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Abstract 

In this note we show a collection of series for the constant Pi: 

𝜋𝜋 = 4 �
(−1)𝑛𝑛

2𝑛𝑛 + 1

∞

𝑛𝑛=0

= 3.1415926535 … 

Resumen 

En esta nota mostramos una colección de series para la constante Pi: 

𝜋𝜋 = 4 �
(−1)𝑛𝑛

2𝑛𝑛 + 1

∞

𝑛𝑛=0

= 3.1415926535 … 

 

Introducción 

En esta nota mostramos algunas series para la constante Pi , las cuales están relacionadas 
con la sencilla fórmula: 

(1)           𝜋𝜋 = 24 �
1

1 + 𝑥𝑥2

√6−√3+√2−2

0

𝑑𝑑𝑑𝑑 = 24 � 𝑐𝑐𝑛𝑛

∞

𝑛𝑛=0

�√6 − √3 + √2 − 2�
2𝑛𝑛+1

 

donde 

𝑐𝑐𝑛𝑛 =
(−1)𝑛𝑛

2𝑛𝑛 + 1
  , 𝑛𝑛 = 0,1,2,3, … 
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Mediante métodos elementales del análisis se pueden obtener muchas series 
relacionadas con la fórmula (1) . Por el momento indiquemos que la serie de (1) se 
puede escribir de varias formas distintas: 

(2)           𝜋𝜋 = 24 � 𝑐𝑐𝑛𝑛

∞

𝑛𝑛=0

�√2 − 1�
2𝑛𝑛+1

�√3 − √2�
2𝑛𝑛+1

 

(3)           𝜋𝜋 = 24 � 𝑐𝑐𝑛𝑛

∞

𝑛𝑛=0

�√2 + 1�
−2𝑛𝑛−1

�√3 + √2�
−2𝑛𝑛−1

 

(4)           𝜋𝜋 = 24 � 𝑐𝑐𝑛𝑛

∞

𝑛𝑛=0

�√6 + √3 + √2 + 2�
−2𝑛𝑛−1

 

(5)           𝜋𝜋 = 24 � 𝑐𝑐𝑛𝑛

∞

𝑛𝑛=0

�
√2 − 1
√3 + √2

�
2𝑛𝑛+1

 

(6)           𝜋𝜋 = 24 � 𝑐𝑐𝑛𝑛

∞

𝑛𝑛=0

�
√3 − √2
√2 + 1

�
2𝑛𝑛+1

 

 

Algunas Series Para La Constante Pi 

Sea 𝑟𝑟 = √6 − √3 + √2 − 2 , se tiene: 

(7)           𝜋𝜋 =
4
5
�−50 + 23√2 − 23√3 + 25√6�

+
12
5

 � 𝑟𝑟4𝑛𝑛+5
∞

𝑛𝑛=0

�
10

4𝑛𝑛 + 5
−

3 − 2√2
4𝑛𝑛 + 7

−
3 + 2√2
4𝑛𝑛 + 3

� 

(8)           𝜋𝜋 =
4

33
�−390 + 207√2 − 199√3 + 191√6�

+
4

11
 � 𝑟𝑟4𝑛𝑛+5
∞

𝑛𝑛=0

�
66

4𝑛𝑛 + 5
−

15 − 8√3
4𝑛𝑛 + 7

−
15 − 8√3

4𝑛𝑛 + 3
� 
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(9)           𝜋𝜋 =
4
5
�386 − 413√2 + 333√3 − 153√6�

+
12
5

 � 𝑟𝑟4𝑛𝑛+5
∞

𝑛𝑛=0

�
10

4𝑛𝑛 + 5
−

3 − 100√2 + 80√3
4𝑛𝑛 + 7

−
51 + 36√2

4𝑛𝑛 + 3
� 

(10)         𝜋𝜋 =
4

1785
�−5917648 + 4173707√2 − 3409482√3 + 2417619√6�

+
1

85
 � 𝑟𝑟4𝑛𝑛+9
∞

𝑛𝑛=0

�
1

4𝑛𝑛 + 3
−

3366
4𝑛𝑛 + 7

+
2040

4𝑛𝑛 + 9
−

1280√6 − 3101
4𝑛𝑛 + 11

� 

(11)         𝜋𝜋 =
4

231 ∙ 165
𝐴𝐴

+
1

330
 � 𝑟𝑟4𝑛𝑛+13
∞

𝑛𝑛=0

�
7920

4𝑛𝑛 + 13
−

133
4𝑛𝑛 + 15

−
14223

4𝑛𝑛 + 11
+

3333
4𝑛𝑛 + 7

−
1

4𝑛𝑛 + 3�
 

donde 

𝐴𝐴 = 32749247168 − 23157181201√2 + 18907724626√3 − 13369787449√6 

  

