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abstract 

 In this note we show some formulas related with the constant Pi 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



1 
 

Algunas fórmulas que involucran a la constante Pi 
 
Edgar Valdebenito 

06-04-2015 14:48:07 

En esta nota mostramos una colección de fórmulas en las que aparece la constante Pi: 

𝜋𝜋 = 4�
(−1)𝑛𝑛

2𝑛𝑛 + 1

∞

𝑛𝑛=0

= 3.14159265 … 

 

 

Fórmulas 

(1)         𝑒𝑒𝜋𝜋 6⁄ = csc �ln
2
√3
��(−1)𝑛𝑛

∞

𝑛𝑛=1

𝑎𝑎2𝑛𝑛3−𝑛𝑛 + √3 sec �ln
2
√3
��(−1)𝑛𝑛−1

∞

𝑛𝑛=1

𝑎𝑎2𝑛𝑛−13−𝑛𝑛  

(2)         𝑒𝑒−𝜋𝜋 6⁄ = csc �ln
2
√3
��(−1)𝑛𝑛

∞

𝑛𝑛=1

𝑎𝑎2𝑛𝑛3−𝑛𝑛 − √3 sec �ln
2
√3
��(−1)𝑛𝑛−1

∞

𝑛𝑛=1

𝑎𝑎2𝑛𝑛−13−𝑛𝑛  

En las fórmulas (1)-(2) , se tiene: 

𝑎𝑎𝑛𝑛+2 = −
(𝑛𝑛2 + 1)𝑎𝑎𝑛𝑛 + (𝑛𝑛 + 1)(2𝑛𝑛 + 1)𝑎𝑎𝑛𝑛+1

(𝑛𝑛 + 1)(𝑛𝑛 + 2)  ,𝑎𝑎1 = 1,𝑎𝑎2 = −1 2⁄ ,𝑛𝑛 ∈ ℕ 

poniendo 𝑏𝑏𝑛𝑛 = 𝑛𝑛! 𝑎𝑎𝑛𝑛  , se tiene:  

𝑏𝑏𝑛𝑛+2 = −�(𝑛𝑛2 + 1)𝑏𝑏𝑛𝑛 + (2𝑛𝑛 + 1)𝑏𝑏𝑛𝑛+1� , 𝑏𝑏1 = 1, 𝑏𝑏2 = −1,𝑛𝑛 ∈ ℕ 

(3)         𝑒𝑒𝜋𝜋 6⁄ = sec �ln
2
√3
��(−1)𝑛𝑛

∞

𝑛𝑛=0

𝑎𝑎2𝑛𝑛3−𝑛𝑛 +
1
√3

csc �ln
2
√3
��(−1)𝑛𝑛−1

∞

𝑛𝑛=1

𝑎𝑎2𝑛𝑛+13−𝑛𝑛  

(4)         𝑒𝑒−𝜋𝜋 6⁄ = sec �ln
2
√3
��(−1)𝑛𝑛

∞

𝑛𝑛=0

𝑎𝑎2𝑛𝑛3−𝑛𝑛 −
1
√3

csc �ln
2
√3
��(−1)𝑛𝑛−1

∞

𝑛𝑛=1

𝑎𝑎2𝑛𝑛+13−𝑛𝑛  

En las fórmulas (3)-(4) , se tiene: 

𝑎𝑎𝑛𝑛+2 = −
(𝑛𝑛2 + 1)𝑎𝑎𝑛𝑛 + (𝑛𝑛 + 1)(2𝑛𝑛 + 1)𝑎𝑎𝑛𝑛+1

(𝑛𝑛 + 1)(𝑛𝑛 + 2)  ,𝑎𝑎0 = 1,𝑎𝑎1 = 0,𝑛𝑛 ∈ ℕ ∪ {0} 

poniendo 𝑏𝑏𝑛𝑛 = 𝑛𝑛! 𝑎𝑎𝑛𝑛  , se tiene: 

𝑏𝑏𝑛𝑛+2 = −�(𝑛𝑛2 + 1)𝑏𝑏𝑛𝑛 + (2𝑛𝑛 + 1)𝑏𝑏𝑛𝑛+1� , 𝑏𝑏0 = 1, 𝑏𝑏1 = 0,𝑛𝑛 ∈ ℕ ∪ {0} 
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(5)         𝜋𝜋 =
48�2 − √3�

5
� � 𝐷𝐷(𝑚𝑚,𝑛𝑛 −𝑚𝑚)

(−1)𝑚𝑚

2𝑚𝑚 + 1
5−𝑛𝑛 �

10�7 − 4√3�
3

�
𝑚𝑚𝑛𝑛

𝑚𝑚=0

∞

𝑛𝑛=0

 

