Korovkin-type theorems for abstract modular
convergence

A. Boccuto * X. Dimitriouf

Abstract

We give some Korovkin-type theorems on convergence and estimates of
rates of approximations of nets of functions, satisfying suitable axioms, whose
particular cases are filter/ideal convergence, almost convergence and triangu-
lar A-statistical convergence, where A is a non-negative summability method.
Furthermore, we give some applications to Mellin-type convolution and bi-
variate Kantorovich-type discrete operators.

1 Introduction

The classical Bohman-Korovkin theorem is a result which yields uniform convergence
in the space C([a, b]) of all continuous real-valued functions defined on the compact
subinterval [a,b] of the real line, for a net (7T,), of positive linear operators on
C([a, b]), with the only hypothesis of convergence on the test functions 1, z, 2 (see
also [23, 26, 33, 34]). There have been several extensions the Korovkin theorem to the
context of abstract functional spaces. For a related literature, see for instance [27, 32,
39, 42] for the case of LP-spaces, [37, 40] for Orlicz spaces and [5, 10, 15] for general
modular spaces. There have been also several studies about Korovkin-type theorems
in the setting of convergence generated by summability matrices, statistical and filter
convergence (see for example [2, 28, 29, 31, 38]) and with respect to “triangular A-
statistical convergence”, namely an extension of statistical convergence for double
sequences of positive linear operators, where A is a suitable non-negative regular
matrix (see also [4, 25]).

In this paper we deal with Korovkin-type results about convergence and quan-
titative theorems, and estimates of rates of approximation with respect to abstract
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convergences satisfying suitable axioms (see also [5, 16, 35]), including as partic-
ular cases convergence generated by summability (double infinite) matrices, filter
convergence and almost convergence, which is not generated by any filter (see also
[22]), and we consider the general case of a net of operators, acting on an abstract
modular function space generated by a modular, extending earlier results proved in
[4, 5, 20, 25, 28]. Note that, in the literature, it is often dealt with Korovkin-type
theorems with respect to some of the above mentioned convergences, but without a
general approach containing all of them. Our general results unify various previous
theorems.

Furthermore, we show that the rates investigated in [4, 20, 25] are particular cases
of those treated here with respect to the “axiomatic convergence”, we present some
examples of convergences and give comparison results between triangular conver-
gence generated by a summability matrix method and filter convergence. In particu-
lar we see that, in general, the U- A-statistical convergence studied in [4] and the filter
convergence are such that neither contains the other. We give also some applications
to moment kernels and bivariate Kantorovich-type discrete operators (for recent
studies and developments, see also [1, 3, 6, 11, 12, 13, 14, 15, 17, 18, 19, 20, 21, 41]).

2 Preliminaries

Let (W, =) be a directed set, and let us consider an axiomatic abstract convergence
on W, defined as follows (see also [5, 16, 35]).

Definition 2.1 Let T be the set of all real-valued nets (z,)wew. A convergence
is a pair (S,/), where S is a linear subspace of 7 and ¢ : § — R is a function,
satisfying the following axioms:

() (a1 Tw + a2 Yw)w) = a1 l((Tw)w) + a2 €((Yw)w) for every pair of nets (zy)w,
(Yw)w € S and for each ay, ay € R (linearity).

(b) If (xw)w, (Yw)w € S and there is w* € W with z,, < y,, for every w > w*, then
U((w)w) < ((Yuw)w) (monotonicity).

(¢) If (xy)y is such that there is w, € W with z,, = [ whenever w > w,, then
(Tw)w € S and (((zy)w) = L.

() If (2)0 € S, then (|7u])w € S and €((|zw])w) = [6((20)w)|-

(e) Let (Zw)ws (Yw)ws (2w)w, satistying (24 )w, (2w)w € S, €((Tw)w) = €((2w)w) and
suppose that there is w € W with z,, < vy, < 2, for every w > w. Then

(Yw)w € S.

Note that & is the space of all convergent nets, ¢ will be the “limit” according to
this approach, and we will denote by the symbol (¢)lim z,, the quantity £((x.)w).