Sea 𝑡𝑡 = √6 − √3 − √2 + 1 , se tiene: 

(12)         𝜋𝜋 = 24 �(−1)𝑛𝑛
∞

𝑛𝑛=0

�
𝑡𝑡
2�

𝑛𝑛+1
��

𝑡𝑡
2�

𝑘𝑘𝑛𝑛

𝑘𝑘=0

�
𝑛𝑛 + 𝑘𝑘
𝑛𝑛 − 𝑘𝑘�

1
2𝑘𝑘 + 1

 

(13)         𝜋𝜋 = 24 �(−1)𝑛𝑛
∞

𝑛𝑛=0

�
𝑡𝑡
2�

𝑛𝑛+1
� (−1)𝑘𝑘

[𝑛𝑛/2]

𝑘𝑘=0

�
𝑛𝑛

𝑛𝑛 − 2𝑘𝑘
�

1
2𝑘𝑘 + 1

 

Sea 𝑤𝑤 = 3 − √2 + √3 − √6 , se tiene: 

(14)         𝜋𝜋 = 12 ���
𝑛𝑛
𝑘𝑘
�

(−2)−𝑘𝑘

𝑛𝑛 + 𝑘𝑘 + 1
(1 − 𝑤𝑤𝑛𝑛+𝑘𝑘+1)

𝑛𝑛

𝑘𝑘=0

∞

𝑛𝑛=0
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(15)         𝜋𝜋 = 12 �
1 − 𝑤𝑤𝑛𝑛+1

𝑛𝑛 + 1

∞

𝑛𝑛=0

� (−2)−𝑘𝑘
[𝑛𝑛/2]

𝑘𝑘=0

�
𝑛𝑛 − 𝑘𝑘
𝑘𝑘 � 

Sea 𝑣𝑣 = √3 − √2 , se tiene: 

(16)         𝜋𝜋 = 24�√2

− 1)��(−1)𝑛𝑛 �
𝑛𝑛
𝑘𝑘
� 6𝑛𝑛−𝑘𝑘𝑣𝑣2𝑛𝑛+2𝑘𝑘+1 �

1
2𝑛𝑛 + 2𝑘𝑘 + 1

+
𝑣𝑣2�√2 + 1�

2

2𝑛𝑛 + 2𝑘𝑘 + 3�
𝑛𝑛

𝑘𝑘=0

∞

𝑛𝑛=0

 

(17)         𝜋𝜋 = 24�√2 − 1��(−1)𝑛𝑛
∞

𝑛𝑛=0

𝑣𝑣2𝑛𝑛+1 �
1

2𝑛𝑛 + 1

+
𝑣𝑣2�√2 + 1�

2

2𝑛𝑛 + 3
� �(−1)𝑘𝑘

[𝑛𝑛/2]

𝑘𝑘=0

6𝑛𝑛−2𝑘𝑘 �
𝑛𝑛 − 𝑘𝑘
𝑘𝑘 � 

Sea 𝑢𝑢 = √6 + √3 + √2 + 3 , se tiene: 

(18)         𝜋𝜋 = 24 �𝑢𝑢−𝑛𝑛−1
∞

𝑛𝑛=0

��
𝑛𝑛 + 𝑘𝑘
𝑛𝑛 − 𝑘𝑘�

𝑛𝑛

𝑘𝑘=0

(−1)𝑘𝑘𝑢𝑢−𝑘𝑘

2𝑘𝑘 + 1
 

(19)         𝜋𝜋 = 24 �𝑢𝑢−𝑛𝑛−1
∞

𝑛𝑛=0

��
𝑛𝑛

𝑛𝑛 − 2𝑘𝑘
�

𝑛𝑛

𝑘𝑘=0

(−1)𝑘𝑘

2𝑘𝑘 + 1
 

Sea 𝑟𝑟 = √6 − √3 + √2 − 2 , 𝑅𝑅 = 14 + 10√2 + 8√3 + 6√6 , se tiene: 