(6)         𝜋𝜋 =
6�13 + 6√3�

61
� � 𝐷𝐷(𝑚𝑚,𝑛𝑛 −𝑚𝑚)

(−1)𝑚𝑚

2𝑚𝑚 + 1
5−2𝑚𝑚 �

78 − 25√3
122

�
𝑛𝑛−𝑚𝑚𝑛𝑛

𝑚𝑚=0

∞

𝑛𝑛=0

 

(7)         𝜋𝜋 = 12�2 − √3�(1 − 𝑎𝑎)� � 𝐷𝐷(𝑚𝑚,𝑛𝑛 −𝑚𝑚)
(−1)𝑚𝑚

2𝑚𝑚 + 1
𝑎𝑎𝑛𝑛+𝑚𝑚

𝑛𝑛

𝑚𝑚=0

∞

𝑛𝑛=0

 

donde 

𝑎𝑎 = −
1
3

+ �125 − 72√3
27

−�2411 − 1392√3
27

3

+ �125 − 72√3
27

+ �2411 − 1392√3
27

3

 

(8)         𝜋𝜋 = 12�𝐷𝐷(𝑛𝑛,𝑛𝑛)
∞

𝑛𝑛=0

�√2 + 1�
2𝑛𝑛+2

� 𝑥𝑥2𝑛𝑛

�3√2−4��√3−1� 4⁄

0

�1 − 𝑥𝑥2 𝑑𝑑𝑥𝑥 

En las fórmulas (5)-(6)-(7)-(8) , se tiene: 

𝐷𝐷(𝑚𝑚,𝑛𝑛) = ��
𝑛𝑛
𝑘𝑘
� �
𝑚𝑚 + 𝑛𝑛 − 𝑘𝑘

𝑛𝑛 �
𝑛𝑛

𝑘𝑘=0

= � 2𝑘𝑘
𝑛𝑛

𝑘𝑘=0

�
𝑚𝑚
𝑘𝑘
� �
𝑛𝑛
𝑘𝑘
� 

𝐷𝐷(𝑚𝑚,𝑛𝑛) : Números de Dellanoy 

(9)         𝜋𝜋 = ��
2𝑛𝑛
𝑛𝑛 �

∞

𝑛𝑛=1

(−1)𝑛𝑛−1

2𝑛𝑛 �24 �
1

16�
𝑛𝑛

𝐼𝐼𝑚𝑚 ��−
1
4

+ 2𝑖𝑖�
𝑛𝑛

� + 8 �
1

57�
𝑛𝑛

𝐼𝐼𝑚𝑚 ��−
1

57
+ 𝑖𝑖�

𝑛𝑛

�

+ 4 �
1

239�
𝑛𝑛

𝐼𝐼𝑚𝑚 ��−
1

239
+ 𝑖𝑖�

𝑛𝑛

�� 

(10)         𝜋𝜋 = 6��
2𝑛𝑛
𝑛𝑛 �

∞

𝑛𝑛=1

(−1)𝑛𝑛−12−2𝑛𝑛

𝑛𝑛
𝐼𝐼𝑚𝑚 ���𝑎𝑎 + �2 − √3�(1 + 𝑎𝑎)𝑖𝑖�

2
− 1�

𝑛𝑛
� 

��𝑎𝑎 + �2 − √3�(1 + 𝑎𝑎)𝑖𝑖�
2
− 1� < 1 , 0.48 … < 𝑎𝑎 < 0.86 … 

(11)         𝜋𝜋 = 8√6 − 6√3 − 6 − 36√3 �𝑀𝑀(𝑛𝑛)
∞

𝑛𝑛=0

1
𝑛𝑛 + 3

�
√2 − 1

3
�
𝑛𝑛+3

 

donde 
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𝑀𝑀(𝑛𝑛) = �
(−1)𝑘𝑘

𝑛𝑛 + 2 − 𝑘𝑘

𝑛𝑛

𝑘𝑘=0

�
𝑛𝑛
𝑘𝑘
� �

2𝑛𝑛 + 2 − 2𝑘𝑘
𝑛𝑛 + 1 − 𝑘𝑘 � 

𝑀𝑀(𝑛𝑛) : Números de Motzkin 

(12)         𝜋𝜋 = 12 sinh−1 ��𝑐𝑐𝑛𝑛�2 − √3�
2𝑛𝑛−1

∞

𝑛𝑛=1

� 

donde 

𝑐𝑐𝑛𝑛+1 = −
(8𝑛𝑛(𝑛𝑛 − 1) + 1)𝑐𝑐𝑛𝑛 + (2𝑛𝑛 − 3)(2𝑛𝑛 − 2)𝑐𝑐𝑛𝑛−1

(2𝑛𝑛)(2𝑛𝑛 + 1)  , 𝑐𝑐1 = 1, 𝑐𝑐2 = −
1
6

 

