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Abstract

A tenth-order non-polynomial spline method for the solutions of two-point boundary value
problem u™® (z) 4+ f(z,u(z)) = 0,u(a) = A1, u”(a) = A2, u(b) = A3, u” (b) = A4, is constructed.
Numerical method of tenth-order with end conditions of the order 10 is derived. The convergence
analysis of the method has been discussed. Numerical examples are presented to illustrate the
applications of method, and to compare the computed results with other known methods.
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1 Introduction
Consider the special nonlinear fourth-order boundary value problem given by:

u® (z) + f(z,u(z)) =0,a <z < b,a,b,z € R, (1)
with the following boundary conditions

u(a) = A, v’ (@) = Mg, u(b) = Az, u” (b) = 4. (2)

It is assumed that f(z, u(z)) is real and continuous on [a, b], and A;,7 = 1,2, 3 and 4, are finite real
constants. For details of the existence and uniqueness of the real valued function u(x) which satisfies
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(1)-(2) see [1]. E. H. Twizell in [20] derived a fourth-order finite difference method for the numerical
solution of (1)-(2). C. P. Katti [11] has given a sixth order finite difference method for the two-point
boundary value problem (1) with first-order derivative boundary conditions. In the case of linear
differential equations (1), The class of fourth-order method for numerical solutions of two-point
boundary value problems have been obtained by some authors see Usmani [22]- [25], Usmani et
al. [26], Rashidinia et al. [16]- [18] and references therein. Numerical methods based on the finite
difference of the various orders by which the solution of (1) are approximated over a finite set of grid
points have been developed by Chawla et al. [5]- [6], Jain et al. [9]- [10] and references therein. Daele
et al. [7] introduced a new second order method for solving the boundary value problems (1) based
on non-polynomial spline function. Al-Said et al. [2]- [3] have developed numerical methods for
solutions of fourth-order obstacle problems with collocation, finite difference and spline techniques.
S. S. Siddiqi and G. Akram [19] analyzed a system of fourth-order boundary value problems
using non-polynomial spline functions. M.A. Ramadan and his coworkers [15] developed quintic
non-polynomial spline solutions for fourth-order two-point boundary value problem. Siraj-ul-Islam
et al. [21] developed numerical methods based on quartic non-polynomial splines for solution of of
a system of third-order boundary-value problems. M.A.Khan et al. [13] have been developed and
analyzed a class of methods based on non-polynomial sextic spline functions for the solution of a
special fifth-order boundary-value problems. Khan et al. [12] used parametric quintic spline function
for the solution of a system of fourth-order boundary-value problems. Numerical methods for
nonlinear fourth-order boundary value problems study by Mohamed Alihajji and Kamel Al-khaled
[4]. Wazwaz [27] applied ADM meyhod for solving a special 2m order boundary value problem of
the form u®™ (z) = f(x,u),0 <z < b.
In this paper non-polynomial septic spline relations have been derived. We apply such non-polynomial
septic spline functions that have polynomial and trigonometric parts to develop new numerical
method for obtaining smooth approximations to the solutions (1)-(2). Non-polynomial septic spline
formulation is derived in section 2. We develop the O(h'%) methods at end conditions in section 3.
In section 4, convergence analysis is proved. Finally, in section 5, Numerical examples are given to
illustrate the applications of the method. We introduce the set of grid points in the interval [a, b]
b—a

xo=a, rp=a+ ()h, h= N 1=1,2,..,N, zy =b.

Non-polynomial septic spline function S;(z) which interpolates u(x) at the mesh points z;, | =
1,2,..., N, depends on a parameter 7 and reduces to ordinary septic spline S;(z) in [a,b] as 7 — 0.
For each segment [z, z;41], | = 1,2,..., N — 1, the septic spline S;(z), is defined as

5
Si(x) = Za”(x —a;))  +esint(z —x) + ficost(x — 1), 1 =0,1,2,..., N, (3)
i=0

where a;, (i = 0,1,2,3,4,5),¢; and f; are constants and 7 is free parameter.

Let u; be an approximation to u(z;), obtained by the segment S;(z) of the mixed spline function
passing through the points (z;,u;) and (241, u;+1), to obtain the necessary conditions for the
coefficients introduced in (3), we do not only require that S;(z) satisfies interpolatory conditions at
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xy, 2141 but also the continuity of second, four and six derivatives at the common nodes (x, u;).
To derive expression for the coefficients, we first denote:

Si(x) = w, S (z) = Ml,51(4)(33l) = NlaSl(G)(Il) =Ly,
Si(@i41) = w1, S (x141) = Mis1, SV (2141) = Nisr, 8, (2141) = L.