We now give the axiomatic definition of the operators “limit superior” and “limit
inferior” related with a convergence (S, ¢) (see also [5]).
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Definition 2.2 Let 7, § be as above. We define two functions ¢, £ : T — R,
satisfying the following axioms:

(£) T (2w)w; (Yuw)w € T, then £((2y)w) < £((Tw)w) and Z((xw)u) = —L((—Tw)w)-
(g) If (xy)w € T, then

(i) ((:E + Yuw)w) < Z((xw)w) —|—Z(( w)w) (subadditivity);
(i1) L((Xw + Yuw)w) = L((Tw)w) + £((Yw)w) (superadditivity).

(h) If (20)w, (Yw)w € T and z, < vy, definitely, then £((2)w) < €((Yw)w) and
(Tw)w) < L((Yw)w) (Mmonotonicity).

(j) A net (24), € T belongs to S if and only if £((7)w) = £((T0)w)-

We will denote by the symbols (¢) lim sup z,, and (£) lim inf z,, the quantities £(().)

w

and £((2,)w), respectively.
We define two tools, in order to “compare” two nets belonging to S.

Definition 2.3 Let (zy)w, (Yu)w € S with (¢)limx,, = (¢)limy, =0 and y,, # 0

for every w € W. We say that x,, = o(y,,) iff (¢) lim ||yw“ =0, and that z, = O(y.)

iff (¢) lim Sup ’| w{ e R.
Yuw

Let G = (G, d) be a metric space, B be the o-algebra of all Borel subsets of G,
and p be a positive finite regular measure defined on B. Let L°(G) be the space of
all real-valued p-measurable functions on G with identification up to sets of measure
p zero, Cp(G) be the space of all real-valued continuous and bounded functions on
G, C.(G) be the subspace of Cy(G) of all functions with compact support on G and
Lip(G) be the space of all real-valued Lipschitz functions on G.

We now recall the notion of modular space (see also [14]).

Definitions 2.4 (a) A functional p : L°(G) — R{ is called a modular on L°(G) iff
it satisfies the following conditions:

i) plf] = 0 <= f = 0 p-almost everywhere on G;

i) p[—f] = p[f] for every f € L(G);

iii) plaf + bg] < p[f] + plg] whenever f, g € L°(G) and a > 0, b > 0 with
a+b=1.

(b) A modular p is said to be convex iff it satisfies conditions i), ii) and

iii") plaf + bg] < ap[f] + bplg] for all f, g € L°(G) and for every a, b > 0 with
a+b=1.

(c) Let @ > 1 be a real constant. We say that a modular p is Q-quasi semiconvex

if pla f] < QaplQ f] for all f € LY(G), f > 0and 0 < a <1 (see also [10]).
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(d) A modular p is monotone iff p[f] < plg] for all f, g € L°(G) with |f]| <|g|.

(e) A modular p is finite iff x4 (the characteristic function associated with A)
belongs to LP(G) whenever A € B with p(A) < +oo.

(f) A modular p is strongly finite iff x4 belongs to E?(G) for each A € B with
p(A) < +oo.

(g) A modular p is said to be absolutely continuous iff there is a positive constant
a with the property: for all f € L°(G) with p[f] < +oc,

i) for each € > 0 there exists a set A € B with u(A) < +o00 and plafxaa] < e,

ii) for every e > 0 there is a 6 > 0 with plaf xg] < e for every B € B with
u(B) < 0.

(h) The modular space LP(G) generated by p is

LA(G) = {f € L°(G) : lim p[Af] =0},

where the limit is intended in the usual sense, and the space of the finite elements
of LP(G) is
EP(G)=A{f € L*(G) : p[Af] < +o0 for all A > 0}.

Example 2.5 Let ® be the set of all continuous non-decreasing functions ¢ : Ry —

Ry with ¢(0) = 0, p(u) > 0 for any v > 0 and lirll ¢(u) = 400 in the usual sense,
U—+00

and let @ be the set of all convex functions belonging to ®.
For every ¢ € ® (resp. @), the functional p¥ defined by

1 = / S du(s), | € LO(G), (1)

is a modular (resp. convex modular) on L°(G) and
L?(G) :={f € L°(GQ) : p*[\f] < +oo for some A > 0}
is the Orlicz space generated by ¢, and satisfies all above properties (see also [14]).

We now define the modular and strong convergences in the context of the axiomatic
convergence in Definition 2.1 (for the classical case and filter convergence see [14]
and [5, 6, 17] respectively).