(13)         𝜋𝜋 = 12 cosh−1 ��𝑐𝑐𝑛𝑛�2 − √3�
2𝑛𝑛

∞

𝑛𝑛=0

� 

donde 

𝑐𝑐𝑛𝑛+1 = −
(8𝑛𝑛2 − 1)𝑐𝑐𝑛𝑛 + (2𝑛𝑛 − 2)(2𝑛𝑛 − 1)𝑐𝑐𝑛𝑛−1

(2𝑛𝑛 + 1)(2𝑛𝑛 + 2)  , 𝑐𝑐1 = 1, 𝑐𝑐2 =
1
2

 

(14)         𝜋𝜋 = 12 tanh−1 ��𝑐𝑐𝑛𝑛�2 − √3�
2𝑛𝑛−1

∞

𝑛𝑛=1

� 

donde 

𝑐𝑐𝑛𝑛+1 = −
𝑛𝑛(2𝑛𝑛 − 1)𝑐𝑐𝑛𝑛 + ∑ (2𝑘𝑘 + 1)𝑐𝑐𝑛𝑛−𝑘𝑘𝑐𝑐𝑘𝑘+1

𝑛𝑛−1
𝑘𝑘=0

𝑛𝑛(2𝑛𝑛 + 1)  , 𝑐𝑐1 = 1 

(15)         𝜋𝜋 = 16 sinh−1 ��𝑐𝑐𝑛𝑛5−(2𝑛𝑛−1)
∞

𝑛𝑛=1

� − 4 sinh−1 ��𝑐𝑐𝑛𝑛239−(2𝑛𝑛−1)
∞

𝑛𝑛=1

� 

Los números 𝑐𝑐𝑛𝑛  , se definen como en la fórmula (12).  

(16)        𝜋𝜋 = 16 cosh−1 ��𝑐𝑐𝑛𝑛5−2𝑛𝑛
∞

𝑛𝑛=1

� − 4 cosh−1 ��𝑐𝑐𝑛𝑛239−2𝑛𝑛
∞

𝑛𝑛=1

� 

Los números 𝑐𝑐𝑛𝑛  , se definen como en la fórmula (13).  

(17)         𝜋𝜋 = 16 tanh−1 ��𝑐𝑐𝑛𝑛5−(2𝑛𝑛−1)
∞

𝑛𝑛=1

� − 4 tanh−1 ��𝑐𝑐𝑛𝑛239−(2𝑛𝑛−1)
∞

𝑛𝑛=1

� 

Los números 𝑐𝑐𝑛𝑛  , se definen como en la fórmula (14).  