(4)

Using the continuity of first, third and fifth derivatives at (x;, u;), that are Sl(f)l (x1) = Sl(é) (x1),& =
1,3 and 5, and also by elimination of M;, L;” we obtain the following relations between N; and wu;:

h* (a1 Ni—3 4+ agNj—g + agN;_1 + asaN; + agN14; + aaNoyy + a1 Najy) = —

(wi—3 + Prug—2 + Bawy—1 + Bauy + Bowiyi + Prusyr +us4) ,l=3,...,N =3, (5)

where
(1209 — 20603 + 65 — 1205in[9])

12064(—6 + Sin[6]) ’
) (2400 + 20603 — 136° + 6 (120 — 200% + 6*) Cos|0] — 360Sin[0])

o] =

2= 1200%(—0 + Sinl6)) 7
(84060 + 1006° + 676° + (9600 4 806> — 526°) C'os[f] — 1800Sin[6])
= 1200%(—0 + Sin|6]) ’
_ (2400 + 200° — 136° + 36 (120 + 2062 + 116*) Cos[f] — 6005in[0)])
G 1200%(—0 + Sin[0)) ’
_2400*(260 + 6Cos[0] — 3Sin[6]) _ 12004(76 4 80Co0s[f] — 15Sin[0])
b 1200%(—6 + Sin[6)) e 1200%(—6 + Sin[6]) ’

By — 48064 (20 + 30Cos[f)] — 5Sin[f])
8 12004(—0 + Sin[0))
When 7 — 0, (th = 0), that § — 0, then:
(a1, a2, a3, a4, B1,82,B3) — (—gi5:— %> — oge, —202,0,-9,16), and the relations defined by (5)
reduce into septic polynomial spline function [28]. Now by using the spline relation (5) and

discretize the given system (1) at the grid points ;. We obtain (N — 5) nonlinear equation in the
(N — 1) unknowns v, [ =1,2,..., N — 1 as

,0 =Th.

(uj—3 — arh* f(w1-3,u1-3)) + (Brug—2 — ash® f(21—2,u1—2))+

(Boui—1 — ash* f(w1-1,u1-1)) + (Bswg — aah® f (21, )+
(Bowis1 — ash* f(zi11,wip1)) + (Brurse — aoh? f (240, uige))+

(w3 — a1h4f(xl+3,ul+3)) +t; =0, = 3(1)N - 3. (6)
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by the Taylor expansion the local truncation errors ¢;,1 = 3, ..., N — 3, associated with our method
are given by
tr = (24281 + 262 + Bs) w + (9 + 451 + Bo) hPui?+

1
73 (BL+ 24ay + 24as + 2403 + 1204 + 1651 + ) hult +

1
agg (729 + 324001 + 14400 + 36003 + 6451 + Bo) hou(® 4

1
20160 (6561 + 1360801 + 26880cry + 1680cx3 + 25631 + B2) hsul(s)Jr

814100 (59049 + 36741601 + 32256005 + 504003 + 102451 + B) h'0u{'”+

539500800 (P31441 + 779446800, + 3041280012 + 1188005 + 409651 + f2) h12u (M 4

13539145600 (4782969 + 14185931760 + 246005760y + 240243 + 1638451 + B2)

hH4uM™ 4+ O(n'). (7)

For different choices of parameters a¢, ¢ = 1,2,3,4 and B¢, ¢ = 1,2,3 we can obtain classes of
methods such as:
Fourth-order method

1 1 397 302 S _

For a; = T840 X2 = T, 3 = 555,04 = —ﬁ’ﬂl = 0,62 = =9, and f3 = 16, gives t; =
1 18,,(8) 9 _
mh Ul + O(h )7 l— 37 ,N — 3
Tenth-order method

_ 113 _ _ 5347 . _ _ 18593 _ 29371 _ 6 _ 345 __ 620
For ay = — 555655, 2 _( 4)3444070‘3 = —T37ma 4 = —igpy P = —ap P2 = — 7, and B3 = T,
: _ 383 14,,(1 15 _
gives tl = mh Ul + O(h ), l = 37 7]\/v — 3

