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Recall from previous:

Corollary 1.5: If: y = e-[ " , for any function r,
'+ (=s+2r)y' + (=s' = 2rs)y =0

Unfortunately, the transformation:

P=—+2r
0 =—s —2rs

} = yields Riccatis: =

s’ +s2+sP=-0Q

r'+2rr—rP = L(P'- Q)

However, it inspires a factorization of the HLODE & ILODE:

'+ (=s +2r)y’

+(=s' = 2rs)y =W

=y —sy'+2ry' —s'y-2rsy =W
="' -5y —s'y+2ry = 2rsy = W
=y = () +2r( —sy) = W
= (' —sy) +2r( —sy) = W

- e—IZrdx((y, . Sy)eIZrdx> - W

= (o)) w

i

(Bl A el

— (ye—j de)’ _ kle—j(&+2r)dx n e—'[(s+2r)dx I Wej 2rdxdx

—y = klejsdx Ie—'[(s+2r)dxdx + kze-[de n eJ'sde‘e—JA(S+2r)dx (J' WeIZrdxdx> dx

Since: P=—-s+4+2r= -2s—P=—(s+2r) & s+P =2r
From the ILODE formula:




Yp1 = V1 J.(yL%J.WyleJ-dedx>e—J‘dedx

and reduction of order formula, this may be rewritten:
sdx sd -| Pa
:>y=klejY +kzej'”f+ej' dx +

(e | d) ’

Lol [ # ( [ W(eI Sd")J Pd"dx>e‘f " dx

Such a wonderful analysis of second order ordinary differential equations yielding
homogeneous solution, reduction of order homogeneous solution and inhomogeneous

solution in one process.

As illustrated in the following theorem.

Theorem #2: If y" + Py’ + Qy = W , then:
y = eJ'sde‘e—ZJ‘de (J'eJ‘SdXWeJ‘dedx>e_J‘dedx n klej‘sdxj'e—'[stxe—J'dedx + kzeIde

where:
s'+s2+Ps=-0Q
Proof:
y”+Py/+Qy=W
=y —sy'+sy + Py —s'y+s'y+Qy =W
= V' =5y —s'y+ Py +5y' +5'y+ Qy = W
- y”/— () + Py + syl’ +s'y+ Oy =W
= 0 -5y) + (P+s)y' +(Q+s)y =W
= =sy) +(P+s)y —(P+s)sy+(P+s)sy+(Q+s)y=W
= (=) + P+ —sy)+ (P+5)sy+(Q+s)y =W
= (' =) + (P+5)( = sy) + (Ps+ 57 +5' + Q)y = W

= e‘I(P+S)dx(()" - sy)eI(PH)dx) +(Ps+s?+s' +Q)y =W

!

!
| “’”)dx(ef “’x(ye‘f de) ol (P+S)dx> H(Ps 457 +5 +Q)y = W

/ /
— ((ye_Ide> eI(P+2s)dx> + eI(P+s)dx(PS 245+ Q)y _ WeI(PH)dx

Choosing s such that:
Ps+s’+s'+0=0:

— ((ye—f sdx) leI(P+2s)dx> , _ WeI(P+s)dx

- (ye_j sdx>’ _ e_f(p+2s)de-WeJ'(P+s)dxdx N kle—I(P+2s)dx



—y= eJ-sde-e—J.(PJrZs)dx J-WeJ-(PJrs)dxdx dx + klejsdxje—j(PJrZs)dxdx + kze-[de

=y = eJ-sdx'[e—ZJ.sdx (J-ejsdeeJ.dedx e—dexdx n kle-[deIe_IZdee_-[dedx " kze'[de
[

Similarly:

Theorem #3: If y" + Py’ + Qy = W , then:
y = e—j(PJrs)dx Ie-[(P+23)dx (J- We_-[ dedx) dx + kle—I(P+s)dxJ-eJ-(PJrZS)dxdx + kze—j(PJrs)dx

where:
s'—s*?—Ps=Q-P
Proof:
Y+ Py +Qy =W
zy sy +sy'+Py +Qy =W
=y =5y +(P+S)y +0y =W

N (/ I”) +(P+s)y +Qy =W

:>ejs ( Iw) +(P+s)(y + (

:>ejs ( ik x) +(P+s)e

+
= (y’e_.[de) + (P + s)e P“ (

Choosing s such that:

Y
(P+5s)e K P”)dx—ko:
= (P+s) —(P+5s)s—-0=0
=5 —s?-Ps=0-P

- (yfe-f d) ko (yef (% )dx)' e

v
= y'e_-[ oy koye-[( Pis >dx I -[dedx + Kk
% [Y
= y’e_-[de + (P +s)e -[( Pis >dxyej( Prs ) = jWe_-[dedx + ki

= y’e_-[ ey (P + s)e_-[ dey = .[We_-[ oy v ki

):

)
) el

=y +(P+s)y= e-[dejWe_-[dedx + kle-[de

_ e—j(PH)dx (yeI(P+s)dx>/ ) e-[dejWe_-[ e klejsdx



- (yej(P+s)dx>’ ) eI(P+2s)dx jWe_-[ e kleI(P+2s)dx

=y = e—J.(PJrs)dXJ-eJ.(PJrZs)dx (J- We_-[ dedx)dx + kle—I(P+s)dxJ-eJ-(PJrZS)dxdx + kze—j(PJrs)dx

[
But NOTE:
V' + (=s+2r)y + (=s' = 2rs)y =W
="' —sy' +2ry' —s'y-2rsy = W
=y —sy' —s'y+2ry' = 2rsy =W
=y = (sy) +2r(y' —sy) = W
= ' —sy) +2ry) —sy) = W
= D+2r)Q —-sy) =W
= D+2r)(D-s)y=y"+(=s+2r)y' + (=s' = 2rs)y =W
is clearly only the special case linear differential operator factorization
where:

Ps+s>+s'+Q0=—(s+2r)s+s>+s' +0
=—5242rs+s2+5'+0=0-(—s'"-2rs) =0

Thus, two similar analyses yield homogeneous solution, reduction of order homogeneous
solution and inhomogeneous solution in one process.