(20)         𝜋𝜋 = 24𝑟𝑟 �1 −�(−1)𝑛𝑛𝑅𝑅−𝑛𝑛−1 ��
𝑛𝑛

𝑛𝑛 − 𝑘𝑘
�

1
2𝑘𝑘 + 3

𝑛𝑛

𝑘𝑘=0

∞

𝑛𝑛=0

� 

Sea 𝑧𝑧 = √6 + √3 + √2 , se tiene: 

(21)         𝜋𝜋 = 24 �(−1)𝑛𝑛
∞

𝑛𝑛=0

𝑧𝑧−𝑛𝑛−1 � �
𝑛𝑛

𝑛𝑛 − 2𝑘𝑘
�

[𝑛𝑛/2]

𝑘𝑘=0

(−1)𝑘𝑘2𝑛𝑛−2𝑘𝑘

2𝑘𝑘 + 1
 

Sea 𝑥𝑥 = √2 − 1 , 𝑦𝑦 = √3 − 1 , se tiene: 
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(22)         𝜋𝜋 = 24 �(−1)𝑛𝑛
∞

𝑛𝑛=0

𝑦𝑦𝑛𝑛 � �
2𝑘𝑘 + 1
𝑛𝑛 �

∞

𝑘𝑘=[𝑛𝑛/2]

(−1)𝑘𝑘+1𝑥𝑥4𝑘𝑘+2−𝑛𝑛

2𝑘𝑘 + 1
 

(23)         𝜋𝜋 = 24 �(−1)𝑛𝑛−1
∞

𝑛𝑛=1

𝑥𝑥𝑛𝑛 � �
2𝑘𝑘 + 1

𝑛𝑛 − 2𝑘𝑘 − 1�
2[(𝑛𝑛−1)/2]

𝑘𝑘=0

(−1)𝑘𝑘𝑦𝑦4𝑘𝑘+2−𝑛𝑛

2𝑘𝑘 + 1
 

  

(24)         𝜋𝜋 = 12 �(−1)𝑛𝑛
∞

𝑛𝑛=0

�√3 − √2�
2𝑛𝑛+1

�1 − �√2 − 1�
2𝑛𝑛+2

� �
1

2𝑛𝑛 + 1
+

5 − 2√6
2𝑛𝑛 + 3

� 

(25)         𝜋𝜋 = 

                   6√2 �(−1)𝑛𝑛
∞

𝑛𝑛=0

�√2 − 1�
2𝑛𝑛+1

�1 − �√3 − √2�
2𝑛𝑛+2

� �
1

2𝑛𝑛 + 1
+

3 − 2√2
2𝑛𝑛 + 3

� 

(26)         𝜋𝜋 = 

                   4√3 ��√2 − 1�
2𝑛𝑛+1

∞

𝑛𝑛=0

�1 + (−1)𝑛𝑛�√3 − √2�
2𝑛𝑛+2

� �
1

2𝑛𝑛 + 1
−

3 − 2√2
2𝑛𝑛 + 3

� 

(27)         𝜋𝜋 = 

                   6√2 ��√3 − √2�
2𝑛𝑛+1

∞

𝑛𝑛=0

�1 + (−1)𝑛𝑛�√2 − 1�
2𝑛𝑛+2

� �
1

2𝑛𝑛 + 1
−

5 − 2√6
2𝑛𝑛 + 3

� 

(28)         𝜋𝜋 = 3 �2−3𝑛𝑛
∞

𝑛𝑛=0

��
𝑛𝑛 + 𝑘𝑘
𝑛𝑛 − 𝑘𝑘�

𝑛𝑛

𝑘𝑘=0

(−8)−𝑘𝑘�6 − √2 − √3 − √6�
𝑛𝑛−𝑘𝑘

2𝑘𝑘 + 1
 

  

Las fórmulas (5) y (6) se pueden escribir como: 
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(29)         𝜋𝜋 = 24�
√2 − 1
√3 + √2