A net (fy)w of functions in LP(G) is (€)-modularly convergent to f € LP(G) if
there is a A > 0 with

(O) lim p[A(fur = £)] = 0.
A net (fy)w in LP(G) is (£)-strongly convergent to f € LP(G) if
() lim p[A(fw — f)] = 0 for every A > 0.
Given a subset A C L?(G) and f € LP(G), we say that f € A (that is, f is in
the modular closure of A) if there is a sequence (fx)x in A, modularly convergent

to f with respect to the ordinary convergence.
We recall the following



Proposition 2.6 (see also [36, Theorem 1]|) Let p be a monotone, strongly finite

and absolutely continuous modular on L°(G). Then C.(G) = L°(G) with respect to
the modular convergence in the ordinary sense.

3 The Korovkin theorem

We consider some kinds of rates of approximation associated with the Korovkin
theorem in the context of modular convergence. For technical reasons, we sometimes
suppose that (G, d) satisfies the following property:

H*) For every n € N and s, t € G, with s # ¢, there are n + 1 points x;, i =
1

0,...,n+ 1, such that s = zg, t = 2,41 and d(z;, x;11) < —d(s,t) for each
n

1=0,...,n.

Some examples of spaces satisfying condition H*) are the Euclidean multidimen-
sional space RY endowed with the usual metric and the space R* equipped with the
sup-norm, where A is any abstract nonempty set (see also [4]).

For every f € Cy(G) and 0 > 0, let

w(f:6) == sup{|f(s) = F(1)] : 5.t € G, d(s,1) < 6}

be the usual modulus of continuity of f. Note that w(f;d) is an increasing function
of 0, |f(s) — f(t)| S w(f;d(s,t)) for each s, t € G, w(f;0) <2 M for every d, where

M = sup |£(£)], and
teG

w(f;70) < (14+v)w(f;9) (2)

for every v, 0 > 0 (see also [4]).

Let T be a net of linear operators T, : D — L°(G), w € W, with C,(G) C D C
LY(G). Here the set D is the domain of the operators T,,.

We say that the net T, together with the modular p, satisfies property (p)-(x)
iff there exist a subset X0 C D N LP(G) with C(G) € X7 and an E > 0 with
Twf € LP(G) for any f € Xy and w € W, and (¢) limsup p[7 (T, f)] < E p[7f] for

every f € Xp and 7 > 0.
Some examples of operators satisfying property (p)-(*) can be found in [10].
Let e, and a,, 7 = 0,...,m, be functions in C,(G), with ey(t) := 1 for every
t € G. Let us define

Pi(t) =) an(s)es(t), s,teG, (3)

and assume that

(P1) Pi(s) =0 forall s € G;



(P2) there is a C7 > 0 with P,(t) > C} d(s,t) whenever s, t € G.

Examples 3.1

(a) Let G = I be endowed with the usual norm ||-||2, where I C R is a connected
set, and ¢ : I — R be monotone, continuous and such that ¢! is Lipschitz on ¢(I).
Examples of such functions are ¢(t) =t or ¢(t) = €', where I = [a,b] C R.

For every t = (t1,...,tm) € G set e;(t) := o(t;), it =1,...,m, and

em1(t) = Z[¢(ti)]2~

For each s = (s1,...,8m) € G put ay(s) := Z[qﬁ(si)]Q, a;(s) = =2¢(s;), i =

i=1
L,...,m, and ay41(s) = 1. We get:

Pi(t) = Zaxs)ei(t) =Z[¢(si>—¢<ti>]2-

It is not difficult to see that (P1) and (P2) are satisfied.
(b) Let G = [a,b] with 0 < a < b < 7/2, e;(t) = cost, es(t) =sint, t € G. Set
ap(s) =1, ai(s) = —cos s, as(s) = —sins, s € G. For all s, t € G we get:

Py(t) =1—cosscost —sinssint = 1 — cos(s — t).
It is not difficult to check that (P1) and (P2) are fulfilled (see also [5]).

From now on, we suppose that e, € L?(G), r = 0,1,...,m. Note that this assump-
tion is fulfilled, for example, when G is a space of finite measure .

We now state the following theorems, whose proofs are analogous to those of [5,
Theorem 4.2] and [5, Theorem 4.3], respectively.

Theorem 3.2 Let p be a strongly finite, monotone and Q-quasi semiconvex modu-
lar. Assume that e, and a,, r =0, ...,m, satisfy (P1) and (P2). Let T, w € W, be
a net of positive linear operators having property (p)-(x). If (Twe,)w is (€)-modularly
convergent to e, in LP(G) for each r =0,...,m, then (Tyf)w is (€)-modularly con-
vergent to f in LP(G) for every f € C.(G).