2 End condition

To obtain the unique solution of the nonlinear system (6) we need four more equations. By
using Taylor series and method of undetermined coefficients the boundary formulas associate with
boundary conditions for the tenth-order method can be determine as follows. In order to obtain
the tenth-order boundary formula we define the following identities

Zi:o Yeug + prh?ul = h* Zzzo nku,(:l) + t1h14u((314) + 019, i=1
Ei:o viug + poh?uf = h? Ei:o Uku,(;l) + t2h14uél4) + O(h19)),i = 2,
Zi:o VRUN—k + M2h2u’1<[ = hpt ZZ:O akugé)_k + thghMug\yl) + O(h(ls)),i =N -2,
Zi:o YeUN—k + prh2uf, = bt Zi:o nkugé)_k + tN_thuS\yl) + O, i=N-1

(8)

)
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by using Taylor ’s expansion we obtain the unknown coefficients in (8) as follows:

(70771a'y2773a/747/1‘1) = (_77 16) _10707 1a4)a

(vo,v1,v2,V3, V4, Vs, pi2) = (2,—10,16,-9,0,1, 1),

(77077717 2,13, M4, M5, N6, 17, 77877797) =

(101231 2597713 73069 34130843 _ 17915087 11439803 _ 990049 828989 1266343

4276807 777600 ’ 18711007 14968800’ 7484400 > 5987520 ° 935550’ 2138400’ 14968800’ 8553600

(0-070-1?0—23 03,04,05,06,07,08, 0-9) =

158633 )
)

( 5605147 15751493 329900749 100658183 _ 48060091 174017 _ 19551923 3625253
95800320’ 10886400’ 119750400’ 59875200 °* 239500800’ 598752’

(th =t _ _ 3900331 ), (ta=t _ 231752503 )
1 N-1 530712000 /° 2 N-2 186810624000/

3 Convergence analysis

119750400 59875200° 68428800’ 119750400

In this section, we investigate the convergence analysis of the fourth-order method and also in the
same way we can prove the convergence analysis for any of the other methods. The equations (6)
along with boundary condition (8) yields the nonlinear system of equations, and may be written in

matrix form as
AUD 4+ p*BEY (M) = R,

in (9) the matrices Ag and B are order N — 1 and are given by
Ag = P?+ 6P,
P = (p;;) is monotone three diagonal matrix defined by
2 i=j=1,2,3..,N—1,

pij =4 —1 |i—jl=1,
0 otherwise.

By using Henrici [29] the matrix P is a monotone matrix and we have

b—a)?
jpyt < Lo
8h
and the matrix B in case of fourth-order method defined by
m 2 n3 na ns Ne nr ns n9
o1 g2 g3 o4 05 06 o7 o8 o9
120 1191 2416 1191 120 1
840§ AP S A 348 1
840 840 840 840 840 40 840
B =
4 120 1191 2416 1191 120 1
840 840 §48 S B &P §88
840 840 840 840 840 840
g9 og a7 06 05 o4 o3 o2 o1
n9 ns nz e 5 N4 n3 n2 m

(21

(13)
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We get that
Ay = P34+ 6P2,

where Ag is seven-diagonal matrix thus we have the following theorem.

(14)

Theorem 4.1 If M = P" + \P"~!, where P is given by (11) and A € R*,n € N, then M is a

monotone matrix and

—(n—=2)

_ 1 —(n—1) P P _ _ 1 (b )
M™t=Z[P - I+ =)t MY < (V=Y -y,
Proof.
The matrix P is a monotone matrix see Henrici [29] and we have

—(n—1)

M =P'+\P" ' = M~! +FAPHT = [P+ AD]TP

= P
F e Y G L R | S

M-t :§ 1/\3 —(n=1) ]: P P —(n=1)
Sl - §(1 - ; + (?)2 —.p Y = %[P*‘”*” - P:m (I+ ?)—1} -
M= P g Py gy
by using (12) we get ||[M || < %(%)(n—l)

by using theorem 4.1 we obtain

4
A 1 ( CL)
l4g' < S,

The matrixs £ and R each have N — 1 components and are given by
1 1
£ = (£ SN
where ffl)(U(1 )= f(:rl,ul(l)),l 1,2,..,N—1,and

—YoA1 — p1h®Xs 4+ Ao f (2o, A1),
—voA1 — p2h®Xa + htoo f(xo, A1),

—A1+ %f(ﬂﬂov)\l),
0

0
_A?) + %f(xlva A3)7
71/0)\3 — ,LL2h/2A4 + h4(fof(l’N, )\3),
—Y0A3 — pirh®Ag + B*o f (2N, As),