(18)         
𝜋𝜋

24
+
√3
8

+
ln�2 − √3�

4
=

1
√3

 ��
𝑛𝑛
2
�

∞

𝑛𝑛=2

3−𝑛𝑛

2𝑛𝑛 + 1
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(19)         
𝜋𝜋

32
+

1
8

+
ln�√2 − 1�

4
=  ��

𝑛𝑛
2
�

∞

𝑛𝑛=2

�√2 − 1�
2𝑛𝑛+1

2𝑛𝑛 + 1
 

(20)         
𝜋𝜋

48
+
√3
24

−
ln 3

8
=  ��

𝑛𝑛
2
�

∞

𝑛𝑛=2

�2 − √3�
2𝑛𝑛+1

2𝑛𝑛 + 1
 

(21)         
𝜋𝜋�√2 − 1�

2

12
+
√3 �√2 − 1�

2

8

=
�√2 − 1��9 + 10√2

8
−

1 + 2√2
2

sin−1 �
�√2 − 1�

2

2 �

− 2�𝑟𝑟(𝑛𝑛)
∞

𝑛𝑛=0

�√2 + 1�
2𝑛𝑛+2

�
𝑥𝑥2𝑛𝑛+2

√1 − 𝑥𝑥2

�√2−1�
2

2�

0

𝑑𝑑𝑥𝑥 

donde 

𝑟𝑟(𝑛𝑛) = 𝐷𝐷(𝑛𝑛,𝑛𝑛) − 𝐷𝐷(𝑛𝑛 + 1,𝑛𝑛 − 1) ,𝑛𝑛 ∈ ℕ , 𝑟𝑟(0) = 1 

𝐷𝐷(𝑚𝑚,𝑛𝑛) : Números de Dellanoy 

𝑟𝑟(𝑛𝑛) : Números de Schroder 

(22)         𝜋𝜋 = 4√3 − 3 ln�
√3 + 1
√3 − 1

�

+ 2√3�
3−𝑛𝑛

2𝑛𝑛 + 1

∞

𝑛𝑛=2

�𝐹𝐹 �1,1 +
1

2𝑛𝑛
; 2 +

1
2𝑛𝑛

;−3−𝑛𝑛� + (−1)𝑛𝑛𝐹𝐹 �1,1 +
1

2𝑛𝑛
; 2 +

1
2𝑛𝑛

; 3−𝑛𝑛�� 

(23)         𝜋𝜋 = 16�√2 − 1� − 4 ln�√2 + 1�

+ 8�
�√2 − 1�

2𝑛𝑛+1

2𝑛𝑛 + 1

∞

𝑛𝑛=2

�𝐹𝐹 �1,1 +
1

2𝑛𝑛
; 2 +

1
2𝑛𝑛

;−�√2 − 1�
2𝑛𝑛
�

+ (−1)𝑛𝑛𝐹𝐹 �1,1 +
1

2𝑛𝑛
; 2 +

1
2𝑛𝑛

; �√2 − 1�
2𝑛𝑛
�� 

(24)         𝜋𝜋 = 24�2 − √3� − 3 ln 3

+ 12�
�2 − √3�

2𝑛𝑛+1

2𝑛𝑛 + 1

∞

𝑛𝑛=2

�𝐹𝐹 �1,1 +
1

2𝑛𝑛
; 2 +

1
2𝑛𝑛

;−�2 − √3�
2𝑛𝑛
�

+ (−1)𝑛𝑛𝐹𝐹 �1,1 +
1

2𝑛𝑛
; 2 +

1
2𝑛𝑛

; �2 − √3�
2𝑛𝑛
�� 
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(25)         𝜋𝜋 =
24(2 − 3𝑖𝑖)

13
 �

(−1)𝑛𝑛

2𝑛𝑛 + 1

∞

𝑛𝑛=0

�
√7 − √3

2
�

2𝑛𝑛+1

𝑒𝑒(−1)𝑛𝑛 (2𝑛𝑛+1)𝜋𝜋3𝑖𝑖  

(26)         𝜋𝜋 =
24(2 + 3𝑖𝑖)

13
 �

(−1)𝑛𝑛

2𝑛𝑛 + 1

∞

𝑛𝑛=0

�
√7 − √3

2
�

2𝑛𝑛+1

𝑒𝑒−(−1)𝑛𝑛 (2𝑛𝑛+1)𝜋𝜋3𝑖𝑖  

(27)         𝜋𝜋 =
24(3 − 2𝑖𝑖)

13
 �

(−1)𝑛𝑛

2𝑛𝑛 + 1

∞

𝑛𝑛=0

�
√7 − √3

2
�

2𝑛𝑛+1

𝑒𝑒(−1)𝑛𝑛 (2𝑛𝑛+1)𝜋𝜋6𝑖𝑖  

(28)         𝜋𝜋 =
24(3 + 2𝑖𝑖)

13
 �

(−1)𝑛𝑛

2𝑛𝑛 + 1

∞

𝑛𝑛=0

�
√7 − √3

2
�

2𝑛𝑛+1

𝑒𝑒−(−1)𝑛𝑛 (2𝑛𝑛+1)𝜋𝜋6𝑖𝑖  

(29)         𝜋𝜋 = 5 �
1
𝑛𝑛

∞

𝑛𝑛=1

�
√2�5 − 2√5

1 + �5 − 2√5
�

𝑛𝑛

sin �
𝑛𝑛𝜋𝜋
4
� 

(30)         𝜋𝜋 = 5 �
1
𝑛𝑛

∞

𝑛𝑛=1

�
2�5 − 2√5

1 + √3�5 − 2√5
�

𝑛𝑛

sin �
𝑛𝑛𝜋𝜋
6
� 

(31)         𝜋𝜋 = 5 �
1
𝑛𝑛

∞

𝑛𝑛=1

�
2�5 − 2√5

√3 + �5 − 2√5
�

𝑛𝑛

sin �
𝑛𝑛𝜋𝜋
3
� 

(32)         𝜋𝜋 = 10 �
(−1)𝑛𝑛−1

2𝑛𝑛 − 1

∞

𝑛𝑛=1

�
�6 − 2√5 − 1
�5 − 2√5

�

2𝑛𝑛−1

 

(33)         𝜋𝜋 = 10 �
1

2𝑛𝑛 − 1

∞

𝑛𝑛=1

�
�11 − 4√5 − 1

√2�5 − 2√5
�

2𝑛𝑛−1

sin�
(2𝑛𝑛 − 1)𝜋𝜋

4
� 

(34)         𝜋𝜋 = 4�√2 − 1��
𝑎𝑎𝑛𝑛  𝑥𝑥2𝑛𝑛+1

2𝑛𝑛 + 1

∞

𝑛𝑛=0

+ 4√2 �
𝑏𝑏𝑛𝑛  𝑒𝑒−(𝑛𝑛+1)𝑥𝑥

𝑛𝑛 + 1

∞

𝑛𝑛=0

 

donde 

𝑎𝑎0 = 1,𝑎𝑎𝑛𝑛 = −�2 − √2��
𝑎𝑎𝑛𝑛−𝑘𝑘
(2𝑘𝑘)!