If (Twer)w s (£)-strongly convergent to e,, r =0,...,m in LP(G), then (Tyyf)w
is (£)-strongly convergent to f in LP(G) for every f € C.(G).

Theorem 3.3 Let p be a monotone, strongly finite, absolutely continuous and Q-
quasi semiconvexr modular on L°(G), and T,, w € W be a net of positive linear
operators satisfying (p)-(x). If (Twe,)w is (€)-strongly convergent to e., r =0,...,m
in LP(G), then (Tyer)w is (€)-modularly convergent to f in LP(G) for every f €
LP(G) N'D with f — Cy(G) C Xp, where D and X7 are as above.
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Now we present some estimates on rates of approximation for abstract Korovkin-
type theorems. Let = be the family of all nets &,, w € W, with &, # 0 for each
w e W and (¢)lim¢&, = 0.

Theorem 3.4 Let Q) > 1, p be a monotone, strongly finite and Q)-quasi semiconvex

modular, T, w € W, be a net of positive linear operators and = be as above. For

everyw € W, let & € =, r =0,...,m, and set &, := max{& : r=0,...,m}. If

v > 0 is such that ply(Tye, — e.)] = o(&h) for each r = 0,...,m, then for every

f € C.(G)N Lip(G) there exists a positive real number T with p[T (T f — f)] = 0(&w).
A similar result holds also when o is replaced by O.

Proof: We now prove only the result concerning o, since the assertion involving O
is analogous. Choose f € C.(G) N Lip(G), let M =1+ sup|f(t)| and let Cy be a
teG

strictly positive Lipschitz constant, associated with f. We get
If(5) — f(t)] < Cod(s,t) < CLtCyPy(t)  for every s,t € G,
namely
—C1 7 CyPy(t) < f(s) — f(t) < CL*CyPy(t)  for each s,t € G. (4)
By applying T, to (4), since T, is linear and positive we have
—C Oy (TP (5) < £(5) (Tueo)(s) = (Tuf)(s) < Cr'Ca(TuPy)(s),
and hence

(T f)(s) = f(5)] (T f)(s) = F(s)(Tweo)(s)] + | f(s)(Tweo)(s) = f(s)] <

<
< O 'Co(TwP)(s) + M|(Tweo)(s) — eo(s))] ()

for each s € G and w € W.
Let now v > 0 be as in the hypotheses and choose a positive real number 7, with

T< min{ 7 G 7 }
- 2C(m+1)N Q? 2 M Q?
By applying the modular p, from (5) we get
plr(Tuf = ] < p[27CT Co(TuPy) ()] + pl2 7 M(Tweo — eo)] (6)

whenever w € W. By @-quasi semiconvexity of p we have

pl2T M(Tyeq —e)] < p[é(Tweo — eo)] <Q %p [Q %(Tweo — eo)] =

= p[y(Tweo — eo)].



Hence,

pl2T M(Tyeo — €)]

(0) ligjn g = 0.
and a fortiori
(f) hm p[2 T M(TU,@O — 60)] _ O, (7)

w €uw

taking into account axiom (e) in Definition 2.1. Let N > 0 be with |a,(s)] < N for
any 7 =0,...,mand s € G. By (3) and (P1) we get

m

Py(t) = Py(t) = Pu(s) = ) ar(s)(en(t) = er(s)) (8)

r=0

for each s, t € G. By applying T, from (8) we obtain
Tu(P)(5) = Tu(Py)(s) — Pi(s) = i 0 ($) (Tt (5) — 0 (9)),
and hence 7
Tu(P)(s)| = ITu(P)(s) — r<NZ|T er(s) — n(5)], o)

for every s € G and w € W. By applying the modular p and taking into account
()-quasi semiconvexity, from (9) we have

P27 CL  Cy(m 4+ 1)N(Tye, —e,)] <

NE

pl2T C17 I Co(Tu P ) ()] <

r=0

S il
r=0
< Q= Z [ =(Twe, — 67«)} = ZP[’Y(Tw@r —er)]
r=0 r=0
for each w € W. Since
T e —
(¢) lim it w;: er)] =0 foreveryr=20,1,...,m,
we get
T e —
(¢) lim Py (Twer = er)] =0 foreveryr=20,1,...,m,

w €w



and hence

p[2yCi ' Co(TwPy)(+)]
€uw

by (10) and taking into account axiom (e) of 2.1. From (6), (7) and (11) we obtain