(17)
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We suppose that
Aq U(l) LB f(l)( (1)) rM +t(1), (18)

where the vector T = u(x;),l = 1,2, ..., N—1. is the exact solution and t(") = [tgl), tél), s tg\l,ll]T,
is the vector of order N — 1 of local truncation errors. From (9) and (18) we have:

[AJEW = [4y + h*BE, (UMW) ED =), (19)

where )
W _ o — €D e e T

ED =T weN_1

b

@) — €U = BUD)ED, (20)

and Fj, (UMW) = dlag{ o4 1)} 1=1,2,..,N — 1, is a diagonal matrix of order N — 1.
Lemma 4.1 If M is a square matrix of order N and |[M| < 1, then (I + M)~! exist and
I+ M)~ < e

Lemma 4.2 The matrix [Ag + h*BFy(UM)] in (19) is nonsingular, provided ¥ < %,

where Y = max| fm |,1=1,2,..., N — 1. (The norm referred to is the L, norm).

Proof:
We know that [Ag + h!BEF,(UM)] = Ag[I + h* Ay ' BF,(UM)], we need to show that inverse of
[I +h*A ' BE,L(UM))] exist. By using lemma 4.1, we have

WAy BE(UD)| < w4 A N BIIFELU M) < 1, (21)

: ‘ . af!
by using (13) we obtain ||B| < 128217 and also we have |E (UM <Y = max\ l(l)| l =

1,2,..., N — 1, and then by using (15) and (21) we obtain

5748019200
172185917(b — a)*”

Y <

As a consequence of Lemmas 4.2 and 4.1 the nonlinear system (9) has a unique solution if ¥ <
5748019200
172185917 (b—a)* *

Theorem 4.3 Let u(x;) be the exact solution of the boundary value problem (1) with boundary
conditions (2) and we assume u;, [ = 1,2,..., N — 1 be the numerical solution obtained by solving
the nonlinear system (9). Then we have:

5748019200

E(l) = 4 1 Y
IEI = O, (provided, ¥ < 4o reme e — aya

, for fourth-order method)
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Proof: We can write the error equation (19) in the following form

EW = (Ag + W*BFL (UMW) 14W = (I + h* A ' BF,(UW)) 1A, W),
IED| < [I(I+ h*AG BELOM) M AG N,
It follows that

A 1D
IED| < . ||7;) I N (22)
L= hA{|Ag (I B[ Fx (U]
provided that h*|| A (||| B|||| Fx(U™M)| < 1. Also we have
1
D) < — M 23
] < 2hoA, (23)
1 1 397 302
= Ay = —— Qi = ——s == B =0.8y = —9. B2 = 16
aq 840aa2 7,0[3 28070[4 105’/81 7B2 7B3 )
where Mg = max|u(® (€)],

<¢<b
, |B]| and ||| from above relations in (22) and simplifying we

l,a
Substituting || Ag (], || Fx(UM)||

obtain

124740(a — b)*h* My

ED| < =0(h! 24
| = 5748019200 — 172185917(a — b)*Y (R%), (24)
It is a fourth-order convergent method provided
5748019200
Y < . 25
172185917(b — a)* (25)
O

Corollary
In the same way we can prove the convergence analysis for tenth-other method and

IED] = O(r'), (26)

4 Numerical results

In this section we present the results obtained by applying the numerical methods discussed in
pervious sections to the following two-point boundary-value problems.

Examples 1-4 has been solved using our methods with different values of a; = —%,ag =
—3543444%, 3= — }2??2, 4= —%gg;;,ﬁl = —%,ﬁ2 = —%,Bg = %, and also compared the obtained
solution with the exact solution. The maximum absolute errors in solutions of tenth-order method

are tabulated in Tables 1. The maximum absolute errors in solutions of examples 1-4 are compared
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Table 1: Maximum absolute errors in solution with tenth-order method

m  Example 3 Example 2 Example 4 Example 1

4 2.245%x10710  1.102x10710  7.026x10~17 1.065%x10~ 1%
5 5.622x10720  1.046x10713  1.593x1072° 2.366x10~18
6 1.263x10722 5.480x107'7 3.278x1072* 4.770x10~?2
7 1.645%x10727 1.955x1072° 3.267x10728 4.385x10726
8 1.091x1073° 5.158x1072% 4.097x1073' 6.406x1072°
9 1.719x1073%  6.286x1072% 5.639x1073* 8.631x10~32
10  1.840x1073%  6.157x10731  5.907x10737 9.007x10735