𝑛𝑛

𝑘𝑘=1

 ,𝑛𝑛 ∈ ℕ 

 𝑏𝑏𝑛𝑛+2 = −√2 𝑏𝑏𝑛𝑛+1 − 𝑏𝑏𝑛𝑛  , 𝑏𝑏0 = 1, 𝑏𝑏1 = −√2 ,𝑛𝑛 ∈ ℕ ∪ {0} 

0 < 𝑥𝑥 < lim
𝑛𝑛→∞

 �
𝑎𝑎𝑛𝑛
𝑎𝑎𝑛𝑛+1

= 2.35 … 
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(35)         𝜋𝜋 = √3�
𝑎𝑎𝑛𝑛  𝑥𝑥2𝑛𝑛+1

2𝑛𝑛 + 1

∞

𝑛𝑛=0

+ 3√3 �
𝑏𝑏𝑛𝑛  𝑒𝑒−(𝑛𝑛+1)𝑥𝑥

𝑛𝑛 + 1

∞

𝑛𝑛=0

 

donde 

𝑎𝑎0 = 1,𝑎𝑎𝑛𝑛 = −
2
3
�

𝑎𝑎𝑛𝑛−𝑘𝑘
(2𝑘𝑘)!

𝑛𝑛

𝑘𝑘=1

 ,𝑛𝑛 ∈ ℕ 

 𝑏𝑏𝑛𝑛+2 = − 𝑏𝑏𝑛𝑛+1 − 𝑏𝑏𝑛𝑛  , 𝑏𝑏0 = 1, 𝑏𝑏1 = −1 ,𝑛𝑛 ∈ ℕ ∪ {0} 

0 < 𝑥𝑥 < lim
𝑛𝑛→∞

 �
𝑎𝑎𝑛𝑛
𝑎𝑎𝑛𝑛+1

= 2.09 … 

(36)         𝜋𝜋 = 6�2 − √3��
𝑎𝑎𝑛𝑛  𝑥𝑥2𝑛𝑛+1

2𝑛𝑛 + 1

∞

𝑛𝑛=0

+ 6 �
𝑏𝑏𝑛𝑛  𝑒𝑒−(𝑛𝑛+1)𝑥𝑥

𝑛𝑛 + 1

∞

𝑛𝑛=0

 

donde 

𝑎𝑎0 = 1,𝑎𝑎𝑛𝑛 = −2�2 − √3��
𝑎𝑎𝑛𝑛−𝑘𝑘
(2𝑘𝑘)!

𝑛𝑛

𝑘𝑘=1

 ,𝑛𝑛 ∈ ℕ 

 𝑏𝑏𝑛𝑛+2 = −√3 𝑏𝑏𝑛𝑛+1 − 𝑏𝑏𝑛𝑛  , 𝑏𝑏0 = 1, 𝑏𝑏1 = −√3 ,𝑛𝑛 ∈ ℕ ∪ {0} 

0 < 𝑥𝑥 < lim
𝑛𝑛→∞

 �
𝑎𝑎𝑛𝑛
𝑎𝑎𝑛𝑛+1

= 2.61 … 

(37)         
1
𝜋𝜋

=
1
8

 ���
𝑛𝑛

𝑛𝑛 + 1
� �1 +

1
4𝑛𝑛�

4

𝑥𝑥𝑛𝑛�
∞

𝑛𝑛=1

 

donde 

𝑥𝑥𝑛𝑛+1 =
2

1 + �𝑥𝑥𝑛𝑛
 , 𝑥𝑥1 = 2 ,𝑛𝑛 ∈ ℕ 

se tiene 

1
𝜋𝜋

=
1
8
�

1
2 �

5
4�

4

2� �
2
3 �

9
8�

4 2
1 + √2

�

⎩
⎪
⎨

⎪
⎧

3
4 �

13
12�

4 2

1 + � 2
1 + √2⎭

⎪
⎬

⎪
⎫

… 
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(38)         𝜋𝜋 = 2𝑛𝑛+2  � tan−1 �
�tanh𝑘𝑘 + 1