(0) liqf)n

=0, (11)

- py(Twf = f)]
(0) hzin e

taking into account axioms (a) and (e) in Definition 2.1. This ends the proof. O

=0,

Theorem 3.5 Let Q, (Ty)w, p, = be as in Theorem 3.4, (G,d) satisfy condition
H*), &0 & € 2, set &, = max{&0. &}, w € W, and ¥(s)(t) := d(s,t), s, t € G.
For every f € C.(G) and w € W put 6/ = || T,(¥)|, where || - || is the sup-norm
and the supremum is taken with respect to the support of f. If v > 0 satisfies the
conditions

3.5.1) p[y(Tweo — )] = 0(£2) and
3.5.2) plyw(f:0])] = o(&)),

then for each f € C.(QG) there is a positive real number T with p[T (T f— f)] = 0(&w)-
Moreover, a similar result holds when the symbol o is replaced by O.

Proof: Let f € C.(G), M = sup |f(t)|. Observe that w(f;d) <2 M for each § > 0.
teG

By the properties of the modulus of continuity, we get

d(s,t)
)

() = FO] S wifzd(s,0) < (1+ S22 )w(;9) (12)
for each § > 0 and s, t € G. We claim that §/ € R for every w € W. Indeed the

support of f is (totally) bounded, and so sup d(s,t) < +o0o0. By applying 7T, we find
s,teG

an FE, > 0 with
sup T, (d(s,t)) < B, Tw(eo),

s,teG
getting the claim. Let § = 6/. By applying T, keeping fixed s and letting ¢ vary in
G, by (12), linearity and monotonicity of T,, we get

d(s,t) .
(Tuf)(s) = £()] < Tu(1+ T5—w(f:9)) <

< Wl )(Tuen)(s) — eofe)l + LEVT w)() 4wl b eols) ¢ (13)

+ M|(Tweo)(s) — eo(s)| < 4 M(|(Tweo)(s) — eo(s)| + w(f;0))




for each s € G. Let now v > 0 be as in the hypotheses, and pick 7 > 0 with

y
< —.
TE8MQ2

By applying the modular p, taking into account @)-quasi semiconvexity, from (13)
we obtain

plr(Twf = N < p87 M(Tweo — o)l + p[87 Mw(f;6)] <
< p[é(Tweo - eo)] +plyw(f;0)]) <
< QplegTe—a)] +ohuno) = (4
= ply(Tweo — o)l + ply w(f;0))).
Since
(0) lim p[’y(ngg —)l _ () 3im 210 cz(*f; N _y

then from (14), since

0 < przf — /)l <
< SMQ? (p[v(ngg — e N p[vcugif;5)]> for every w € W,

and by virtue of the axioms (a), (e) of Definition 2.1, it follows that

. plr(Twf = f)]
(0) hqf)n e

that is the first assertion. The proof of the last part is analogous. O

=0,

4 Examples and applications

We now deal with filter convergence, noting that this kind of convergence satisfies
the axioms of Definitions 2.1 (see also [16]) and 2.2 (see also [24, Theorems 3 and

4]).

Definitions 4.1 (a) Let W be any abstract infinite set. A nonempty family F of
subsets of W is a filter of W iff ) ¢ F, ANB € F whenever A, B € F and for every
A€ Fand BD A weget Be F.

(b) If W = (W, =) is a directed set, then for each w € W, set M,, := {z € W :
z = w}. A filter F of W is said to be free iff M, € F for every w € W.

(c) A free filter F of W is called an wltrafilter iff for every set A C W we get
that either A€ For W\ A e F.
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(d) Let F be a free filter of W. A net (), is said to be F-convergent to a real
number x iff

{weW |z, —x|<e}eF forevery e >0, (15)

and in this case we write (F)limx,, = .
w

(e) Let x = (z4)w be a net in R, and set
Ax={aeR:{weW:z,>a} & F},

By={beR:{weW:z, <b} & F}.
The F-limit superior of (x,), is given by

) _ [ sup By, if Bx #0,
(F) hmuz)sup Ty = { o, if By — 0. (16)
The F-limit inferior of (x,), is
o [ infA if A A0,
(F) hmwlnf Ty = { oo, i Ag =0 (17)

(see also [24]).