� � 𝑐𝑐𝑛𝑛

∞

𝑛𝑛=0

�
𝛼𝛼𝑛𝑛 − 𝛽𝛽𝑛𝑛√2
𝛾𝛾𝑛𝑛 + 𝛿𝛿𝑛𝑛√6

�            

= 24�
√3 − √2
√2 + 1

� � 𝑐𝑐𝑛𝑛

∞

𝑛𝑛=0

�
𝛾𝛾𝑛𝑛 − 𝛿𝛿𝑛𝑛√6
𝛼𝛼𝑛𝑛 + 𝛽𝛽𝑛𝑛√2

� 

donde 

𝛼𝛼𝑛𝑛+1 = 3𝛼𝛼𝑛𝑛 + 4𝛽𝛽𝑛𝑛  , 𝛽𝛽𝑛𝑛+1 = 2𝛼𝛼𝑛𝑛 + 3𝛽𝛽𝑛𝑛 , 𝛼𝛼0 = 1, 𝛽𝛽0 = 0 

𝛾𝛾𝑛𝑛+1 = 5𝛾𝛾𝑛𝑛 + 12𝛿𝛿𝑛𝑛  , 𝛿𝛿𝑛𝑛+1 = 2𝛾𝛾𝑛𝑛 + 5𝛿𝛿𝑛𝑛 , 𝛾𝛾0 = 1, 𝛿𝛿0 = 0 

La fórmula (4) se puede escribir como: 

(30)         𝜋𝜋 = 24 �
(−1)𝑛𝑛

(2𝑛𝑛 + 1)�𝛼𝛼𝑛𝑛 + 𝛽𝛽𝑛𝑛√2 + 𝛾𝛾𝑛𝑛√3 + 𝛿𝛿𝑛𝑛√6�

∞

𝑛𝑛=0

 

donde 

𝛼𝛼𝑛𝑛+1 = 15𝛼𝛼𝑛𝑛 + 20𝛽𝛽𝑛𝑛 + 24𝛾𝛾𝑛𝑛 + 36𝛿𝛿𝑛𝑛  

𝛽𝛽𝑛𝑛+1 = 10𝛼𝛼𝑛𝑛 + 15𝛽𝛽𝑛𝑛 + 18𝛾𝛾𝑛𝑛 + 24𝛿𝛿𝑛𝑛  

𝛾𝛾𝑛𝑛+1 = 8𝛼𝛼𝑛𝑛 + 12𝛽𝛽𝑛𝑛 + 15𝛾𝛾𝑛𝑛 + 20𝛿𝛿𝑛𝑛  

𝛿𝛿𝑛𝑛+1 = 6𝛼𝛼𝑛𝑛 + 8𝛽𝛽𝑛𝑛 + 10𝛾𝛾𝑛𝑛 + 15𝛿𝛿𝑛𝑛  

𝛼𝛼0 = 2, 𝛽𝛽0 = 1, 𝛾𝛾0 = 1, 𝛿𝛿0 = 1 

  

Manipulando la integral de (1) , se obtiene la fórmula siguiente: 

(31)         𝜋𝜋 = 24�√2 − 1��√3 − √2��𝐼𝐼1 + 𝐼𝐼2√2 + 𝐼𝐼3√3 + 𝐼𝐼4√6� 

donde 

𝐼𝐼1 = �
1 + 45𝑥𝑥2 + 67𝑥𝑥4 + 15𝑥𝑥6

1 + 60𝑥𝑥2 + 134𝑥𝑥4 + 60𝑥𝑥6 + 𝑥𝑥8

1

0

𝑑𝑑𝑑𝑑 
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𝐼𝐼2 = �
2𝑥𝑥2(5 + 6𝑥𝑥2 + 5𝑥𝑥4)

1 + 60𝑥𝑥2 + 134𝑥𝑥4 + 60𝑥𝑥6 + 𝑥𝑥8

1

0

𝑑𝑑𝑑𝑑 

𝐼𝐼3 = �
8𝑥𝑥2(−1 + 𝑥𝑥4)

1 + 60𝑥𝑥2 + 134𝑥𝑥4 + 60𝑥𝑥6 + 𝑥𝑥8

1

0

𝑑𝑑𝑑𝑑 

𝐼𝐼4 = �
6𝑥𝑥2 + 20𝑥𝑥4 + 6𝑥𝑥6

1 + 60𝑥𝑥2 + 134𝑥𝑥4 + 60𝑥𝑥6 + 𝑥𝑥8

1

0

𝑑𝑑𝑑𝑑 

 

 

Referencias 

Abramowitz, M., and  Stegun, I.A.: Handbook of Mathematical Functions. Nueva York: 
Dover , 1965. 