2 − tanh𝑘𝑘2� 𝑡𝑡𝑛𝑛

1 + 𝑡𝑡𝑛𝑛2  tanh �𝑘𝑘 + 1
2 � tanh �𝑘𝑘2�

�
∞

𝑘𝑘=0

 ,𝑛𝑛 ∈ ℕ 

donde 

𝑡𝑡𝑛𝑛 =    

⎷
⃓⃓
⃓⃓
⃓⃓
⃓⃓
�⃓

2 −�2 + �2 + ⋯+ √2

2 + �2 + �2 + ⋯+ √2�������������
𝑛𝑛−𝑟𝑟𝑎𝑎𝑑𝑑𝑖𝑖𝑐𝑐𝑎𝑎𝑟𝑟𝑒𝑒𝑟𝑟

 = tan �
𝜋𝜋

2𝑛𝑛+2�  ,𝑛𝑛 ∈ ℕ 

(39)         𝜋𝜋 = 3 �
𝑐𝑐𝑛𝑛

𝑛𝑛 + 1

∞

𝑛𝑛=0

�ln�√2 + √3��
2𝑛𝑛+2

 

(40)         𝜋𝜋 = 5 �
(−1)𝑛𝑛𝑐𝑐𝑛𝑛
𝑛𝑛 + 1

∞

𝑛𝑛=0

�tan−1 �
2
√5
�

2𝑛𝑛+2

 

(41)         𝜋𝜋 = 3 �
(−1)𝑛𝑛𝑐𝑐𝑛𝑛
𝑛𝑛 + 1

∞

𝑛𝑛=0

�tan−1 √2�
2𝑛𝑛+2

 

(42)         𝜋𝜋 = 4 �
𝑐𝑐𝑛𝑛

𝑛𝑛 + 1

∞

𝑛𝑛=0

⎝

⎜
⎜
⎛

ln

⎝

⎜
⎜
⎛
−1 +

2

1 − �2 −�2 + √2
2 + �2 + √2

4

⎠

⎟
⎟
⎞

⎠

⎟
⎟
⎞

2𝑛𝑛+2

 

En las fórmulas (39)-(40)-(41)-(42) , se tiene: 

𝑐𝑐0 = 1  , 𝑐𝑐𝑛𝑛 =
1

(2𝑛𝑛 + 1)!
−�

22𝑘𝑘−2

(2𝑘𝑘)!

𝑛𝑛

𝑘𝑘=1

𝑐𝑐𝑛𝑛−𝑘𝑘   ,𝑛𝑛 ∈ ℕ 

(43)         𝜋𝜋 = � 2𝑛𝑛
∞

𝑛𝑛=1

𝑧𝑧2𝑛𝑛−1 �
3√2

2𝑛𝑛 − 1
sin�

(2𝑛𝑛 − 1)𝜋𝜋
4

� +
𝑧𝑧
𝑛𝑛

sin �
𝑛𝑛𝜋𝜋
2
�� 

(44)         𝜋𝜋 = �(−1)𝑛𝑛−1
∞

𝑛𝑛=1

22𝑛𝑛−1𝑧𝑧4𝑛𝑛−3 �
3

4𝑛𝑛 − 3
+

𝑧𝑧
2𝑛𝑛 − 1

+
6𝑧𝑧2

4𝑛𝑛 − 1
� 

En las fórmulas (43)-(44) , se tiene: 

𝑧𝑧 =
2
3
−
�1 + 𝑖𝑖√3��23 + 3𝑖𝑖√237�

1 3⁄

6 ∙ 22 3⁄ −
11�1 − 𝑖𝑖√3�

6 �2�23 + 3𝑖𝑖√237��
1 3⁄ = 0.42681725 … 
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El número 𝑧𝑧 , satisface la ecuación:  2𝑧𝑧3 − 4𝑧𝑧2 − 𝑧𝑧 + 1 = 0. 

(45)         𝜋𝜋 = � 2𝑛𝑛
∞

𝑛𝑛=1

𝑧𝑧2𝑛𝑛−1 �
3√2

2𝑛𝑛 − 1
sin�

(2𝑛𝑛 − 1)𝜋𝜋
4

� −
𝑧𝑧
𝑛𝑛

sin �
𝑛𝑛𝜋𝜋
2
�� 

(46)         𝜋𝜋 = �(−1)𝑛𝑛−1
∞

𝑛𝑛=1

22𝑛𝑛−1𝑧𝑧4𝑛𝑛−3 �
3

4𝑛𝑛 − 3
−

𝑧𝑧
2𝑛𝑛 − 1

+
6𝑧𝑧2

4𝑛𝑛 − 1
� 

En las fórmulas (45)-(46) , se tiene: 

𝑧𝑧 =
1
3�

−2 +
�−23 + 3𝑖𝑖√237�

1 3⁄

22 3⁄ +
11

�2�−23 + 3𝑖𝑖√237��
1 3⁄ � = 0.55138752 … 

El número 𝑧𝑧 , satisface la ecuación:  2𝑧𝑧3 + 4𝑧𝑧2 − 𝑧𝑧 − 1 = 0. 