Some examples frequently used in the literature are (W, =) = (N, >), W C [a, wo[C
R with the usual order, where wy € R U {400} is a limit point of W, or (W, >) =
(N2, >) = (N x N, >), where in N? the symbol > denotes the usual componentwise
order (see also [14]).

(f) The Fréchet filter is the filter Feon of all subsets of N whose complement is
finite. Observe that the limit, limit superior and limit inferior with respect to Feofin
coincide with the usual ones (see also [24]).

Remark 4.2 It is not difficult to check that, if F is any fixed free filter of W, in
the F-convergence setting, given (z,)w, (Yuw)w € Z, we get x, = o(y,) if and only
if {fw e W: z, <ey,} € F for every ¢ > 0 and z,, = O(y,,) if and only if there
is a positive real number C' with {w € W: z, < Cy,} € F. So, our Korovkin-
type theorems about convergence and rates of approximations with respect to the
axiomatic convergence in Definitions 2.1 and 2.2 contain [28, Lemma 2.4, Theorem
2.5 and Corollaries 2.6-2.8].

In the filter convergence context, it is possible also to relax the positivity condition
on the involved linear operators. For instance, let I be a bounded interval of R,
C2(I) (resp. CZ(I)) be the space of all functions defined on I, (resp. bounded and)
continuous together with their first and second derivatives, C, := {f € C}(I) : f >
0}, C2:={f eCiI): "> 0}.

Let e,, 7 =1,...,m and a,, r = 0,...,m be functions in C3(I), Pi(t), s,t € I,
be as in (3), and suppose that P;(t) satisfies the above conditions (P1), (P2) and
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(P3) there is a positive real number Cy with P/(t) > Cy whenever s, t € I, where
the second derivative is taken with respect to t.

Some examples in which all properties (P1), (P2) and (P3) are satisfied can be found
in [6].

We now state the following Korovkin-type theorem for not necessarily positive
linear operators, in the setting of modular filter convergence, whose proof is analo-
gous to that of [5, Theorem 5.2].

Theorem 4.3 Let F be any free filter of W, p be as in Theorem 3.2, e,, a,, r =
0,...,m and Py(t), s, t € I, satisfy properties (P1), (P2) and (P3). Assume that
Tw, w € W is a net of linear operators which fulfil property (p)-(x), and that {w €
W T,(CiNC) C Ci} € F.o If (Twer)w is (£)-modularly F-convergent to e,
r=0,...,miin LP(I), then (Tyf)w is (€)-modularly F-convergent to f in LP(I) for
each f € C3(I).

If (Twer)w is (€)-strongly F-convergent to e,, r = 0,...,m in L°(I), then (T, f)w
is (0)-strongly F-convergent to f in LP(I) for every f € C3(I).

Furthermore, if p is absolutely continuous and (Tye, )., is (€)-strongly F -convergent
to e., v =0,....,m in LP(I), then (Twf)w is (£)-modularly F-convergent to f in
LP(I) for every f € LP(I) N'D with f —Cy(I) C Xr.

Other examples of convergences, satisfying axioms (a)-(j) in Definitions 2.1 and
2.2, are the single convergence and the almost convergence (see also [22]).
Let W = N. A sequence (z,,), is said to singly converge (resp. almost converge)

tox € R iff

. Tm+1 + Lm+2 +...+ Tm+n
lim =
n n

for every m > 0 (resp. uniformly with respect to m), where the involved limit is
the usual one. It is not difficult to check that single and almost convergence satisfy
axioms (a)-(j) in Definitions 2.1 and 2.2. In [22] it is proved that almost convergence
is strictly stronger than single convergence, and that for every filter F # F.opn of
N there are sequences, F-convergent to a point zy but not singly convergent, and a
fortiori not almost convergent, to xy. Moreover an example of a sequence, almost
convergent (and a fortiori singly convergent) to 0 but not F-convergent to 0 for any
free filter of N, is given. Thus, in general, single and almost convergence are not
generated by any free filter.

We now consider a kind of “triangular statistical convergence” investigated in
[4, 25]. Let A = (a;;);; be a non-negative two-dimensional infinite matrix and
VU :NxN — R be a fixed function. We say that A is a summability matriz iff it
satisfies the following conditions:

(A1) Z a;; <1 for each i € N,

JEN, ¥ (i,5)20

12



(AQ) hIIl Z Qi 5 > 0,
‘ JEN, ¥ (7,5)>0

(A3) lima,; ; = 0 for every j € N
(see also [30]).