Table 2: Maximum absolute errors in solution with fourth-order method

m  Example 3 Example 2 Example 4 Example 1

4 8352x107Y  7.834x10~% 3.393x10~7  2.324x10°%
5 5.625%x10710  6.3106x107° 2.273x107%  1.589x107?
6 3.581x10711  4.280%x10710 1.444x10~Y 1.016x10710
7 2.247x10712 2.746x10711 9.062x1071  6.387x 10712
8 1.406x10713  1.728x107'2 5.667x10712 3.997x10~13
9 8.792x1071%  1.082x107'® 3.543x10713 2.499x10~14
10 5.495%x10716  6.766x107'° 2.214x107'* 1.562x10~1°

with methods in [1,9,15,17,20,23,30]. Examples 1-4 has been solved using fourth-order method and

the maximum absolute errors in solutions are tabulated in Tables 2.

Example 1: We consider the differential equation
u® — 5u® = 962Cos(z) — 161 (=1 +2?) Cos(z) + 24Sin(z) — 482>Sin(z)

—24 (=1 +2?) Sin(z) + (-1 + x2)2 Sin(z) — 5 (—1+ x2)6 Sin(z)?,

0<z<l, (27)
with the boundary conditions:
w(0) = u(1) =0,u"(0) =0, u"(1) =38 Sin(1). (28)
The analytical solution is u(z) = (22 — 1)2Sin(x).
Example 2: Consider the differential equation
12
4) _ du T2 1 )
U 6e (1+x)4’0<$< , (29)
with the boundary conditions:
-1
uw(0) = 0,u(1) = In(2),u”(0) = -1, «"(0) = T (30)
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The analytical solution is u(z) = In(1 + z).
Example 3: Consider the differential equation
u® fzu= -8+ T+ 23", O<z<l, (31)
with the boundary conditions:
w(0) =u(1) =0,u"(0) =0, u"(1) = —4e. (32)

The analytical solution for this boundary value problem is u(z) = z(1 — x)e®.
Example 4: Consider the following problem ,

u® —u = —82Cos(z) — 128in(z), 0<z <1, (33)

with the boundary conditions:
uw(0) = u(1) =0,u"(0) =0, u”(1)=4Cos(1) + 2Sin(1). (34)
The exact solution is given by u(z) = (22 — 1)Sin(z). Examples 1-4 solved by using non-polynomial

septic spline method with step lengths h = 27 m = 4, ..., 10, with fourth and tenth order and also
the maximum absolute errors in solutions for our method are listed in tables 1-2.

Table 3: Maximum absolute errors in solution Example 2.

m  Second-order in [20] Fourth-order in [20] Method A in [I] Method B in [I]
3 1.9x10~% 3.7x10~° 1.4x107° 1.4x10~°
4 4.6%x107° 2.9x10~7 8.3x10~7 8.3x1077
5 1.1x107° 1.9x10~8 5.4%x1078 5.4x1078

Table 4: Maximum absolute errors in solution Example 3.

m  Sixth-order in [17] Sixth-order in [9]  Sixth-order in [23] Sixth-order in [23]
3 2.47x1079 1.91x1077 2.66x107° 3.86x10~ "7
4 3.93x10~ 11 3.12x107° 4.68x1078 6.59x10~°
5 3.25x10~13 4.98x10~ 11 7.72x10~10 1.05%10~10
6 - - 8.01x107 12 9.81x10712

10
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Table 5: Maximum absolute errors in solution Example 4 and 5 in [15].

Example 4 Example 4 Example 5 Example 5
m  Fourth-order (1) Fourth-order (2) Fourth-order (1) Fourth-order (2)
3 1.91x1077 2.09x10~7 5.96x10~8 6.48x10~8
4 3.12x107° 7.92x107° 9.10x10710 2.290x107°
5 5.02x10~ 1! 1.27x107° 1.42x10712 3.66x10~10

Table 6: Maximum absolute errors in solution in [30]
m Example 2 Example 1
3 3.38556x 107 3.56386x10~°
4 1.18519x107° 5.78254x1010
5 3.83505x10 1 1.30425x10~ 1
6
7

1.01539x 1012 2.18424x1013
1.81576x 1014 2.61800x 1016
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