(47)         𝜋𝜋 = 4 �
1
𝑛𝑛

∞

𝑛𝑛=1

� (−1)𝑘𝑘
�𝑛𝑛−1

2 �

𝑘𝑘=0

� 𝑛𝑛
2𝑘𝑘 + 1� 𝑥𝑥

2𝑛𝑛−4𝑘𝑘−2(1 − 𝑥𝑥2)2𝑘𝑘+1 = 4 �
1
𝑛𝑛

∞

𝑛𝑛=1

𝑟𝑟𝑛𝑛 sin(𝑛𝑛 𝑦𝑦) 

donde  𝑥𝑥 es solución de la ecuación no lineal: 𝑥𝑥2 + sin 𝑥𝑥 − 1 = 0, 0 < 𝑥𝑥 < 1,    

𝑟𝑟 = �𝑥𝑥4 + (1 − 𝑥𝑥2)2  ,𝑦𝑦 = tan−1 �
1
𝑥𝑥2 − 1� 

𝑥𝑥𝑛𝑛+1 = 𝑥𝑥𝑛𝑛 −
𝑥𝑥𝑛𝑛2 + sin(𝑥𝑥𝑛𝑛) − 1

2𝑥𝑥𝑛𝑛 + cos(𝑥𝑥𝑛𝑛)   , 𝑥𝑥1 =
1
2

  , lim
𝑛𝑛→∞

𝑥𝑥𝑛𝑛 = 𝑥𝑥 = 0.636732 … 

(48)         𝜋𝜋 = 2√3 �
1
𝑛𝑛

∞

𝑛𝑛=1

� �−
1
3�

𝑘𝑘
�𝑛𝑛−1

2 �

𝑘𝑘=0

� 𝑛𝑛
2𝑘𝑘 + 1� 𝑥𝑥

2𝑛𝑛−4𝑘𝑘−2(1 − 𝑥𝑥2)2𝑘𝑘+1 = 6 �
1
𝑛𝑛

∞

𝑛𝑛=1

𝑟𝑟𝑛𝑛 sin(𝑛𝑛 𝑦𝑦) 

donde  𝑥𝑥 es solución de la ecuación no lineal: 𝑥𝑥2 + √3 sin 𝑥𝑥 − 1 = 0,0 < 𝑥𝑥 < 1,  

𝑟𝑟 = �𝑥𝑥4 +
1
3

(1 − 𝑥𝑥2)2  , 𝑦𝑦 = tan−1 �
1
√3

�
1
𝑥𝑥2 − 1�� 

𝑥𝑥𝑛𝑛+1 = 𝑥𝑥𝑛𝑛 −
𝑥𝑥𝑛𝑛2 + √3 sin(𝑥𝑥𝑛𝑛) − 1

2𝑥𝑥𝑛𝑛 + √3 cos(𝑥𝑥𝑛𝑛)
  , 𝑥𝑥1 =

1
2

  , lim
𝑛𝑛→∞

𝑥𝑥𝑛𝑛 = 𝑥𝑥 = 0.467856 … 

(49)         𝜋𝜋 = 8 �
1
𝑛𝑛

∞

𝑛𝑛=1

� (−1)𝑘𝑘
�𝑛𝑛−1

2 �

𝑘𝑘=0

� 𝑛𝑛
2𝑘𝑘 + 1� 𝑥𝑥

2𝑛𝑛−4𝑘𝑘−2 ��√2 − 1�(1 − 𝑥𝑥2)�
2𝑘𝑘+1

= 8 �
1
𝑛𝑛

∞

𝑛𝑛=1

𝑟𝑟𝑛𝑛 sin(𝑛𝑛 𝑦𝑦) 

donde  𝑥𝑥 es solución de la ecuación no lineal: 𝑥𝑥2 + �√2 + 1� sin 𝑥𝑥 − 1 = 0,0 < 𝑥𝑥 < 1,  
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𝑟𝑟 = �𝑥𝑥4 + �√2 − 1�
2