For every K C N? set K; :={j € N: (i,j) € K, ¥(i,5) > 0}. The U-A-density
of K is given by

SY(K) = Tim 3 au. (18)
" ek
provided that the limit on the right hand exists in R.
It is not difficult to see that the U-A-density satisfies the following properties:
(D1) 6% (N?) > 0.
(D2) If K C H, then 6% (K) < 6% (H).
(D3) If 6%(K) =05 (H) =0, then 65 (K UH) =0
(see also [4]). Observe that from (D1)-(D3) it follows that the family

Fy ={K CcN*:§{(N*\ K) =0} (19)

is a filter of N2, In order to show that F7} is free, it will be enough to check that, if
p, g € Nand K :={(i,j) € N%: i > p, j > q}, then 6% (N?\ K) = 0. Indeed, we get
N2\ K ¢ KM U K® | where

KO = ), K2 =) <9,

From (A3) it follows that

q—1
SY(KW) = lim > a;; < lim S ai;=0.
GElla=1],9(i,j)=0 j=1

Furthermore, observe that 6% (K®) = 0, since KZ-@) = () for every i > p. Hence,
6% (N?\ K) =0, that is the claim.
Definition 4.4 Let A = (a;;);; be a summability matrix. The double sequence
(Zw)w is said to W-A-statistically converge to a real number x iff (F3)limx, = z,
that is iff for every e > 0 we get

hm Z Qg5 = O,

" jeKie)

where K;(e) = {j € N: ¥(i,5) >0, |z, — 2| > €}, and we write st-limz, = z.

By st%-limsup z,, and st%-liminf z,, we denote the quantities (Fy )limsup
. ; »

and (F})liminf x,,, defined as in (16) and (17), respectively.

13



Let (a;;);; be defined by

1 . . 2

= if 7 <47,
Qi =

0  otherwise,

put V(i,j) =i —j, ¢, j € N, and pick any double sequence (z;;);; in R. For every
e>0weget Ki(e) ={jeN: j<i, z;>ec} C{jeN: j<i}. Thus we obtain

1 1
lim > a;; <lim) = =lim = =0, (20)

. 1 1
JEK,(g) i<u

and thus (z; ;); ; V-A-statistically converges to 0. We get lim Z a;; = 0, and
" jeNI(ig)>0

so condition (A2) is not fulfilled. Note that, in this case, the class Fy defined as in

(19) is not a filter, because it coincides with the family of all subsets of N2.

Remarks 4.5 (a) If we take ¥(i,7) =7 — 7, i, j € N, then we obtain the notion of
triangular A-statistical convergence.
(b) If A= C) is the Cesaro matrix, defined by setting

1 . . .

= if 7 <1,
Aij =

0 otherwise,

then the W-A-statistical convergence can be viewed as an extension of the classical
statistical convergence (see also [4]).

We now claim that, in general, filter convergence in N? is not equal to U-A-statistical
convergence, that is there exists some filter F of N2 such that, for every summability
matrix A, there is a set K € F\ Fy. Fix arbitrarily a summability matrix A =
(a;;)i;- By (Al) and (A2) there exist a real number By € (0,1] and an infinite

subset S C N with Z a;; > By whenever ¢ € S. Let S; and S; be two
JENU(i,5) >0

disjoint infinite subsets of S, with S = S; U Sy. Let K := {(i,1): ¢ € N} U

{(i,j) :i € Sy, ¥(i,j) > 0}. Taking into account (A3), we get

0 < liminf g a;; < limsup E a;; <
i€EN\Sy o i€N\ST . s s -
JEN:(4,§)EK, ¥ (4,5) >0 JEN:(4,5) €K, ¥ (4,5)>0
< limsupa;; = lima;; = 0. (21)
i K3

Thus all inequalities in (21) are equalities, and in particular we have

I =0 99
dw, 2w 22
JEN:(4,5)EK,¥(1,5)>0

14



Since lim sup Z a; j > By, from this and (22) it follows that N* \ K ¢
OIS e (i) €K, (1) >0

F1. From this and (A2) it follows that K & F}. Thus we get that any ultrafilter

F of N contains at least a set not belonging to F3¥, because it contains either K or

N? \ K. This proves the claim. So, our results extend [4, Theorems 1-4] and [25,

Theorems 3-5].