Adamchik, V. and Wagon, S. A Simple Formula for π  . Amer. Math. Monthly 
104,1997.   

Adamchik, V. and Wagon, S. Pi: A 2000-Year Search Changes Direction. http://www-
2.cs.cmu.edu/  adamchik/articles/pi.htm. 

Backhouse, N. Note 79.36. Pancake Functions and Approximations to π  . Math. Gaz. 
79,1995. 

Bailey, D.H. Numerical Results on the Transcendence of Constants Involving ,eπ  , and 
Euler´s Constant. Math. Comput. 50,1988. 

Bailey, D.H.; Borwein, J.M.; Calkin, N.J.; Girgensohn, R.; Luke, D.R.; and Moll, V.H. 
Experimental Mathematics in Action. Wellesley, MA: A K Peters, 2007.  

Bailey, D.H.; Borwein, P.; and Plouffe, S. On the Rapid Computation of Various 
Polylogarithmic Constants. Math. Comput. 66, 1997.  

Beckmann, P. A History of Pi , 3rd ed. New York: Dorset Press, 1989.  



8 
 

Berndt, B.C. Ramanujan´s Notebooks, Part IV. New York: Springer-Verlag, 1994. 

Beukers, F. A Rational Approximation to π  . Nieuw Arch. Wisk. 5, 2000. 

Blatner, D. The Joy of Pi. New York: Walker, 1997.  

Boros, G. and Moll, V. Irresistible Integrals: Symbolics, Analysis and Experiments in 
the Evaluation of Integrals. Cambridge,England:Cambridge University Press,2004. 

Borwein, J. and Bailey, D. Mathematics by Experiment:Plausible Reasoning in the 21st 
Century. Wellesley, MA: A K Peters, 2003. 

Borwein, J.; Bailey, D.; and Girgensohn, R. Experimentation in Mathematics: 
Computational Paths to Discovery. Wellesley, MA: A K Peters,2004. 

Borwein, J.M. and Borwein, P.B. Pi & the AGM: A Study in Analytic Number Theory 
and Computational Complexity. New York: Wiley, 1987. 

Borwein, J.M. and Borwein, P.B. Ramanujan´s Rational and Algebraic Series for 1 π . 
Indian J. Math. 51, 1987.  

Castellanos, D. The Ubiquitous Pi. Part I. Math. Mag. 61,1988. 

Castellanos, D. The Ubiquitous Pi. Part II. Math.Mag. 61, 1988. 

Chudnovsky, D.V. and Chudnovsky, G.V. Approximations and Complex Multiplication 
According to Ramanujan. In Ramanujan Revisited: Proccedings of the Centenary 
Comference, University of Illinois at Urbana-Champaign, June 1-5,1987.Boston, MA; 
Academic Press, 1987.  

Dalzell, D.P. On 22 7  . J London Math. Soc. 19,1944. 

Flajolet, P. and Vardi, I. Zeta Function Expansions of Classical Constants. Unpublished 
manuscript. 1986. http://algo.inria.fr/flajolet/Publications/landau.ps. 

Gradshteyn, I.S., and Ryzhik, I.M.: Table of Integrals,Series and Products. 5th ed.,ed. 
Alan Jeffrey. Academic Press, 1994. 

Gourdon, X. and Sebah, P. Collection of Series for π  . 
http://numbers.computation.free.fr/Constants/Pi/piSeries.html. 



9 
 

Guillera, J. Some Binomial Series Obtained by the WZ-Metod. Adv. Appl. Math. 
29,2002. 

Guillera, J. About a New Kind of Ramanujan-Type Series. Exp. Math. 12,2003. 

Guillera, J. Generators of Some Ramanujan Formulas. Ramanujan J. 11, 2006. 

Ramanujan, S. Modular Equations and Approximations to π  . Quart. J. Pure. Appl. 
Math. 45 , 1913-1914. 

Sondow, J. A Faster Product for π  and a New Integral for ( )ln 2π  . Amer. Math. 

Monthly 112, 2005. 

Spiegel,M.R.: Mathematical Handbook, McGraw-Hill Book Company , New York , 
1968. 

Valdebenito, E.:, Pi Handbook , manuscript , unpublished , 1989 , (20000 formulas). 

 

 

 

 

 

 

 


