€w+y’7~A(Z) — ()

rmin{a(z),[0.5,0.5]} < pa(—2) and

rmaz{ya(x),[0.5,0.5]} > ya(—2)— (2)

Also, we have x € A = ax € A for all a € R, we get

rmin{a(z),[0.5,0.5]} < pa(az) and

rmax{y4(x),[0.5,0.5]} > v4(azx)—— (3).

From (1), (2) and (3), we get A is an interval-valued (€, € Vq) intuitionistic fuzzy sub-hypermodule
of M.

Remark 4.9  The corresponding result can be obtained when A is a sub-hypermodule of M, for
all [0.5,0.5] < ¢ < [1,1] and [0,0] < 5 < [0.5,0.5].
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