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Abstract I write out a proof adapted from the work of W E Baylis et al show-
ing how existence of the square root of minus one is inherent in physical theories
demanding orthogonal mathematics.
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1 The imaginary-i implied by orthogonality

The following is a proof adapted from the work of W E Baylis, J Huschilt and Jiansu
Wei [1]. It shows that the square-root of minus one arises in logical consequence of
orthogonality in any vector space of dimension greater than 2.

Assume existence of a vector space with independent basis e1, e2, e3, e4, . . .
and further assume orthogonality embodied in their products, thus:

e1e2 + e2e1 = 0 (1)
e2e3 + e3e2 = 0 (2)
e3e1 + e1e3 = 0 (3)

e1e1 = e2e2 = e3e3 = 1 (4)

where 0 and 1 are linear operators such that ei + 0 = ei and ei1 = ei.
By (1) and (4):

e1e2 = −e2e1

⇒ e1e3e3e2 = −e2e1

⇒ e1e3 = −e2e1e2e3 . (5)

And similarly, by (2) and (4),

e3e2 = −e2e3

⇒ e3e1e1e2 = −e2e3

⇒ e3e1 = −e2e3e2e1 . (6)

Adding (5) and (6) gives:

e3e1 + e1e3 = − (e2e3e2e1 + e2e1e2e3) .

And substituting (3) results in:

0 = e2e3e2e1 + e2e1e2e3

⇒ e2e3e2e1 = −e2e1e2e3

⇒ e3e2e1 = −e1e2e3

⇒ e3e2e1e3e2e1 = −1

⇒ (e3e2e1)2 = (−1) 1 (7)
⇒ e3e2e1 = ±i1 . (8)
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This means that any (ANY) vector space with three or more basis vectors, mutually
orthogonal, will imply existence of the imaginary unit. This number then finds its
way from the Linear Algebra into the general algebra (Elementary Algebra or School
Algebra) as complex numbers and the whole complex field. With this number, there
is no longer closure over the rational numbers or reals and the algebra is extended
to cover the complex plane.

Introduction of e4, e5, e6, . . . , adds nothing more of interest.
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