We now give some applications to Mellin-type convolution operators and Kan-
torovich-type discrete operators.

Examples 4.6 (a) We deal with a direct extension to the multivariate case of the
classical one-dimensional moment kernel (see also [9, 17]).

Let W = [1,4o00[ or W = N, G = [0,1]" equipped with the usual topology, p
be as in Theorem 3.4. Let F be a free filter of W, containing a subset F* C W
such that W\ F is infinite. An example is the filter Fy of all subsets of N having
asymptotic density one, and N\ F' is the set of all perfect squares or the set of all
prime numbers (see also [20]). For every w € W and t =(t4, ta,...,ty) € G, let
K,t) = (w+1)Ntv. % ifw e Fand K, (t) = (w+ 1)V % ifw e W\F.
For f € C(G) and s = (s1, S2,...,5n) € G set

_ / Ko (t) f(st) dt

where st = (s1t1, Salo, ..., syty) and dt = dit; dt2 ... dty. For each t € G, set

eo(t)=1,e.(t)=t,,r=1,...,N,and ex,1(t) = Zt2 It is easy to see that (P1),
r=1

(P2) and (P3) are satisfied. We get

[t ([ran) ([ ) -

if we F, and

/GKw(t)dt:(w+1)N+1 (/Oltffdtl) (/Olt%dt]v> =w+1

if we W\ F. Hence for every s € G we get (M,e0)(s) = eg(s) =1 if w € F and
(Myeo)(s) — eo(s) = w if w € W\ F. From this it follows that the operators M,,,
w € W, does not satisfy the classical Korovkin theorem. However we have

((Maer)(s) — e(s)] < /G Kou(6)(1—t,) dt =

w+1)(/1t;v(1—t1)dt1)-...- (/Olt}‘\’,(l—tN)dtN) =
([

0
w+1 1 1
1 w(l—t dtr>:1— — :0<_>
W 0 r v) w42 w42 w

(
(
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for every r =1,2,..., N, w € F and s € G. Analogously it is possible to see that
2 1

M,,e? _2(e) < 2 O(—)
(Mae?)(s) = 23)] < —— = O+,

whenever r =1, 2,..., N, w € F and s € GG. From this it follows that

1
[(Muexs1)(s) = ensa(s) = O(=)
for w € W and s € G. Thus there exists a positive real number C, with
C,
(Mye7)(s) — ef(s)] < — (23)
w

forany r =0,1,2,..., N+ 1, w e Fand s € G. Let (Q > 1 be a constant related
with @Q-quasi semiconvexity of p. By applying the modular p, we get
1 C. C.
o gp(Muer —en)] < o[ 55] < ol (24)
foreachr =0,1,2,..., N+ 1 and w € F. Thus, thanks to strong finiteness of p, all

the hypotheses of Theorem 3.4 are satisfied. So for every f € C.(G)N Lip(G) there
1

is 7 > 0 with p[r(M,f — f)] = O(—) .
w

(b) We consider bivariate Kantorovich-type operators. Let W = N, F # Fiofin

and H be an infinite set with N\ H € F. Note that H does exist, since F # Feofin-

Let W = N, G = [0, 1]? be endowed with the usual topology, ® be as in Example

2.5, ¢ € ® be with liminfM >0, p = p¥ be as in (1). Proceeding as in [15] (see

U—00 u

also [5]), for every locally integrable function f € L°(G), n € N and z, y € [0, 1] set
) (k+1)/(n+1)  r(G+1)/(n+1)
RN@D =@+ 3 o) [ / () dudo,
k J

kyj=0,..;n,k+j<n /(n+1) /(n+1)

where
n!
Prded = 30in —k —j
Let (sp)n be the sequence defined by setting
_J 1 ifneN\H,
=10 ifneH
For every n € N and z, y > 0 with x +y < 1, set

Pr(f)(@,y) = sn Pa(f)(,y).
For each ty, to € [0,1], set eg(ty,ta) = 1, e1(t1,ta) = t1, ea(ty, ta) = to, e3(t1,t2) =
t2 + t2 (see also [5, Example 4.5(b)]). By proceeding analogously as in [15], it is
possible to find a v > 0 with p[y (PJe; — ¢;)] = O(%) By Theorem 3.4, for every

f € C.(G) NLip(G) there is a positive real number 7 with p[r (P f — f)] = O(%)

Py k2 0y 20ty <L
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