(1 − 𝑥𝑥2)2  , 𝑦𝑦 = tan−1 ��√2 − 1� �
1
𝑥𝑥2 − 1�� 

𝑥𝑥𝑛𝑛+1 = 𝑥𝑥𝑛𝑛 −
𝑥𝑥𝑛𝑛2 + �√2 + 1� sin(𝑥𝑥𝑛𝑛) − 1

2𝑥𝑥𝑛𝑛 + �√2 + 1� cos(𝑥𝑥𝑛𝑛)
  , 𝑥𝑥1 =

1
2

  , lim
𝑛𝑛→∞

𝑥𝑥𝑛𝑛 = 𝑥𝑥 = 0.366682 … 

(50)         𝜋𝜋 = 12 �
1
𝑛𝑛

∞

𝑛𝑛=1

� (−1)𝑘𝑘
�𝑛𝑛−1

2 �

𝑘𝑘=0

� 𝑛𝑛
2𝑘𝑘 + 1� 𝑥𝑥

2𝑛𝑛−4𝑘𝑘−2 ��2 − √3�(1 − 𝑥𝑥2)�
2𝑘𝑘+1

= 12 �
1
𝑛𝑛

∞

𝑛𝑛=1

𝑟𝑟𝑛𝑛 sin(𝑛𝑛 𝑦𝑦) 

donde  𝑥𝑥 es solución de la ecuación no lineal: 𝑥𝑥2 + �2 + √3� sin 𝑥𝑥 − 1 = 0,0 < 𝑥𝑥 < 1,  

𝑟𝑟 = �𝑥𝑥4 + �2 − √3�
2

(1 − 𝑥𝑥2)2  , 𝑦𝑦 = tan−1 ��2 − √3� �
1
𝑥𝑥2 − 1�� 

𝑥𝑥𝑛𝑛+1 = 𝑥𝑥𝑛𝑛 −
𝑥𝑥𝑛𝑛2 + �2 + √3� sin(𝑥𝑥𝑛𝑛) − 1

2𝑥𝑥𝑛𝑛 + �2 + √3� cos(𝑥𝑥𝑛𝑛)
  , 𝑥𝑥1 =

1
2

  , lim
𝑛𝑛→∞

𝑥𝑥𝑛𝑛 = 𝑥𝑥 = 0.253442 … 

(51)         𝜋𝜋 = 6 �
(−1)𝑛𝑛

2𝑛𝑛 + 1

∞

𝑛𝑛=0

ln�
√3

√3 − 3−𝑛𝑛
� − 6 �

1
𝑛𝑛

∞

𝑛𝑛=2

tan−1�3−𝑛𝑛 2⁄ � 

(52)         𝜋𝜋 = 6 �
(−1)𝑛𝑛

2𝑛𝑛 + 1

∞

𝑛𝑛=0

ln�
√3

√3 − 3−𝑛𝑛
� − 6 �(𝐻𝐻𝑛𝑛 − 1)

∞

𝑛𝑛=2

tan−1 �
3𝑛𝑛 2⁄ �√3 − 1�
√3 3𝑛𝑛 + 1

� 

𝐻𝐻𝑛𝑛 = �
1
𝑘𝑘

𝑛𝑛

𝑘𝑘=1

 

(53)         𝜋𝜋 = 6 �
(−1)𝑛𝑛

2𝑛𝑛 + 1

∞

𝑛𝑛=0

ln�
√3

√3 − 3−𝑛𝑛
� − 6 �

3−𝑛𝑛 2⁄

𝑛𝑛(1 + 3−𝑛𝑛)

∞

𝑛𝑛=2

 𝐹𝐹 �1,1;
3
2

;
1

3𝑛𝑛 + 1�
 

(54)         𝜋𝜋 = 6 �
(−1)𝑛𝑛

2𝑛𝑛 + 1

∞

𝑛𝑛=0

ln�
√3

√3 − 3−𝑛𝑛
� − 6 �

3−𝑛𝑛 2⁄

𝑛𝑛√1 + 3−𝑛𝑛

∞

𝑛𝑛=2

 𝐹𝐹 �
1
2

,
1
2

;
3
2

;
1

3𝑛𝑛 + 1�
 

 

En las fórmulas (22)-(23)-(24)-(53)-(54) , 𝐹𝐹(𝑎𝑎, 𝑏𝑏; 𝑐𝑐; 𝑥𝑥) es la función hipergeométrica de Gauss. 

 

 

 



10 
 

 

 

Referencias 

[1] Abramowitz, M., and  Stegun, I.A.: Handbook of Mathematical Functions. Nueva York: Dover , 
1965. 

[2]  Boros, G., Moll, V.: Irresistible Integrals.Cambridge University Press,2004. 

[3] Gradshteyn, I.S., and Ryzhik, I.M.: Table of Integrals,Series and Products. 5th ed.,ed. Alan Jeffrey. 
Academic Press, 1994. 

[4]  Spiegel,M.R.: Mathematical Handbook, McGraw-Hill Book Company , New York , 1968. 

[5]  Valdebenito, E.:, Pi Handbook , manuscript , unpublished , 1989 , (20000 formulas). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 


	doc-titulo-part 26
	doc-5-abril-1-2015-pdf

